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Preface

It has been fourteen years since the first edition of this book was published.
Two-time-scale Markovian systems have drawn continuing and resurgent
attention, and have been used in many existing and emerging applications.
To bring some of the most recent progress up to date, we decided to put
together this second, expanded, edition. The main theme remains the same,
but the contents have been revised and updated. The main changes include
the addition of two chapters and the reorganization of two chapters. One
of the new chapters is on asymptotic expansions of solutions of backward
equations, which serves as a complement to the chapter on asymptotic ex-
pansions of solution of forward equations. The other new chapter presents
near-optimal controls of linear quadratic Gaussian systems with random
switching. Apart from the addition of the new chapters, we have combined
Chapters 4 and 6 in the first edition to form the current Chapter 4, and
combined Chapters 5 and 7 in the first edition to form Chapter 5 in this edi-
tion. Moreover, we have made an effort to simplify the notation throughout
so as to make the book more reader-friendly.

Detroit, Michigan G. George Yin

Athens, Georgia Qing Zhang
August 2012
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Preface to the First Edition

This book is concerned with continuous-time Markov chains. It develops
an integrated approach to singularly perturbed Markovian systems, and
reveals interrelations of stochastic processes and singular perturbations.
In recent years, Markovian formulations have been used routinely for nu-
merous real-world systems under uncertainties. Quite often, the underlying
Markov chain is subject to rather frequent fluctuations and the correspond-
ing states are naturally divisible to a number of groups such that the chain
fluctuates very rapidly among different states within a group, but jumps
less frequently from one group to another. Various applications in engineer-
ing, economics, and biological and physical sciences have posed increasing
demands on an in-depth study of such systems. A basic issue common to
many different fields is the understanding of the distribution and the struc-
ture of the underlying uncertainty. Such needs become even more pressing
when we deal with complex and/or large-scale Markovian models, whose
closed-form solutions are usually very difficult to obtain.

Markov chain, a well-known subject, has been studied by a host of re-
searchers for many years. While nonstationary cases have been treated
in the literature, much emphasis has been on stationary Markov chains
and their basic properties such as ergodicity, recurrence, and stability. In
contrast, this book focuses on singularly perturbed nonstationary Markov
chains and their asymptotic properties.

Singular perturbation theory has a long history and is a powerful tool
for a wide variety of applications. Complementing to the ever growing lit-
erature in singular perturbations, by using the basic properties of Markov
chains, this book aims to provide a systematic treatment for singularly per-

Xv



xvi Preface to the First Edition

turbed Markovian models. It collects a number of ideas on Markov chains
and singular perturbations scattered through the literature.

This book reports our recent research findings on singularly perturbed
Markov chains. We obtain asymptotic expansions of the probability distri-
butions, validate the asymptotic series, deduce the error estimates, estab-
lish asymptotic normality, derive exponential type of bounds, and inves-
tigate the structure of the weak and strong interactions. To demonstrate
the applicability of the asymptotic theory, we focus on hierarchical produc-
tion planning of manufacturing systems, Markov decision processes, and
control and optimization of stochastic dynamic systems. Since numerical
methods are viable and indispensable alternatives to many applications,
we also consider numerical solutions of control and optimization problems
involving Markov chains and provide computationally feasible algorithms.

Originating from a diverse range of applications in production planning,
queueing network, communication theory, system reliability, and control
and optimization of uncertain systems, this book is application oriented. It
is written for applied mathematicians, operations researchers, physical sci-
entists, and engineers. Selected material from the book can also be used for
a one semester course for advanced graduate students in applied probability
and stochastic processes.

We take great pleasure to acknowledge those who have made it possible
for us to bring the book into being. We express our profound gratitude
to Wendell Fleming and Harold Kushner, who introduced the intellectual
horizon—stochastics to us and whose mathematical inspiration and constant
encouragement have facilitated our progress. We have had the privilege to
work with Rafail Khasminskii and have greatly benefited from his expertise
in probability and singular perturbations. We are very much indebted to
Alain Bensoussan, Wendell Fleming, Ruihua Liu, Zigang Pan, Zeev Schuss
and the four reviewers for their reviews of earlier versions of the manuscript,
and for their comments, criticisms and suggestions. Our thanks also go
to Petar Kokotovic for providing us with references that led to further
study, investigation, and discovery. We have benefited from discussions with
Thomas Kurtz, whose suggestions are very much appreciated. We are very
grateful to the series editor Ioannis Karatzas for his encouragement, and
to the Springer-Verlag senior editor of statistics John Kimmel and the
Springer-Verlag professionals for their help in finalizing the book. This
research has been supported in part by the National Science Foundation
and the Office of Naval Research, to whom we extend our hearty thanks.

Detroit, Michigan G. George Yin
Athens, Georgia Qing Zhang
March 1998



Convention

Here we clarify the numbering system and cross-reference conventions used
in the book. Within a chapter, equations are numbered consecutively, e.g.,
(3.10) indicates the tenth equation in Chapter 3. Corollaries, definitions,
examples, lemmas, propositions, remarks, and theorems are treated as one
entity and numbered sequentially throughout the chapter, e.g., Definition
4.1, Theorem 4.2, Corollary 4.3, etc. Likewise, assumptions are also marked
consecutively within a chapter, e.g., (A6.1) stands for Assumption 1 of
Chapter 6. For cross reference either within a chapter or to another chapter,
equations are identified by the chapter number and the equation number,
e.g., (5.2) refers to Equation 2 of Chapter 5. Similar methods apply to
theorems, remarks, assumptions, etc.

Throughout the book, all deterministic processes are assumed to be Borel
measurable and all stochastic processes are assumed to be measurable with
respect to a given filtration. The notation | - | denotes either an Euclidean
norm or a norm on the appropriate function spaces, which will be clear from
the context. The ith component of a vector z € R" is denoted by z;; the
ijth entry of a matrix A is denoted by a;;. In the asymptotic expansions,
to simplify the notation, we use @, (t) and 1, (t) etc. to denote sequences,
whereas ¢'(t) denotes the ith partitioned vector of dimension R'*™i or the
ith component of ¢(t) when m; = 1.
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Glossary of Symbol and Notation

transpose of a matrix (or a vector) A

complement of a set B

covariance of a random variable ¢

space of continuous functions on [0, 7] taking
values in S

space of continuous functions on O taking values in S

space of functions with continuous derivatives up to
the kth order (space of C* functions)

space of C? functions with bounded derivatives up to
the second order and with Lipschitz second
derivatives

space of right continuous defined on [0, T taking
values is S functions with left-hand limits

expectation of a random variable £

o-algebra

filtration {Fy,t > 0}

indicator function of a set A

n x n identity matrix

generic positive constant with
convention K + K = K and KK = K

space of square integrable functions on [0, T| with
values in S

state space of the Markov chain

Xix



XX Notation

Q(t) or Q°(t)
Qf()(@)

neighborhood of x

function of y such that sup, |O(y)|/]y| < oo
function of y such that sup, |O(y)|/[y| <1
probability distribution of a random variable &
generator of a Markov chain

generator of a Markov chain

= Zj;éi i (f(4) — f(i)) where @ = (gi5)

r-dimensional Euclidean space

= max{a, 0} for a real number a
= max{—a, 0} for a real number a
=min{ay,...,aq} fora, eR, i=1,...,1
= max{ay,...,q;} fora; eR,i=1,...,1
almost everywhere
almost surely
diagonal matrix of blocks Ay, ..., A4;
e? for any argument Q
natural logarithm of x
a function of y such that lim,_,¢ o(y)/|y| =0
P(af(t) =1,...,a°(t) =m) or

Plaf(t) =1,a%(t) = 2,...)
with probability one

ith partitioned vector of p(t) (€ R1*m)

= p°(0), initial data

probability space

Markov chain with finite or countable state space
equals 1 if ¢ = j and 0 otherwise

positive small parameter

pure imaginary number with (2 = —1
quasi-stationary distribution

the jth component of v(t) € R1*™i

sequences of functions

ith partitioned vector or ith component of ¢, (t)
ith partitioned vector or ith component of ¢(t)
o-algebra generated by the process a(-) up to t
= (VL(1),...,0%) e RIX

column vector with all components equal to one
defined to be equal to

approximately equal to

gradient of a function f

end of a proof



Notation

a1 >0,...,a; >0

ar>0,...,a, >0

— a% [T al2

= max sup |[y;;(t)], where y = (yi;) € R™*"
4] 0<t<T

scalar product of vectors a and b

&, converges to & weakly
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Part 1

Prologue and Preliminaries






1

Introduction and Overview

1.1 Introduction

This book presents asymptotic analysis and applications for two-time-scale
Markov chains and reveals the interrelations of Markov chains and sin-
gular perturbations. It is the second edition of our book Yin and Zhang
[237]. Treating a wide variety of real-world systems under uncertainties,
one frequently uses Markovian models. Quite often, the formulations lead
to two-time-scale or singularly perturbed Markov chains. In many applica-
tions, various factors change at different rates: Some evolve slowly, whereas
others vary rapidly. As a result, the separation of fast and slow time scales
arises. The phenomena are often described by introducing a small parame-
ter € > 0, which leads to a singularly perturbed system involving two-time
scales, namely, the actual time ¢ and the stretched time ¢/e. To analyze
such systems, one seeks to “average out” the fast variables and to consider
only certain averaged characteristics via asymptotic methods.

Our study originates from a large class of problems in engineering, oper-
ations research, management, and biological and physical sciences. To pro-
ceed, we present a couple of problems in what follows to further elaborate
the motivation of our investigation. The system in the first problem in-
volves a rapidly fluctuating Markov chain, whereas the second one entails
modeling of large-scale systems via decomposition and aggregation. More
examples, applications, and models will be given in Chapter 3 and in Chap-
ters 7-10.

G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications, 3
Stochastic Modelling 37, DOI 10.1007/978-1-4614-4346-9_1,
© Springer Science+Business Media, LLC 2013



4 1. Introduction and Overview

Consider a model for production planning of a failure-prone
manufacturing system. The system consists of a single machine whose
production capacity is modeled by a finite-state Markov chain a®(:) =
{a®(t) : t > 0} taking values in {aq,...,am}. Let x(t), u(t), and z(t)
denote the surplus, the rate of production, and the rate of demand, respec-
tively. The system is given by

dx(t) B B
i u(t) — z(t), x(0) = 2°.

Assume that the Markov chain af(-) is generated by Q(u(t))/e (see Sethi
and Zhang [192, Chapter 5]). Our objective is to choose the production
rate u(t), t > 0, that is subject to the production constraint

0 <u(t) <a(t),

and that minimizes the discounted cost function
E/ e PP G(z(t),u(t))dt,
0

where p > 0 is a discount factor and G(-) is a running cost function.

It is difficult to obtain the closed-form solution of the optimal control.
Nevertheless, as was shown in [192], for sufficiently small ¢ > 0, the given
problem can be approximated by a limit control problem

dz(t) &
) S ity =0, 70) =2

i=1

where v(t) = (v1(t),...,vm(t)) € R is the “average distribution” (a pre-
cise definition is given in Definition 2.8) of the Markov chain generated by
Q(u(t)). The corresponding cost function becomes

/Ooo e~ Pt Z vi(6)G(x(t), ui (t))dt.

To solve the limit problem, we choose (u1(t),. .., un,(t)) over time to min-
imize the corresponding cost function. The optimal solution of the limit
system can be used to construct a control for the given problem and to
show that it is asymptotically optimal as € — 0.

The second problem is concerned with a large-scale controlled dynamic
system. It is necessary to develop adequate models for such large-scale sys-
tems with complex structures that are otherwise difficult to handle, even
with powerful computing devices. As an effective way, using the so-called
weak and strong interaction models will result in the formulation of sin-
gularly perturbed systems. By taking appropriate decomposition and ag-
gregation, we will be able to divide a formidable, large-dimensional system
into a number of simpler subsystems with lower dimensions thereby making
the underlying problem solvable.



1.1 Introduction 5

To be more specific, for a given T' > 0, suppose t € [0,T], and z(t) € R"
represents the state of the dynamic system given by

where b(-) is an appropriate function, «(-) is a finite-state Markov chain
having a large state space M = {1,...,m} withm > 1,and u(t) € I € R™
is the control or input of the system. The random process may be regarded
as a driving noise. One aims to select u(-) within the class of “admissible
controls” to minimize the expected cost

J(u() :E/O Gla(t), u(t), a(t)dt.

The analysis is quite involved and the computation is likely to be costly
due to the high dimensionality. Consequently, a direct application of the dy-
namic programming (or maximum principle) approach may not be feasible
and alternative methods are therefore desirable.

Hierarchical structure, a feature common to most systems of practical
concerns (see Simon [195] and Simon and Ando [196]), can help us to sur-
mount these obstacles. In a large-scale system, various “components” may
change at different rates. By taking advantage of these, the system may
be decomposed, and the states of the Markov chain may be aggregated.
The introduction of a small parameter £ > 0 makes the system belong to
the category of two-time-scale systems; see Section 3.6 for a simple illus-
tration. For the dynamic system given above, assume (for simplicity) that
the generator of the Markov chain is time-invariant and has the form

~ ~

@ =-Q+Q,
9

where @ and @ are constant matrices and are themselves generators of
suitable Markov chains, in which @ /e represents the fast motion part and

@ models the slow motion part. Suppose

@1
- o - Q?
Q = ding (Q",Q%....Q") = | ,
. 5
where all ka € R™&*™k are irreducible generators (see Definition 2.7) for

k=1,2,...,1, and Zﬁc:l my, = m. Denote

M=MiU---UM;,



6 1. Introduction and Overview

where M ..., M; is a partition of M. Define the aggregation of the
corresponding singularly perturbed chain o (t) by

l

() =Y il{as(yem,)s
=1

where I4 denotes the indicator function of a set A. We may also write
similar expressions of other types of generators for @) (see Chapter 4) such
as Markov chains including absorbing states and Markov chains including
transient states.

In this book, we show that @®(-) converges to a stochastic process @(-)
in an appropriate sense, and the limit @(-) is a Markov chain generated by

Q = diag(v?', ..., V") Qdiag(l,,,,. .., 1)

1% ]]-ml
1/2 ]lmz

vl ]lmz
where v denotes the stationary distribution corresponding to the Markov
chain generated by Q*, 1,,, = (1,...,1)" € R™*! and a' denotes the
transpose of a. Note that @ is an [ x [ matrix. If [ < m, the large-
dimensional problem originally encountered is replaced by an averaged
problem having a generator with substantially reduced dimension. The
essence is to examine a limit problem with an “averaged” Markov chain
in lieu of solving the original problem. Applying the optimal control of the
limit problem to the original problem leads to the construction of asymp-
totic optimal controls.

Next, we consider a related problem in networked control systems. Very
often one needs to consider stability problems. With the presence of both
continuous dynamics and discrete events, hybrid systems are capable of de-
scribing complex systems and their inherent uncertainty and randomness
in the environment. The hybrid formulation provides more opportunity
for realistic models, but adds more difficulties in analyzing the underly-
ing systems. One class of such systems is hybrid systems with Markovian
switching. Such systems have been found in emerging applications of fi-
nancial engineering, wireless communications, manufacturing systems, and
other related fields; see for example, Barone-Adesi and Whaley [6], Mari-
ton [155], Yin, Krishnamurthy, and Ton [225], Yin and Zhou [243], Zhang
and Yin [255], Zhang, Yin, and Liu [257], Zhou and Yin [259], and many
references therein. Much of the contemporary study of stochastic stabil-
ity of dynamic systems can be traced back to the original work of Kac and
Krasovskii [101], in which a systematic approach was developed for stability
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of systems with Markovian switching using Liapunov function methods. For
nonlinear differential equations, the well-known Hartman-Grobman theo-
rem (see Perko [173, Section 2.8]) provides an important result concerning
the local qualitative behavior. It says that near zq, a hyperbolic equilibrium
point, the nonlinear system & = f(z) has the same qualitative structure
as that of the linear system & = V f(xg)z. While the topological equiva-
lence may not hold for a non-hyperbolic equilibrium point (e.g., a center).
Treating hybrid systems, consider the differential equations & = f(z, a(t))
and & = V f(x, a(t))x for a(t) being in a finite set. We showed in a recent
work of Zhu, Yin, and Song [260], although some of the linear equations
have centers, as long as the spectrum of the coefficients of the differential
equation corresponding to the stable node dominates that of the centers,
we may still use linearization in the analysis.

In fact, it is known that the switching systems are notoriously more diffi-
cult to treat. Sometimes rather unexpected events happen. Treating purely
deterministic systems, Wang, Khargonecker, and Beydoun [212] dealt with
an interesting system. Consider a linear in x system given by

& = [A(a” (1)) = B(a® (1)) K (o (1))l (1.1)

where o (t) is a purely deterministic discrete event process that is running
in the continuous time and that takes values in {1.2}. Using a linear in x
feedback control u(t) = K (i)x for i = 1,2 and let

G =41 - BEL) =| 0 2,
200 —100
G(2) = A(2) - B(2)K(2) = —100 200
20 -100

Then the above two closed-loop systems are stable individually. It is demon-
strated in [212], when the switching takes place at ke for ¢ = 0.01 and
k=1,2,3,..., then the resulting switched system is unstable. Intuitively,
one might expect that when one puts two stable systems together, the com-
bined system should also be stable. Nevertheless, the aforementioned refer-
ence provides a counterintuitive example to the common belief. Naturally,
we would like to ask: What is the reason behind this example? Turning the
question into stochastic setup, we assume that the switching process ac ()
is a continuous-time Markov chain with state space {1,2}. Using the ana-
lytic techniques provided in this book, we can show that associated with
the original switching system, there is a limit system. Even if the two indi-
vidual systems are stable, the limit one is not. Using large deviations type
estimates, we can conclude that in any finite time interval, with large prob-
ability, the combined system will reside in the unstable mode. Furthermore,
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using a perturbed Liapunov function method, the reason that the switched
system being unstable can be revealed. Such a question cannot be precisely
addressed without using properties obtained in the current book. Further
discussions on this example will be provided in Section 5.6.

To handle singularly perturbed systems driven by Markov chains, it is
essential to have a thorough understanding of the underlying probabilistic
structure, to which a large portion of the book is devoted. Our main inter-
ests are the asymptotic properties of singularly perturbed Markov chains
with nonstationarity. In the subsequent chapters, the asymptotic properties
of such systems will be closely examined through their probability distri-
butions.

Consider the following illustrative model. Let @ = (gi;) € R™*™ be a
matrix with

qi1 q1i2 - Qim
q21 Q22 - Q2m

Q=| . : : : (1.2)
dm1 dm2 o Qmm

satisfying
qij Z O, fOI‘ 7 #‘], and Qii — —Zqij.
A
Let af(t) € M, for t > 0, denote a finite-state Markov chain generated by
Q* := Q/e, whose state space is M = {1,...,m}. Then, the probability
distribution of af(¢t) denoted by p*(t) = (P(a®(t) = 1),..., P(a®(t) = m)),
which lies in R'*™, satisfies the differential equation

dp=(t) _ 1 .
= —p°(¢t 0<t<T
7 =P (e, 0<t<T,
p°(0) =p° = (p},...,p?,) such that (1.3)

m
p) >0 for each i, and Zp? =1,
i=1

where € > 0 is a small parameter and 7" < co. The unique solution of (1.3)
can be written explicitly as

pe(t) = p’exp (%) :

Assume that the Markov chain is irreducible, that is, the system of equa-
tions

v@ = 0 and iwzl

=1
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has a unique positive solution v = (vq,...,v,,), which is the stationary
distribution of the Markov chain generated by . In addition,

pY exp(Qt) — v as t — oo.

Therefore, for each t > 0, p(t) converges to v, as ¢ — 0 because t/e — 0.
Moreover, it is not difficult to prove that the convergence rate is exponen-
tial, i.e.,

p*(t)—v=0 <exp <—K—Ot>) for some kg > 0.
5

Much of our effort in this book concerns obtaining asymptotic properties
of p*(+), when the generator @ is a function of time. With time-dependent
generator Q(t), t > 0, we will address the following issues: (1) When & — 0,
does the limit of p®(t) exist? (2) If p*(¢) converges, how can one determine
the limit? (3) What is the convergence rate? (4) Suppose p°(t) — v(t) =
(v1(t),...,vm(t)), a probability distribution as € — 0. Define

x° (t) = (I{as(t):l}a ey I{oﬁ(t):m})-

Consider the centered and scaled occupation measure

€ *itgs—l/ss
nm—ﬁAuU ())ds.

As e — 0, what is the limit distribution of the random process n°(-)? (5)
Will the results carry over to singularly perturbed Markov chains with
weak and strong interactions (when the states of the Markov chain belong
to multiple irreducible classes)? (6) Is there anything that can be said about
merely measurable generators? The subsequent chapters provide detailed
answers to these questions and related topics.

This book concentrates on continuous-time singularly perturbed Markov
chains. The phrase singular perturbation used herein is defined in a broad
sense that includes both deterministic and probabilistic methods. One of
the principal component of the work is to develop various approximation
methods of Markov chains. In many applications, an approximate solution
provides results that are nearly as good as the analytical one. An approxi-
mation is often more desirable since an exact solution is not obtainable or
it requires too much effort to obtain, especially if on-line computations are
involved.

To summarize, various real-world systems under uncertainties can be
modeled as singularly perturbed Markov chains. The singular perturbation
approach is applicable to problems involving processes with rapid fluc-
tuations; it can also serve as a convenient machinery for handling large-
dimensional systems not manageable otherwise. The formulation of such
systems are achieved by introducing a small parameter £ > 0, which indi-
cates the relative order of magnitude; only the relative order is important in
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applications. For instance, ¢ = 0.1 might be considered as a small quantity
from a practical point of view. The mathematical results to be presented
can serve as a guide for various approximations and for estimating error
bounds; the asymptotic results of the underlying systems (as e — 0) pro-
vide insights into the structure of the system and heuristics in applications.
A thorough understanding of the intrinsic behavior of the systems will be
instructive and beneficial for in-depth studies of applications in hierarchi-
cal production planning, Markov decision processes, random evolution, and
control and optimization of stochastic dynamic systems involving singularly
perturbed Markov chains.

1.2 A Brief Survey

The review of the literature is composed of two parts, namely, Markov
chains and singular perturbations; additional review and references are
given at the end of each chapter. The references provided are mostly related
to the materials treated in this book and are by no means exhaustive.

1.2.1 Markov Chains

The theory of Markov chains belongs to that of Markov processes, which is
named after A. A. Markov who introduced the concept in 1907 for discrete-
time processes with finite-state spaces. Perhaps, his original intention was
to generalize classical theory for sums of independent random variables
to that of dependent random variables. Rapid and continued progress has
been made for several decades. The development of the theory began with
the systematic treatment of A. N. Kolmogorov in the early 1930s, and
was followed by Doeblin’s important contribution. Fundamental work on
continuous-time chains was done by J. L. Doob in the 1940s and P. Lévy
in the 1950s. To consolidate and to continue the pioneering work, D. G.
Kendall, G. E. H. Reuter, and K. L. Chung among others launched compre-
hensive studies. Extensive surveys of the development of Markov chains can
be found in, for example, Anderson [3], Chung [31], Davis [41], Doob [49],
Dynkin and Yushkevich [53], Feller [60], Hou and Guo [89], Kannan [103],
Revuz [180], Rosenblatt [183], and Wang and Yang [213]. Classical work
on Markov processes with continuous-state space is contained in Dynkin
[51]. An exposition of elementary theory of Markov chains is in Karlin and
Taylor [105]. A detailed study of discrete-time Markov chains and their
stability is in Meyn and Tweedie [159]; a modern treatment of the theory
of Markov processes is in Ethier and Kurtz [59]. Effort has also been made
to treat evolution of systems in random media in Korolyuk and Swishchuk
[130], and semi-Markov processes in Korolyuk and Limnios [131, 132] and
references therein. The nonstationary cases were first treated by Markov
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himself; subsequently, a number of people made important contributions,
to name just a few, S. N. Bernstein, W. Doeblin, Yu. V. Linnik, and R.
L. Dobrushin among others; see Iosifescu [95] for discussion on this aspect
and the corresponding historical notes. In depth studies of such topics as
probability metrics, coupling methods, and spectral gaps are covered in the
book by Chen [25]. The recent work of Davis [41] on piecewise-deterministic
processes sets up a framework for the treatment of nonstationary Markov
processes. For the subsequent study herein, the main results of Markov
chains are taken from Chung [31] and Davis [41] among others.

1.2.2  Singular Perturbations

The topics of this book are at the verge of singular perturbation theory,
which also has a long history. At the beginning of this century, L. Prandtl
published his seminal paper “On fluid motion with small friction,” which
established the foundation of the boundary layer theory. The origin of the
nowadays well-known WKB method initiated independently by three physi-
cists, G. Wentzell, H. A. Kramers, and L. Brillouin in 1926, can be traced
back to the work of Liouville and Green in 1837; see Wasow [216] for a
historical remark.

Owing to its wide spectrum of applications, singular perturbation theory
has witnessed tremendous progress for decades. The Kiev school headed
by N. M. Krylov and N. N. Bogoliubov developed the so- called averag-
ing methods to treat oscillations. Their work was further continued by
K. Friedrichs, N. Levinson, and Y. A. Mitropolskii among others. For de-
tailed survey and historical development, consult the work of Bogoliubov
and Mitropolskii [18], Eckhaus [54], Erdélyi [58], II'in [92], Kevorkian and
Cole [108, 109], Krylov and Bogoliubov [133], Lochak and Meunier [149],
Nayfeh [161], O’Malley [163], Smith [199], Vasil’eava and Butuzov [210],
Wasow [215, 216], and the references therein.

Singular perturbation methods have been extensively used in various
branches of physics including statistical mechanics, solid state physics,
chemical physics, molecular biophysics (see Gardiner [68], Risken [182],
van Kampen [208], Schuss [188], Hanggi, Talkner, and Borkovec [80] and
the over hundreds of references cited there). For the related applications
in control theory and optimization, we refer the reader to Bensoussan [8],
Kokotovic [126], Kokotovic, Bensoussan, and Blankenship [127], Kokotovic
and Khalil [128], Kokotovie, Khalil, and O’Reilly [129], Pervozvanskii and
Gaitsgori [174], Phillips and Kokotovic [175], and the large reference ci-
tations contained therein. The idea of two-time-scale expansion has also
found emerging applications in communication theory (see Tse, Gallager,
and Tsitsiklis [206] among others).

Parallel to the advances in the deterministic theory, there is a stochastic
version of the averaging methods. It began with the work of Khasminskii
[112], continued by the large deviations approach of Friedlin and Wentzell
[67], and the martingale averaging methods of Kushner [139).
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In summary, the theories of Markov chains and singular perturbation
have flourished. They have now become important techniques in various
branches of applied mathematics and have a diverse range of applications.

1.3  Outline of the Book

This book consists of three parts including ten chapters and an appendix.
Part I and Part II each consists three chapters, whereas Part III comprises
four chapters.

Including an introduction, mathematical preliminaries, and a number of
Markovian models, Part I provides background material. It begins with
Chapter 1 that contains an overview, a brief review of the literature, and
the plan of the book.

Chapter 2 is concerned with mathematical preliminaries and technical
aspects such as Chapman—Kolmogorov equations, forward and backward
differential equations, irreducibilities, quasi-stationary distributions, and
piecewise-deterministic processes. The definition of Markov chains is given
through the formulation of martingales, which appears to be natural for
nonstationary processes. This chapter also collects certain properties of
martingales and Gaussian processes. It serves as a quick reference of results
to be used later in the book. A list of related textbooks is given at the end
of the chapter for further consultation.

To demonstrate the versatility of Markov chains, we present a number
of models and examples in Chapter 3. They include birth and death pro-
cesses, queueing systems with finite capacity, competing risk theory, singu-
larly perturbed Cox processes, seasonal variation, simulated annealing and
stochastic optimization algorithms, system reliability, and optimal control
of jump linear systems. These models are used to exhibit the scope of the
diversity of applications rather than to provide complete solutions of the
underlying problems.

Consisting of Chapters 4-6, Part II is devoted to asymptotic properties
of singularly perturbed Markov chains. To allow a better understanding,
this part begins with a thorough treatment of singularly perturbed chains
under weak irreducibility. Then more complex cases are treated following
the logical path of development from simpler to more complex problems.

In Chapter 4, we begin the study with the case that the Markov chain
is generated by an irreducible generator Q(t) = Q(t)/e, where ¢ > 0 is
a small parameter. The smaller the ¢ is, the more rapidly the underly-
ing Markov chain fluctuates. To analyze the asymptotic properties of the
Markov chains for small €, we make use of the forward differential equa-
tions and an asymptotic expansion of the probability distribution. The
asymptotic expansion is composed of a regular part (outer expansion) and
initial layer corrections. The regular part and the initial layer corrections
are matched through appropriate choices of the initial conditions. We then
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give rigorous justification on the validity of the asymptotic series and obtain
the upper bounds on the approximation errors. Then much more complex
models of Markov chains generated by Q°(t) = Q(¢t)/e + Q(t) are consid-
ered. Since the fast varying part of the generator Q()/e is the dominant
factor, we treat recurrent chains, chains having absorbing states, and chains
containing transient states in accordance with the classification of states for
the underlying chains. We first detail the asymptotic development of the
model with recurrent states. As will be seen in this chapter, the analysis
becomes much more involved due to the complexity of the model. Similar
techniques are then applied to treat chains with absorbing states and chains
with transient states. The choice of the initial conditions is a delicate issue
in dealing with models with fast and slow motions and/or weak and strong
interactions. It is interesting to note that the proper choices of initial con-
ditions are so critical that without them an ad hoc formal expansion will
not yield the desired asymptotic estimates.

Also considered here is another generalization involves the study of
countable state space cases. We first consider the case where Q(t) and Q(t)
are themselves generators of appropriate Markov chains, in which @(t)
is a block-diagonal matrix with infinitely many blocks each of which is a
generator of a Markov chain with a finite-state space. Then we study the
case Q°(t) = Q(t)/e with Q(t) being an infinite-dimensional generator, and
provide sufficient conditions ensuring the validity of the asymptotic expan-
sion. Finally, remarks on the corresponding results of singularly perturbed
diffusion processes are discussed briefly.

As another main core of the book, Chapter 5 concerns the asymptotic
distribution and exponential error estimates of unscaled and scaled occu-
pation measures. Chapter 4 focuses on purely analytic properties and uses
mainly analysis tool to treat the underlying problems, whereas this chap-
ter takes up the related probabilistic issues. Starting with the case that the
Markov chain is weakly irreducible, by use of the asymptotic expansions
developed in Chapter 4, it is shown that a sequence of unscaled occupation
measures converges to that of an “integrated” quasi-stationary distribu-
tion, and a scaled sequence of the occupation measures verifies a mixing
condition and is tight in an appropriate function space. We establish the
weak convergence of the sequence and derive the explicit representation of
the covariance of the Gaussian process. One of the distinct features of the
central limit result is that its asymptotic covariance involves explicit ex-
pression of the initial layers, a property not shared by many of the existing
results of asymptotic normality. In various applications, it is often needed
to make use of an exponential error estimate to obtain the corresponding
large deviations results. Deriving such upper bounds is another main task
of this chapter.

Next, we ask the question: If the irreducible Markovian models are re-
placed by Markovian models with weak and strong interactions, can we still
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get desired asymptotic distribution results? A natural question is whether
the asymptotic normality holds for the scaled occupation measures. The
situation becomes more complex. To begin, for the weakly irreducible case,
the scaled occupation measures are centered about a non-random quantity,
namely, the quasi-stationary distribution. When weak and strong iteration
models are treated, the centering term can no longer be a constant, but
a random process that stems from the idea of aggregations and that is in
a form of conditional mean. In fact, the limit of the scaled sequence of
occupation measures does not possess independent increments. To char-
acterize the limit process, one has to examine a combined process of the
Markov chain and the scaled occupation measure. Owing to the interac-
tions among different blocks, although there is an analog to the central limit
result, the limit distribution is no longer Gaussian but Gaussian mixture
(or a switching diffusion characterized by solutions of martingale problems
with appropriate operators). Thus, strictly speaking, we no longer have the
asymptotic normality. Nevertheless, a limit in distribution result still holds.
The limit process displays a certain mixture property; it resembles both
diffusion processes and jump processes. Note that for small £, the Markov
chain af(-) jumps more frequently within each block and less frequently
from one block to another. To further the understanding of the underlying
process, we study the structural properties of the Markov chain by aggre-
gating the states in the kth block by a single state k£ and approximating
af(+) by the aggregated process. In addition to analyzing the aggregated
chain, we also take up the issue of generators being merely measurable and
obtain a number of results concerning the probability distribution under
the weak topology in L2[0, 77, the space of square integrable functions.

With emphases on the “deterministic” and the “probabilistic” aspects of
the distributions of the Markov chains, both Chapters 4 and 5 are concerned
with forward equations. Chapter 6 serves as the “adjoint” of Chapter 4; it
treats the backward equations, also known as Kolmogorov backward equa-
tions. There are plenty cases that we need to deal with backward equations.
We ask the following questions. Do there exist asymptotic expansions for
the backward equations? We provide an affirmative answer to this question
in Chapter 6. In contrast to the Kolmogorov forward equations, instead of
having initial conditions, we now have terminal conditions. Similar to what
have been done in Chapter 4, we construct outer expansions and terminal
layer corrections, and obtain the desired error bounds. One of the crucial
results is Lemma 6.1.

Part IIT deals with several applications including Markov decision pro-
cesses, nearly optimal controls of stochastic dynamic systems, numerical
solutions of control and optimization of Markov chains, and hybrid two-
time-scale LQG problems. The materials are divided into Chapters 7-10.

The studies of many operations research and operations management
problems can be boiled down to analysis of Markov decision processes. One
of the main advantages of Markov decision processes is that the dynamics
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of the model are governed purely by the generator Q¢(u), as a function
of control w, without involving differential equations. Chapter 7 focuses
on optimal decisions of these problems involving weak and strong inter-
actions. Specifically, the generator of the underlying Markov chain is as-
sumed to be a function of the control variable, i.e., the generator is given
by Q°(t) = Q(u(t))/e + Q(u(t)) such that Q(u(t)) is a block-diagonal ma-
trix with each block being irreducible. This yields a limit control problem
obtained by replacing the states in each group with a single state and by
using the corresponding average distributions. A nearly optimal solution
for the original problem is constructed by using an optimal solution to the
limit problem. Both discounted cost and long-run average cost criteria are
considered. Error bounds of the constructed controls are obtained; related
computational methods are also discussed.

Stemming from hierarchical decomposition of large and complex sys-
tems, Chapter 8 is about asymptotic optimal controls of singularly per-
turbed dynamic systems under Markovian disturbance. Assuming that the
Markov chain is under weak and strong interactions, we obtain the asymp-
totic optimal control and derive the corresponding error bounds. As spe-
cific examples, hierarchical control of manufacturing systems are examined.
Moreover, obtaining near optimality via weak convergence methods is also
demonstrated. The main idea is that in lieu of dealing with the more dif-
ficult singularly perturbed problems, one considers the limit problems and
uses them as a bridge to establish nearly optimal controls of the actual sys-
tems. In this process, the asymptotic properties of the singularly perturbed
Markov chains play an essential role.

To implement a control policy in practice, numerical methods are often
necessary and indispensable. In Chapter 9, we develop numerical algorithms
for approximating control and optimization problems of finite-state Markov
chains. It encompasses two parts. The first part concentrates on approxima-
tion of the controlled dynamic systems by an appropriate controlled Markov
chain on a finite-state space using discretization; the suggested algorithm
leads to the desired optimal control. The second part converts a class of
control problems to an optimization procedure; in lieu of approximating
the optimal controls, we focus our attention on the threshold control poli-
cies, and obtain the optimal threshold values by stochastic approximation
methods.

A basic model used extensively in the control and systems literature is
the LQP (linear quadratic Gaussian) model, which has enjoyed a wide vari-
ety of applications range from traditional setup to manufacturing systems,
telecommunication, financial engineering, and networked systems. Due to
the uncertain world, to reflect the random environment reality and/or to
aim at more “robust” control designs, one often has to allow the system
parameters to change within a set, which leads to the regime-switching
Markov models. Chapter 10 takes up the issues of Markovian switching
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diffusion models. It illustrates how the two-time-scale methods of the book
can be used to design nearly optimal strategies.

In the entire book, each chapter begins with an introduction that gives
the outline of the chapter, and ends with a section “notes” that provides
further remarks, literature citations, and other related matters. The ap-
pendix contains brief discussions, basic notion, and results on the topics
of viscosity solutions, piecewise-deterministic processes, weak convergence,
relaxed controls, and a number of technical complements. The flow chart
in Figure 1.1 should help to visualize the logical dependence, relationship,
and connection among various chapters.

Chapter 2

Chapter 4 Chapter 6

Chapter 8 Chapter 9 Chapter 10

FIGURE 1.1. Relationship and Dependence Among Chapters
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Mathematical Preliminaries

2.1 Introduction

To prepare us for the subsequent study, this chapter summarizes certain
background materials used in the rest of the book. Section 2.2 begins with
the definitions of stochastic processes and filtrations, which lead to a very
important concept in stochastic processes, namely, the notion of martin-
gales. In Section 2.3, we recall the definition of Markov chains. Rather
than working exclusively with their transition probabilities, this book con-
centrates on their generators. In view of various applications, it is practical
and natural to characterize a Markov chain by using its generator. Given
a generator, the construction of the associated Markov chain is described
in Section 2.4 by means of the piecewise-deterministic process approach.
Since one of the central themes of the book encompasses quasi-stationary
distributions of singularly perturbed chains, we introduce this notion to-
gether with the weak and strong irreducibilities in Section 2.5, which are
used extensively in the chapters to follow. Section 2.6 reviews Gaussian
and diffusion processes. Section 2.7 discusses switching diffusion processes.
Finally, Section 2.8 closes the chapter with some postscript notes.

2.2 Martingales

Let (Q, F, P) be a probability space. Denote the space of R"-valued contin-
uous functions defined on [0, 7] by C([0,T];R"), and the space of functions

G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications, 17
Stochastic Modelling 37, DOI 10.1007/978-1-4614-4346-9_2,
© Springer Science+Business Media, LLC 2013



18 2. Mathematical Preliminaries

that are right continuous with left-hand limits by D([0,T];R"). Consider
() ={z(t) e R": t > 0}. If for each ¢t > 0, z(¢) is a random vector (or an
R"-valued random variable), we call x(-) a stochastic process and write it
as x(t), t > 0, or simply z(¢) if there is no confusion.

e A collection of o-algebras {F;, t > 0}, or simply {F;}, is called a
filtration if Fy C Fy for s < t. It is understood that F; is complete in
the sense that it contains all null sets. A probability space (2, F, P)
together with a filtration {F;} is termed a filtered probability space
(Qafv {]:t}ap)

e A process z(-) is adapted to a filtration {F,}, if for each ¢t > 0, z(t)
is an F-measurable random variable; x(-) is progressively measurable
if for each t > 0, the process restricted to [0,¢] is measurable with
respect to the o-algebra B[0,t] x F; in [0,¢] x €, where B[0,¢] de-
notes the Borel sets of [0,¢]. A progressively measurable process is
measurable and adapted, whereas the converse is not generally true.
However, any measurable and adapted process with right-continuous
sample paths is progressively measurable (see Davis [41, p. 19]).

e A stopping time T on (£, F, P) with a filtration {F;} is a nonnegative
random variable such that {7 <t} € F, for all ¢ > 0.

e A stochastic process {z(t) : ¢ > 0} (real or vector valued) is said to
be a martingale on (Q, F, P) with respect to {F;} if
(a) For each t > 0, x(t) is Fi-measurable,
(b) Elz(t)| < oo, and
(c) Elz(t)|Fs] = x(s) w.p.1 for all t > s.

If we only say that x(-) is a martingale (without specifying the
filtration F%), F; is taken to be o{x(s) : s < t}.

e If there exists a sequence of stopping times {7,,} such that 0 < 7 <
T < <7 STy <o, Ty — 00 W.p.1 asn — oo, and the process
™ (t) := z(t A 7,) is a martingale, then x(-) is a local martingale.

2.3 Markov Chains

A jump process is a right-continuous stochastic process with piecewise-
constant sample paths. Let o) = {a(t) : ¢ > 0} denote a jump process
defined on (9, F, P) taking values in either M = {1,2,...,;m} or M =
{1,2,...}. Then {«(t) : t > 0} is a Markov chain with state space M if

P(a(t) = ila(r) : r < s) = P(a(t) = ila(s)), (2.1)
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for all 0 < s < ¢ and i € M. Note that (2.1) is known as Markov property
and that the state space is either finite or countable.

For any i,7 € M and t > s > 0, let p;;(¢,s) denote the transition
probability P(a(t) = jla(s) = i), and P(t,s) the matrix (p;;(t,s)). We
name P(t,s) the transition matrix of the Markov chain «(-), and postulate
that

lim pij (t, S) = 5ij;

t—st

where §;; = 1 if i = j and 0 otherwise. It follows that, for 0 < s <¢ <t,

pij(t,S) Z O, ’L,] S M,
Z pij(t,s) =1,1€ M,

jem
pij(ts) = > pin(s, $)pij(t,<), 1,5 € M.
keM

The last identity is usually referred to as the Chapman—Kolmogorov
equation. If the transition probability P(a(t) = j|a(s) = i) depends only
on (t—s), then a(-) is stationary. In this case, we define p;;(h) := pi;(s+h, s)
for any A > 0. The process is nonstationary otherwise.

Definition 2.1 (¢-Property). Denote Q(t) = (gs;(t)), for ¢ > 0. It satisfies
the g-Property, if

(a) gi;(t) is Borel measurable for all 4,7 € M and t > 0;

(b) ¢i;(t) is uniformly bounded, that is, there exists a constant K such
that |g;;(t)| < K, for all 4,5 € M and ¢ > 0;

(c) qij(t) = 0 for j # i and g;i(t) = — 32, qi;(t), t = 0.

For any real-valued function f on M and ¢ € M, write

QU@ = D ai () f(G) = D ais()(f () = f(D))-

jEM A
We are now in a position to define the generator of a Markov chain.

Definition 2.2 (Generator). A matrix Q(t), >0, is an infinitesimal
generator (or simply a generator) of a(-) if it satisfies the ¢-Property, and
for all bounded real-valued functions f defined on M

fat)) - / Q) F()(als))ds (2.2)

is a martingale.
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Remark 2.3. Motivated by the many applications we are interested in, a
generator is defined for a matrix satisfying the ¢-Property. Different defini-
tions, including other classes of matrices, may be devised as in Chung [31].
To proceed, we give an equivalent condition for a finite-state Markov chain
generated by Q(t).

Lemma 2.4. Let M = {1,...,m}. Then a(t) € M, t > 0, is a Markov
chain generated by Q(t) iff

t
(I{a(t)—l}v---aI{a(t)—m})_/0 (Itat=13> - > [ja()=m}) Q(s)ds  (2.3)

s a martingale.

Proof: If Q(t) is a generator of a(+), for any f(-), (2.2) defines a martingale.
For any k € M, choose fi(a) = Itq—g}. Then

fe(a(t)) = Liaw)=ry

and
Q) i Zl{a(c) Q) fr () ()]
ZZI{Q 1}ng fk( )
=1 j=1

3|

= Z Lia()=iy ik ()
=1

Thus, (2.3) defines a martingale.
Conversely, note that

) =Y Tag—i £ ()
=1

= (I{a)=1}> - La(o)=m}) (f(1), ..., f(m))’

and
QEOFO)() = 3 Ta=3 Q)]

= (La)=13>- -+ La(e)=my) Q) (f(1),..., f(m))".

Multiplying (2.3) by (f(1),..., f(m)) and using the equations above con-
firms that (2.2) defines a martingale. O
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We will show in the next section that for any given Q(t) satisfying the
g-Property, there exists a Markov chain «(-) generated by Q(t). For conve-
nience, call any matrix Q(¢) that possesses g-Property a generator.

2.4  Piecewise-Deterministic Processes

This section gives an account of the construction of nonstationary Markov
chains generated by Q(¢) for t > 0. If Q(¢) = @, a constant matrix, the
idea of Ethier and Kurtz [59] can be utilized for the construction. For time-
varying generator Q(t), we need to use the piecewise-deterministic process
approach, described in Davis [41], to define the Markov chain a(-).

2.4.1 Construction of Markov Chains

Let 0 =79 <7 <--- <7 < --- denote a sequence of jump times of a(-)
such that the random variables 7y, 7o —71, ..., Tk41—Tk, - . . are independent.
Let a(0) =i € M. Then «(t) = i on the interval [r9,71). The first jump
time 71 has the probability distribution

P(ri € B)= /Bexp {/Ot qii(s)ds} (—qii(t)) dt,

where B C [0, 00) is a Borel set. The post-jump location of «(t) = j, j # 1,
is given by

qij(11)

P(a(Tl) = j|T1) = _Qii('rl)'

Note that ¢;;(71) may equal 0. In this case, define P(a(r) = jlm1) = 0,

j # 1. We claim P(g;;(11) = 0) = 0. In fact, if we let B; = {t : ¢;;(t) = 0},
then

P(Qii(Tl) = 0) = P(Tl c Bz)

- [ ew{f t Gl | (~au ) e = 0.

In general, a(t) = a(7;) on the interval [1;, 7741). The jump time 7,41 has
the conditional probability distribution

P(TH-I — 7 € Bl|7'1,...,n,0<(7'1),...,a(n))

t+7
= /B exp {/ qa(n)a(n)(s)ds} (_qa(n)a(‘rl) (t + Tl)) dt.
1 T

1
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The post-jump location of «(t) = j, j # «(7) is given by

Aa(r)j (Tl+1 )
QQ(TZ)a(n) (Tl—i-l)

Pla(ris1) = jlm, -y mie, (1), -, a(m)) =

Theorem 2.5. Suppose that the matriz Q(t) satisfies the q-Property for
t>0. Then

(a) The process a(-) constructed above is a Markov chain.

(b) The process

- / Q) F()(a(s))ds (2.4)

is a martingale for any uniformly bounded function f(-) on M. Thus
Q(t) is indeed the generator of ().

(c) The transition matriz P(t,s) satisfies the forward differential equa-

tion
dpg’ 5) _ P(t,5)Q(t), t > s,
(2.5)
P(s,s) =1,

where I is the identity matriz.

(d) Assume further that Q(t) is continuous int. Then P(t,s) also satisfies
the backward differential equation

dP(t,s)

e —Q(s)P(t,s), t > s,

(2.6)
P(t,t)=1.

Remark 2.6. In (¢) and (d) above, the derivatives can also be written
as partial derivatives, (0/0t)P(t, s) and (0/0s)P(t, s), respectively. Never-
theless, we note that the s in (2.5) and the ¢ in (2.6) only appear in the
formulas as parameters. That is, they main represents the initial and ter-
minal conditions. For notational simplicity, we write them as in (c¢) and (d),
and keep this convention throughout. It should be clear from the context.

Proof of Theorem 2.5: Parts (a) and (b) are in Davis [41, pp. 62-69].
To prove part (c), take f(a) = Ifa—;y for j € M. Owing to the Markov
property and the definition of martingales,

P(a(t) = jla(s) = i)
5, + / — Kla(s) = i)ai; (<)ds.

keM
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To prove (d), note that the continuity of Q(t) imply that

i —A
p—J(S’SA ) — —qij(s) fori#j and
ii(s, 8 — A) =1
% = —qu(s),
as A — 0. The rest of the proof follows from the standard line of argument
using the Chapman-Kolmogorov equation (see [27, pp. 398-403].). O

2.5 Irreducibility and Quasi-Stationary
Distributions

Let M ={1,2,...,m} for some integer m > 2. Suppose that «(t), t>0, is a
Markov chain generated by an m xm matrix Q(t). This section concentrates
on the irreducibility and quasi-stationary distribution, which are key points
for the rest of the book.

Definition 2.7 (Irreducibility).

(a) A generator Q(t) is said to be weakly irreducible if, for each fixed
t > 0, the system of equations
v(H)Q(t) =0,
m (2.8)
I/i(t) =1

3

has a unique solution v(t) = (v1(t),...,vm(t)) and v(t) > 0.

1

(b) A generator Q(t) is said to be strongly irreducible, or simply irre-
ducible, if for each fixed ¢ > 0 the systems of equations (2.8) has a
unique solution v(t) and v(t) > 0.

The expression v(t) > 0 means that for each i € M, v;(t) > 0. Similar
interpretation holds for v(¢) > 0. It follows from the definitions above that
irreducibility implies weak irreducibility. However, the converse does not
hold. For example, the generator

=% o)

is weakly irreducible, but it is not irreducible because it contains an absorb-
ing state corresponding to the row (0,0). A moment of reflection reveals
that for a two-state Markov chain with generator

o= (i i)
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the weak irreducibility requires only A(t) + wu(t) > 0 whereas the
irreducibility requires that both A(t) and p(t) be positive. If a weakly
irreducible Markov chain contains only one communicating class of recur-
rent states, and if there are no transient states, then the Markov chain is
irreducible.

Definition 2.8 (Quasi-Stationary Distribution). For ¢ > 0, v(t) is termed
a quasi-stationary distribution if it is the solution of (2.8) satisfying v(t) > 0.

Remark 2.9. While studying problems of stationary Markov chains,
the stationary distributions play an important role. In the context of
nonstationary Markov chains, they are replaced by the quasi-stationary
distributions, which will be used extensively in this book.

If v(t) = v > 0, it is termed a stationary distribution. In view of
Definitions 2.7 and 2.8, if Q(t) is weakly irreducible, then there is a quasi-
stationary distribution. Note that the rank of a weakly irreducible m x
m matrix Q(t) is m — 1, for each ¢ > 0. The definition given above
emphasizes the probabilistic interpretation. An equivalent definition for the
weak irreducibility that pinpoints the algebraic properties of Q(t) is given
below. One can verify their equivalence using the Fredholm alternative; see
Lemma A.37 and Corollary A.38 in Appendix.

Definition 2.10. A generator Q(t) is said to be weakly irreducible if, for
each fixed t > 0, the system of equations

F(HQ(t) =0,
m (2.9)
> filt) =0

has only the trivial (zero) solution.

In the subsequent development, we often need to treat nonhomogeneous
systems of linear equations. Consider

FHQ) = g(®), (2.10)

where for each 0 < t < T, Q(t) is a weakly irreducible generator (an m x m
matrix), f(t), g(t) are unknown and known vectors, respectively. Zero is
an eigenvalue of the matrix Q(¢) and the null space of Q(t) is spanned
by 1. Then by the Fredholm alternative (see Corollary A.38), (2.10) has a
solution iff g(¢)1 =0, where 1= (1,...,1) € R™*L
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Define Q.(t) = (

) t)) € Rm*(m+1)  Consider (2.10) together with the
condition f(¢)1 ;

fi(t) = f. This may be written as f(t)Q.(t) = g.(t)

1152(
i=1
where g.(t) = (f:g(t)). Since for each t, (2.9) has a unique solution, it
follows that Q.(t)QL(t) is a matrix with full rank; therefore, the equation

FB1Q(MQLB)] = ge(t)Qc(t) (2.11)

has a unique solution. This observation will be used repeatedly in what
follows.

Remark 2.11. The difference between weak irreducibility and strong
irreducibility is that the former only requires the unique solution v(¢) to
be nonnegative and the latter requires v(t) to be strictly positive. We
keep the nonnegativity requirement v(¢) > 0 in the definition of the weak
irreducibility to remind the reader of its probabilistic meaning. In fact,
this requirement is superfluous, which can be seen from Lemma A 4.

2.6  Gaussian Processes and Diffusions

A random vector (z1,%2,...,2,) is Gaussian if its characteristic function
has the form

¢(y) = exp <L<y, a) — %<Ay,y>> ;

where a is a constant vector in R", (y,a) is the usual inner product, ¢
denotes the pure imaginary number satisfying :> = —1, and A is a sym-
metric nonnegative definite r X r matrix. A stochastic process x(t), t > 0, is
a Gaussian process, if its finite-dimensional distributions are Gaussian, that
is, forany 0 <t; <ty <---<tpand k=1,2,..., (z(t1),z(t2),...,x(tx))
is a Gaussian vector.

Ifforany0 <t <to<---<tprand k=1,2,...,

(x(tr) = 2(0), (2(t2) = x(tr)), .-, (2(tr) = 2(tr-1))

are independent, then we say x(+) is a process with independent increments.
The following lemma provides a sufficient condition for a process to be
Gaussian. The proof of the lemma can be found in Skorohod [197, p. 7.

Lemma 2.12. Assume that the process x(-) has independent increments
and continuous sample paths with probability one. Then x(-) is a Gaussian
process.
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An Ré-valued Gaussian random process w(t), t > 0, is called a Brownian
motion, if

(a) w(0) =0, w.p.1;
(b) w(-) is a process with independent increments;

(¢) w(-) has continuous sample paths (in C([0, 00); R?)) with probability
one;

(d) the increments w(t)—w(s) have Gaussian distribution with Fw(t) = 0
and Cov(w(t)) = ot for some nonnegative definite d x d matrix @,
where Cov(() denotes the covariance of (.

When @ = I, the identity matrix, w(-) is a standard Brownian motion.
In view of Lemma 2.12, a Brownian motion is necessarily a Gaussian pro-
cess. For an R%valued Brownian motion w(t), let F; = o{w(s) : s < t}.
Let o(-) denote an JF;-measurable process taking values in R9*? such that
fo lo(s)|?ds < oo for all t > 0. Using w(-) and o(-), one can define a
stochastic integral fo dw( ) such that it is a martingale with mean 0

and quadratic variation fo s)a’(s)ds.
Given Fi-measurable processes b(-) and o(-), a process ((-) defined as

¢(t) == C(O)—l—/o b(s)ds—l—/o o(s)dw(s)

is called a diffusion. Let C*' denote the class of real-valued functions on
(a subset of) R" x [0,00) whose second-order mixed partial derivatives
with respect to z and first-order partial derivatives with respect to t are
continuous. Define an operator £ on C*! by

of (t,x _ O f(t,x
Lf(t,z):= Zb fa; % Z aij(t)%a (2.12)

1,j=1

where a(t) = (a;j(t)) = o(t)o’(t). Then for all f € C*!, the process

F(E () — F(0,¢(0)) / £f(s,C(s))ds

is a local martingale. Moreover, ((+) is a Markov process (provided o(-) and
b(-) are suitable non-random Borel functions) in the sense that

P(z(t) € A|Fs) = P(x(t) € Alx(s))

for all 0 < s <t and for any Borel set A. The operator £ is naturally the
generator of the diffusion ((+).
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2.7 Switching Diffusions
Let w(-) be an R%-valued standard Brownian motion defined in the filtered
probability space (Q, F,{F:}, P). Suppose that b(-,-) : R” x M — R" and

that o(-,-) : R"x M + R" x R?. A switching diffusion or a regime-switching
diffusion is a two-component process (x(-), a(+)), satisfying

da(t) = b(x(t), a(t))dt + o (2(t), a(t))dw(t),
(2(0), 2(0)) = (x, @),

(2.13)

and for i # j,
Pla(t+ A) = jla(t) =i,x(s), a(s),s <t} = qj(x(t)) A+ o(A). (2.14)

For the two-component process (z(t),a(t)), we call x(t) the continuous
component and «(t) the discrete component, in accordance with their sam-
ple path properties. Note that in the above, the switching process a(t) itself
is not a Markov chain. The two-component process (x(t), «(t)) is jointly
Markovian, however. A special case is the so-called Markovian switching
diffusion. That is, the switching process «(t) is independent of the Brown-
ian motion and itself a Markov chain.

For (z(t),«(t)), there is an associated operator. For each ¢ € M and
each f(-,4) € C?, where C? denotes the class of real-valued functions whose
partial derivatives with respect to the variable x up to the second-order are
continuous, we have

Li@a) = VI + (V7 f(r ) A, 0) + Q) f(w, )0)

B 8fo) 1 < _ 0% f(x,1)
a Zb 8961 +§.Za (@) S, O0x;0x;

ij=1

+Q(x)f($7)(b)7 (2'15)

where Vf(z,t) and V2f(z,t) denote the gradient and Hessian of f(z,t)
with respect to x, respectively,

Q) f(w,-)(v) = Z q;f(z,j), and
A(z,1) = (aij(x,2) = o(z,1)0’ (x,2) € R™.

The evolution of the discrete component «(-) can be represented by a
stochastic integral with respect to a Poisson random measure (see, e.g.,
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Ghosh, Arapostathis, and Marcus [72] and Skorohod [198]). In fact, for
z € R" and ¢,j € M with j # 4, let A;j(x) be the consecutive (w.r.t. the
lexicographic ordering on M x M), left-closed, right-open intervals of the
real line, each having length ¢;; (). Define a function b : R" x M xR — R by

h(z,i,2) =Y (= ) zea, @) (2.16)
j=1

That is, with the partition {A;;(x) : 4,j € M} used and for each i € M,
if z € Ayj(x), h(z,i,2) = j — 4; otherwise h(z,4,2) = 0. Then (2.14) is
equivalent to

dalt) = /R h(@(t), alt—), 2)p(dt, d2), (2.17)

where p(dt, dz) is a Poisson random measure with intensity dt x m(dz), and
m is the Lebesgue measure on R. The Poisson random measure p(-,-) is
independent of the Brownian motion w(+).

Similar to the case of diffusions, for each f(-,2) € C2%, 1 € M, a result
known as the generalized Itd lemma (see Bjork [14], Mao and Yuan [153],
or Skorohod [198]) reads

(), o) — f( / C£F(x(s), a(s))ds + My (£) + Ma(t),
(2.18)

M) = [ (T5(a(s). (). a(e(s). als)dus).

// 0) + h(a(s), a(s), 2))

_f(‘r(s)v a(s))] M(dSJ dz),
and
p(ds,dz) = p(ds,dz) — ds x m(dz)

is a martingale measure.

2.8 Notes

A reference of basic probability theory is Chow and Teicher [30], and a
reference on stochastic processes is Gihman and Skorohod [73]. The results
mentioned in this chapter and more detailed discussions regarding martin-
gales and diffusions can be found in Elliott [55]; discussion on stochastic
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differential equations and diffusion processes can also be found in Tkeda and
Watanabe [91] and Khasminskii [114]. The well-known book of Chung [31]
provides us with a classical treatment of continuous-time Markov chains.
The connection between generators of Markov processes and martingales is
illustrated, for example, in Ethier and Kurtz [59]. For a complete account of
piecewise-deterministic processes, see Davis [41], Rishel [181], and Vermes
[211]. For a comprehensive study of switching diffusion processes including
recurrence, ergodicity, stability etc., we refer the reader to Yin and Zhu
[244]; see also the references therein.






3
Markovian Models

3.1 Introduction

With the motivation of bridging the gap of theory and practice, this chapter
presents a number of Markovian models and examples from a diverse range
of applications. Markov chains with stationary transition probabilities have
been studied extensively; they are contained in many classical books, for
example, Chung [31], Taylor and Karlin [204] among others. However, the
homogeneity or stationarity is often violated in applications, and the gen-
erator Q(t) of the underlying Markov chain is frequently time dependent.
The results for stationary cases alone are no longer adequate in handling
these situations. In the discussion to follow, much emphasis is on finite-
state Markov chains and on Markov chains with nonstationary transition
probabilities; many examples are modifications of classical work for sta-
tionary Markov chains. In various applications involving complex systems,
the issue of different time scales naturally arises. This often results from
aggregating the states, decomposing a large-scale system into a number of
subsystems with manageable size, using multiple step size in optimization
procedures and other consideration in modeling. To formulate such prob-
lems, one introduces a small parameter € > 0 yielding a two-time scale, the
original time scale t and the stretched time scale t/e. Consequently, one
has to face singularly perturbed Markovian systems, in which the genera-
tor is given by Q¢(t) for £ > 0 small enough so that the process is subject
to rapid variation and/or weak and strong interactions. For motivational

G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications, 31
Stochastic Modelling 37, DOI 10.1007/978-1-4614-4346-9_3,
© Springer Science+Business Media, LLC 2013
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purposes of the subsequent studies, a number of models and/or examples
involving singularly perturbed Markov chains are also presented.

This chapter is arranged as follows. It begins with the birth and death
processes. In Section 3.3, we treat a number of Markov chains with finite-
state spaces, including queueing systems, seasonal variation, and system
reliability. Section 3.4 gives examples arising from the context of stochas-
tic optimization involving Markovian structures. Section 3.5 deals with
jump linear systems, in particular, the optimal control formulation of linear
quadratic control problems with Markovian jumps and large-scale systems
via aggregation and decomposition. One of the main ideas that underlies
the basis of the asymptotic results throughout the book is the time-scale
separation. To give motivation, some heuristic arguments and interpreta-
tion of such separations are provided in Section 3.6. Finally, this chapter
concludes with further discussion and notes in Section 3.7.

3.2 Birth and Death Processes

In the study of physical and/or biological sciences, one needs to analyze
the random evolution of a certain population. Its size (an integer-valued
process) is a family of random variables {z(t) : ¢t > 0}. The reproduction
and distinction of the population are conveniently modeled by assuming
z(+) to be a Markov chain known as a birth and death process.

Dealing with homogeneous cases, one normally (see Karlin and Tay-
lor [105]) makes the following postulates about the transition probability
P(t) = (pi;(t)) of the underlying processes

1. piig1(h) = Ah+o(h) as h — 0 for i > 0;
2. pii—1(h) = pih +o(h) as h — 0 for i > 1;

w

. pii(h) =1— (N + pi)h + o(h) as h — 0 for ¢ > 0;
- pij (0) = dij;

5. po =0, Ao >0, ps, A; >0 for all ¢ > 1.

W~

Note that the term o(h) above may depend on i, i.e., o(h) = o0;(h).
The quantities A; and u; are known as the birth and death rates, respec-
tively. Following from the basic postulates, the infinitesimal generator of
the Markov chain is

—Xo Ao 0 0
pr =M1+ ) A1 0
g=1| 0 2 —(A2 + p2) A2 :

0 0 13 — (A3 + pu3)
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which is time independent and hence the chain is known as having
stationary transition probabilities according to Chung [31]. This agrees
with the intuitive notion that @) represents the rate or “derivative” in an
appropriate sense.

One can readily derive the differential equations satisfied by the transi-
tion probabilities. They are

dptl—ot(t) = —Xopio(t) + p1pi (t),
dpgt(t) = Njo1pi—1(t) — (Aj + p)pij (t)
+uj1pi+i(t), j=>1.
and
dpz—i(t) = —Xopo;(t) + Nopi; (1),
dp;;-t(t) = pipi—1;(t) — (i + pa)pij (t)

+Aipiy1,5(t), > 1.

More details of the derivations can be found in Karlin and Taylor [105, pp.
135-137].

There are many possible variations and/or specifications of the birth and
death processes. For instance, if A\; = 0 for all 4, the process becomes the
pure death process. If u; = 0 for all ¢, the underlying process is the pure
birth process. A pure birth process with A; = X for all i is known as a
Poisson process.

For chains with nonstationary transition probabilities, using the defini-
tion of generators given in Chapter 2, for the birth and death processes,
we simply assume that the generators are given by Q(t) that satisfies the
g-Property and

—Xo(t), for j=i=0,

—(Ni(t) + pi(t)), forj=iandi>1,
@i (1) =93 L), for j=i—1andi>1,

(1), j=t+1andi>0.

One of the widely used models for daily-life congestion and machine perfor-
mance random systems is the Markovian queueing formulation. A queueing
process (with a single server) is one in which customers arrive at some des-
ignated place where a service is rendered. For example, the queue in a
supermarket checkout counter can be modeled as a birth and death pro-
cess. Under stationary assumptions, the system is simplified to \;(t) = A
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and p;(t) = p for all i« > 0. Using the Markovian framework, the inter-
arrival and service times follow exponential distributions with arrival and
service rates A and pu, respectively. Suppose that A > 0 and g > 0. Then
the stationary distribution v;, i > 0 of the queueing process can be eas-
ily calculated. In fact, v; = (1 — (A/p))(A/p)? provided A < p. For more
detailed account on this and related issues as well as other examples, we
refer the reader to Karlin and Taylor [105], Sharma [194], and Taylor and
Karlin [204] among others.

3.3 Finite-State Space Models

This section contains several examples from a diverse range of applica-
tions. It begins with a variation of the single-sever queueing model with
limited number of waiting rooms, treats singularly perturbed queues, pro-
ceeds with discussions of system reliability issues, deals with competing
risk problems, continues with singularly perturbed Cox processes, studies
random evolutions, and presents a seasonal variation model.

3.3.1 Queues with Finite Capacity

Originated from the classical example of M/M/1/(N + 1) (see, for exam-
ple, Sharma [194]), the queueing system considered below is a modification
and generalization of that of [194]. Here M/M/1/(N + 1) is the so-called
Kendall’s notation for a queueing system with a single server. It indicates
the Markovian interarrival and service times with limited capacity, namely,
N-waiting rooms. That is, the maximum number of customers in the system
is (N +1) including the one being served. Under the Markovian framework,
the inter-arrival and service distributions of the M/M/1/(N + 1) queueing
system follow exponential distributions with mean 1/\ and 1/p, respec-
tively. The problem under consideration is a finite-state Markov chain with
stationary transition probabilities.

Very often the mean arrival and service rates are not constants, but
rather varying with respect to the time elapsed. Thus a more reasonable
model to reflect reality is that both A and p are functions of ¢. Let the
generator of the Markov chain be given by
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Compared with the classical M /M /1/(N + 1) model, the generator @ is no
longer a constant. Its corresponding forward equation is

dp(t)
—= =p(t)Q(t
dt p()Q(1),
where p(t) = (po(t),...,pn(t)) is a row vector representing the probability

distribution of z(t), i.e., p;(t) > 0 and Zf;o pi(t) = 1.

Singularly Perturbed Queues. To proceed, consider a singular pertur-
bation problem for the queueing model above. Suppose that € > 0 is a
small parameter. Let Q(t) be a matrix satisfying the g-Property and define
Q°(t) = Q(t)/e. We are interested in the limit behavior of the system

dp* (1)
dt

=p (H)Q°(t), p°(0) =p".

The interpretation of the model is that the rates of the interarrival and
service are changing rapidly for small e. Consequently, the entire system is
expected to reach a quasi-stationary regime in a very short period of time.
For other queueing-related problems, see Knessel [124], and Knessel and
Morrison [125], among many others.

Uniform Acceleration of Markov Queues. Consider an M;/M;/1/m
queue with a finite number of waiting buffers, and the first-in first-out ser-
vice discipline. Suppose that the arrival process is non-homogeneous Pois-
son with intensity function (arrival rate function) A(t), and that the service
time is exponentially distributed with time-dependent rate u(t). Let «(t)
be the queue length at time ¢. Then «(t) is a nonstationary Markov chain
with generator given by (3.1). Our objective is to seek an approximation
to the probability P(a(t) = k) with 0 < k < m. Denote

Then we have
=p()Q(t). (3.2)

Considering the above problem, Massey and Whitt [157] introduced a small
parameter € > 0 to the generator Q(t). Assume that the rate of change of
the generator Q(t) varies slowly in time that the process «(t) can achieve
equilibrium before there is any significant change in the rate. Then we can
replace Q(t) by Q(et). In this replacement, we focus on «(t) in the neigh-
borhood of time 0. Let p®(¢) be the probability distribution corresponding
to the generator Q(et). Then

= p*(1)Q(et). (3-3)
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To get the uniform acceleration, Massey and Whitt [157] consider the limits
as t — oo and € — 0 simultaneously. Let 7 = et and o°(+) be the new pro-
cess associated with the time scale 7. Then the corresponding probability
distribution p®(7) will solve the forward equation

dp®(1) Q)

“dr =p°(7) - (3.4)

Studying such a singularly perturbed model is the objective of this book.

A Queueing System with Weak and Strong Interactions. Let us
consider a queueing system consisting of two types of customers. Denote
by z1(t) and z2(t) the queue lengths of type I and type II customers, re-
spectively. Assume the maximum queue length for both type I and type 11
customers to be 2, i.e., x1(t) € {0,1,2} and z2(¢) € {0, 1,2}. Suppose that
the events of interarrival and service of type I customers occur more fre-
quently than that of type II customers. Formulate the queueing system as a
finite-state Markov chain, i.e., the process (z1(+),z2(+)) is Markovian with
state space

M = {(0,0), (1,0), (2,0), (0,1), (1, 1), (2,1), (0,2), (1,2), (2,2)}
and generator Q°(t) = Q(t)/e + Q(t), where

Q) = diag (Q'(1), Q*(1), G*(1)) .

B B B —Ai(2) A1(t) 0
Q') =Q°()=Q°(H) = | M) @) +m@®) m@) |,
0 pa (t) —p1(t)
and
A ()] Ao () 0
Q)= Xz —(at)+p()l  p(t)ls
0 p2(t)13 —p2(t)13

with I3 being the 3 x 3 identity matrix. Assume that for some 7° > 0,
Ai(t) > 0 and p;(t) > 0 for all ¢ € [0,T] and each ¢ = 1,2. The arrival
and service rates for type I customers are A;(t)/e and pq(t)/e, respectively.
Those rates for type I customers are Ay (t) and s (t).

For a prototype example, consider the transactions taking place in a
bank, which usually have different types of customers. Some customers
come to the bank just for depositing a check and others may wish to open
a new account. Apparently, the transaction of opening an account requires
much longer time than depositing a check. If we consider check-depositing
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customers as type I customers and account-opening customers as those of
type II, then such a queueing system can be formulated using ¢ defined
above. Again, the small parameter ¢ > 0 is merely a convenient device for
separating the different arrival and service rates. How large € > 0 should
be will depend on the actual situation. In any case, the emphasis is this: It
is the relative rates that count. The asymptotic results to be presented in
the sequel provide hints and guidance for real-world applications.

In the chapters to follow, we will discuss singular perturbation problems
extensively in a more general setting and will derive a number of asymptotic
results for the transition probabilities of the Markov chains. A crucial no-
tion is the concept of quasi-stationary distribution. As will be seen in the
analysis of the subsequent chapters, this “equilibrium” is different from
the case of Markov chains with stationary transition probabilities since the
limiting probabilities are time dependent.

3.3.2 System Reliability

This subsection studies system reliability. It begins with a basic model,
and proceeds with the discussion of the redundancy formulation and burn-
in phenomenon.

A System with Parallel Components. Consider a system consisting
of two independent components. The system is functioning if at least one
of the components is functioning. Assume that each component has two
possible states, functioning, denoted by 1, and out of order, denoted by 0.
Therefore, the system as a whole has four states, (0,0), (0,1), (1,0), and
(1,1). For example, (0,1) means that the first component failed whereas
the second one is in good condition. Let \;(¢) and pu;(t) denote the failure
rate and repair rate of component i for i = 1, 2, respectively. The generator
of the Markov chain can be written as

O e 5

B 2(t)  qo2(t 0 pa(t

CO=1 N0 0 g mb |
0 A1) Xa(t)  qua(t)

where ¢;;(t) are the combinations of A;(¢) and p;(t), i = 1,2, such that the
sum in each row of the matrix above is equal to 0. Representation of the
probability distribution is obtainable by solving the forward equation via
the use of fundamental solutions of the differential equation.

Standby Systems. Very often, certain units, components, or subsystems
in a system may be more important for the system’s reliability than others.
To ensure the entire system’s reliability, one may either use units with
high reliability or introduce redundancy—standby systems. Owing to cost
considerations, the latter often appears to be more preferable. For various
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terminology, such as active redundance, cold standby, partly loaded, consult
the work of Hoyland and Rausand [88]. We now present a simple standby
model. Suppose that a system has two units, one on-line and the other
as a backup. The operating component (unit) fails after some time that
has an exponential distribution with parameter A(t), and is then replaced
by the standby unit. There is a repair facility in which the repair time is
exponentially distributed with parameter p(t). Let x(¢) denote the number
of units functioning at time ¢. The infinitesimal generator of the chain is

—u(t) p(t) 0
Q)= AQ®) —(A)+p®) ) |. (3.5)
0 At) ()

Given t > 0, if A\(¢) + p(t) > 0, then Q(t) is weakly irreducible; if A(¢) > 0
and p(t) > 0, then Q(t) is irreducible. The quasi-stationary distribution is
given by

vi(t) = (u(t) /(@)
‘ L+ (u()/A®) + (u(t)/A1))2

If in addition, A(t) = A > 0 and pu(t) = p > 0, the quasi-stationary distri-
bution becomes the stationary distribution.

for i = 1,2, 3.

Burn-in Phenomenon. It is common that a newly manufactured or newly
repaired unit or device has greater chance of failing early in its usage. Such
a phenomenon is usually called the burn-in phenomenon. Suppose that
a manufacturing system consists of two components, one on-line and one
backup. As discussed in Taylor and Karlin [204], the assumption of ex-
ponentially distributed operating time does not reflect reality well due to
the burn-in phenomenon. To simplify the discussion below, suppose that
A(t) = X and p(t) = p in (3.5), i.e., the Markov chain is stationary. In-
troduce the hazard rate function r(t) = f(¢t)/(1 — F(t)), where f(t) is
the probability density function of the failure time, and F'(¢) is the cor-
responding distribution function. In [204] the following mixed exponential
distribution is introduced: f(t) = pae™ + gBe~A* and p > 0, ¢ > 0 with
p+ g = 1. The probability density function is a convex combination of two
exponential distributions. That is, with probability p the unit beginning
operation will have an exponential up time with parameter «, and likewise
with probability ¢ = 1 — p the unit beginning operation will have an ex-
ponential up time with parameter 5. The rationale behind this is that the
hazard rate is initially high and eventually decays to a constant level. This
system has the following five states,

0: both units are down;

1,4: one unit is up, and the current up time has parameter «;
1g: one unit is up, and the current up time has parameter j3;
24: two units are up, and the current up time has parameter «;
25:  two units are up, and the current up time has parameter 3.
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Arrange the states as {0, 14,13, 24,23}. Then we can write the generator
of the Markov chain as

- PA qA 0 0
a —(A+a) 0 A0
Q=1 p 0 —(A+8) 0 A
0 pa qo —a 0
0 pB ap 0 -5

Assuming « > 0 and 8 > 0, then @ is irreducible. Therefore there exists
a unique stationary distribution that can be determined by solving the
system of equations

r@ =0 and v1=1.

3.3.3 Competing Risk Theory

Suppose that there are a number of different risks (diseases, accidents,
etc.) competing for the lives of individuals. For each of the individuals,
one of these risks will “win,” and this individual will die. The competing
risk theory aims to study these risks and their prevention. These risks can
often be modeled by using a Markovian assumption; the work of Thompson
[205] collects a number of examples and applications in safety and reliability
analysis.

Consider the following scenario. Suppose that the risks can be modeled
by a finite-state Markov chain. Assume some of them are much riskier
than others; the transition rates are quite different. Thus one can split
up the different states into two groups, very risky group and not so risky
group. These groups are not isolated, and there are transitions among them.
To model this situation, introduce a small parameter € > 0, and let the
generator be Q°(t) = Q(t)/e + Q(t), where Q(t) is a block-diagonal matrix

of the form
an= (4" 1),

Qo(t) is itself a generator, and Q(¢) is another generator. All these matrix-
valued functions have appropriate dimensions. The matrix Qo(t) corre-
sponds to the not-so-risky states. The small parameter ¢ indicates that the
rates of jumps within the not-so-risky states are larger than those of the
risky groups.

The results to be presented in Chapter 4 describe the asymptotic behav-
ior of the corresponding probability distribution. Intuitively, owing to the
presence of the small parameter £ > 0, the matrix Q(¢) has the dominating
effect in the transitions. Since the right-hand corner of @(t) is a 0 matrix,
the probability of absorbing into the states corresponding to this part of
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the generator is fairly close to 1. A generalization of the model above calls
for the modeling of Q(t) of the form

This shows that there are (I41) groups of different competing risks. Among
them, there are strong and weak interactions.

3.3.4 Two-Time-Scale Cox Processes

In 1955, D. Cox introduced the notion of doubly stochastic Poisson pro-
cesses that are more commonly referred to as Cox processes nowadays.
A Cox process N(-) is a conditional Poisson process with stochastic inten-
sity A(t, a(t)) in that for almost every given path of the process a(-), N ()
is a Poisson process with intensity A(¢, «(t)). That is, the intensity of the
process is modulated by an “outside” force or process, which influences the
evolution of the point process N(-).

The notion of Cox process is a convenient way to describe and to pro-
duce general random sets. By choosing different a(-), one may get a large
class of conditional Poisson processes, which are widely used in ecology
(to represent the position of the members of a biological production in a
plane habitat with variation in fertility or attractiveness of different parts
of the habitat; see Kingman [122, Chapter 6]), in system reliability theory
describing failures of complex systems (see Di Masi and Kabanov [47, 48]),
and in optical detection and communication theory; see Snyder [200], which
contains many interesting examples in information and communication sys-
tems. For general discussion on the Cox processes as well as further details,
we refer to [122, 200] and the large number of references therein; for related
problems in point processes and queues, see Brémaud [20].

In what follows, we focus on the case that the modulating process is
a finite-state Markov chain. Frequently, the problem of interest is a singu-
larly perturbed one. Let € > 0 be a small parameter. Denote the underlying
conditional Poisson process by N¢(t). This process is modulated by a non-
homogeneous Markov chain o (-) with finite-state space M. The generator
of the Markov chain is given by Q°(t) = Q(t)/e, where Q(t) is itself a
generator. To study the Cox process, one needs to first have a handle on
the asymptotic properties of the Markov chain a(-). Chapter 4 deals with
such a problem. It will be shown that under simple conditions the prob-
ability distribution of a®(t) admits an asymptotic expansion. The leading
term in the expansion is the quasi-stationary distribution. Furthermore, let
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the compensator of N¢(-) be G°(-). As in [48], it satisfies the differential
equation

dGe(t) _ - .
a ;“il{afu):i}, G*(0) = Go

for some a; > 0 with ¢ = 1,...,m. This can be written in an integral form

m t
Gs(t) = Go + ZA ail{as(s):i}ds.
i=1

In fact, it is a weighted occupation measure. The result of Chapter 5 infers
the convergence of the process G°(t) in the mean square sense. Further
investigation shows that the problem can be studied even when the gener-
ator Q(t) is only measurable.

3.3.5 Random Evolutions

A wide range of physical models belong to the random evolution category.
Consider the following scenarios. A particle moves in a straight line with a
constant velocity, until a random collision happens; it then changes the
velocity and again moves in a straight line. A radio signal propagates
through a turbulent medium; a population of bacteria evolves in an environ-
ment that is subject to random disturbances; all these reflect an abstract
notion, namely, random evolution. There is a large amount of literature in
dealing with such problems; an extensive survey is in Hersh [85].

A random evolution is an operator M satisfying a linear differential
equation

% = —V(a(s),w)M(s,t), t>s2>0,

where w is a sample point belonging to the sample space €2 and s indicates
the starting time. As a usual practice, we suppress the w-dependence in
what follows. Denote the expected value of the solution above (with initial
condition a(0) = ) by u(t,a) = Eo[M(0,t)]. If a(t) is Markovian, u(t, &)
satisfies the equation
du _ V(a)u + Qu, (3.6)
dt
where @) is the generator of the Markov chain «(t). This is known as a
generalized Feynman-Kac formula in potential theory.

Various applications call for the investigation of “speed up” in the ran-
dom evolution. To do so, introduce a small parameter € > 0. In lieu of
(3.6), consider the differential equation

= Via)u+ - Qu
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see [85] for the formulation and more detail. It is clear that the probability
distribution of the random process «(t) is an important matter. Chapter 4
deals with this issue for a time-dependent generator Q°(t) = Q(t)/e. It is
conceivable that the effort in this direction should provide further insight
into the study of random evolution.

3.3.6 Seasonal Variation Models

Many problems in real life display a periodic variation or a seasonal behav-
ior that repeats itself after a certain period of time. A typical example is the
seasonal temperature variations in our surrounding environment. Similar
formulations also arise in financial engineering, production planning, inven-
tory and operation management, etc. A distinct feature of these models is
the nonstationary property due to their periodic nature.

To exploit modeling opportunities, we present a simple example in what
follows. Let us concentrate on the temperature variation of a given city.
Intuitively, the probability of the next day’s temperature reaching 70°F
given the current and the past temperatures depends mainly on the current
temperature. It is thus reasonable to adopt a Markovian model. Previously,
a similar formulation was considered by Hillier and Leiberman [86, p. 587].
Nevertheless, their setup is essentially time homogeneous. To proceed, we
consider a formulation with a finite horizon that includes the whole year.
The graph in Figure 3.1 represents a sample path of a daily temperature
variation of the city.

Daily Temperature

0 Winter 1 Spring 2 Summer 3 Fall 4 Winter ¢

FIGURE 3.1. A Sample Path of Daily Temperature

Clearly, the temperature variation depends largely on the seasonal changes
that occur around certain periods of time during the year, which is highly
nonstationary in nature. One may approximate the seasonal average by a
piecewise-constant function; a typical case is depicted in Figure 3.2.
Although it is a simplified model, it gives us insight from a modeling
point of view. To describe the daily temperature process, let ac(t) be a
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Seasonal Average Temperature
90
60
30
0 Winter 1 Spring 2 Summer 3 Fall 4 Winter ¢

FIGURE 3.2. Average Temperature

Markov chain representing the temperature process of the city. Suppose
that the state space of o°(+) is

M = {20, 30, 40, 50, 60, 70, 80, 90, 100},

and that the generator is

—)\1(75)13 5\1 (t)]g, 0

1. (=1 ~ ~ 7 o §
QE(t):gdlag(Ql,Q2vQ3)+ fa(t) I3 —(Xa(t)+02(t) s A2(t)sls |,
0 a3 (t) I3 —ps(t)1s
where
-2 1 1
Q= 1 -2 1 |, fori=1,2,3,
1 1 -2

I3 is the 3 x 3 identity matrix, ¢ = 1/20, and A1 (), A2(t), fia(t), and fi3(t)
are given by graphs in Figures 3.3-3.6, respectively.

A (D)

0 Winter 1 Spring 2 Summer 3 Fall 4 Winter ¢

FIGURE 3.3. Jump Rate from Winter to Spring

Let M; = {20,30,40} denote the group of temperatures in Winter,
My = {50,60,70} in Spring and Fall, and M3 = {80,90,100} in Summer.
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X (1)

0 Winter 1 Spring 2 Summer 3 Fall 4 Winter ¢

FIGURE 3.4. Jump Rate from Spring to Summer

o ()

0 Winter 1 Spring 2 Summer 3 Fall 4 Winter ¢

FIGURE 3.5. Jump Rate from Fall to Winter

U]

0 Winter 1 Spring 2 Summer 3 Fall 4 Winter ¢

FIGURE 3.6. Jump Rate from Summer to Fall

The M, for ¢ = 1,2, 3, subdivide the entire state space M into three differ-
ent groups. Within each season, the temperature changes frequently within
a certain range (i.e., within some M;), and less so from one group (M;)
to others (M;, j # ¢). Thus the weak and strong interaction formulation
naturally reflects such a situation.

In view of the construction of the Markov chain in Chapter 2, it is very
likely that o () will jump from M; to Mg near ¢ = 1 owing to the behavior
of A\ (t) (see Figure 3.3). Similarly the functions A\p(t), Jis(t), and fis(t)
affect the behavior of the Markov chain at ¢t = 2, ¢t = 4, and t = 3,
respectively.

To proceed, define
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These are the quasi-stationary distributions for the groups M;, with i =
1,2, 3, respectively. Using these quasi-stationary distributions, it is easy to
obtain the corresponding averages of temperature: 30, 60, 90 degrees.

By grouping the states in accordance with the preceding strategy, the
aggregated states act as if each of them were a single state in a Markov
chain. One can then get an aggregated process @°(t) = «(t) that is inde-
pendent of €. This aggregated process is Markovian and the generator is

—Ai(t) A1 (t) 0
Q)= | f2(t) —(ha()+h(t)  Ao(t)
0 s (t) —ps(t)

The formulation of singularly perturbed Markovian models with weak and
strong interactions provides us with an appropriate mathematical frame-
work. The detailed studies of the asymptotic properties of the aggregated
Markov chains are given in Chapters 4 and 5.

3.4 Stochastic Optimization Problems

This section is devoted to stochastic optimization methods with the driv-
ing processes being Markovian. Simulated annealing schemes are discussed
first and then continuous-time stochastic approximation algorithms are
considered.

3.4.1 Simulated Annealing

We use the formulation in Chiang and Chow [28] as follows. Consider a
Markov chain x(t) generated by Q(t) = (¢;;(t)). Let B = (b;;) be a matrix
satisfying b;; > 0 for i # j, and U;; : M x M — [0, 00] be a cost function
that measures the degree of reachability from one state to another. Assume
without loss of generality that U; = 0, and U;; = oo if b;; = 0. Suppose
that

(bij)A(@) e, if i # g,

= aw(t)  ifi=j,

ki

qij(t) =

where A(t) is a function with lim; o, A(t) = 0.

Such Markov models have been used frequently in simulated annealing
(for example, see Kirkpatrick, Gebatt, and Vecchi [123], and Geman and
Geman [70] among others), where U;; = (u; — u;)* is determined by a
potential function u and T'(t) = (—log A(t)) ! is said to be a “temperature”
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at time t. Much effort is expended to obtain asymptotic results of the
related optimization problem. It can be established that

tlggo P(z(t) e G) =1,
where G = {i : w; = minu}. The underlying Markov chain plays an
important role in studying such a global optimization problem.

To treat the underlying problems, one of the approaches is to examine
the Kolmogorov forward equation

dF,(t) & .
% = qu‘i(t)Fj(t), 1= O,...,N,
j=0

where F;(t) = P(z(t) = i). Observe that the annealing cooling schedule
T(t) — 0 as t — oo. Therefore, the problem is closely related to a singular
perturbation problem (roughly, T'(t) can be treated as a small parameter).
Chiang and Chow [28] used the result on the eigenvalue distributions of a
generator derived in Wentzel [217] to study the asymptotic properties of
the simulated annealing problems.

3.4.2  Continuous-Time Stochastic Approximation

In many optimization problems, one is interested in finding zeros and/or
in locating minimal values of a function f(x). Frequently, however, either
the function has a very complex form or its exact expression is not known
explicitly. Consequently, f(z) is not at our disposal, and only noise-
corrupted measurements or observations of the form f(x) plus some noise
are available at selected values of x. One can only rely on the measurements
or use some form of Monte Carlo method (see various examples in Kushner
and Yin [145]). Although discrete procedures are often used, one needs to
consider continuous-time algorithms when the sampling rate is high.

Let z, £ € R™ and f : R® — R" be a continuous function satisfying
certain conditions. A continuous-time stochastic approximation algorithm
takes the form

L o) (st + 1) (3.7

where

a(t) >0, a(t) - 0 as t — oo and / a(t)dt = co.
0
Typical step size sequences take the form
1 ) 1
a(t):t_’Y with §<7§1.

In the discussion to follow, assume that the driving process £(t), satisfying
E¢(t) = 0, is a finite-state Markov chain with generator Q(t) = Q. Suppose
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@ is irreducible. Then the process £(t) is a stationary ¢-mixing process
with exponential mixing rate (see Billingsley [13, p. 168]). It is ergodic (see
Karlin and Taylor [105, p. 488]) with

t
%/ &(s)ds -0 w.p.l.
0

Suppose that z* is the unique root of the function f(x). Without loss of
generality, assume z* = 0 in what follows. Then under suitable conditions,
one can show that z(t) — 0 w.p.1 and that (1/+/a(t))z(t) converges in
distribution to a normal random variable.

Ever since the introduction of the stochastic approximation method,
there have been continuing efforts to improve the asymptotic performance
and efficiency. Recently, an averaging approach was proposed independently
by B. T. Polyak and D. Ruppert independently. The basic idea is to gen-
erate a sequence of rough estimates using slowly varying step sizes first
and then form a new sequence of estimates by taking a simple arithmetic
averaging. It was demonstrated that such an approach leads to asymptotic
optimality (see Kushner and Yin [145, Chapter 11]). This method uses
large step sizes, hence forcing the iterates to reach the vicinity of the true
parameter faster. It is in a simple form; no complicated estimation proce-
dure (for determining the optimal step size) is needed. Moreover, owing to
the use of slowly varying step sizes, the iterates move faster than the usual
algorithm with smaller step sizes.

A continuous-time version of the averaging approach was examined in
Yin and Gupta [224]. The algorithm is a differential-integral equation of
the form

de(t) 1
dt v

T(t) = %/0 x(s)ds.

F(t) + 60), 5 <7 <1
(3.8)

There is a natural analog of the averaging procedure to a singularly per-
turbed system. To exploit this connection, define

a(t) = VEE(L) = % /0 2(s)ds.

Using the same time scale for both x(¢) and u(t), we arrive at

(35 ) 0 = 2 steto + <),

du(t)  1_ 1
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Since our interest is focused on the case of t — 0o, loosely speaking, one can
treat 1/t177 as a small parameter €. In [224], it was shown that Z(t) — 0
w.p.1. Moreover, defining z(t,7) = 7v/tZ(t7) for each T € [0, 1], we proved
that z(t,-) converges weakly to a Brownian motion and w(t) ~ N(0,%*),
i.e., it is asymptotically normal with mean 0 and the optimal covariance
¥* (the best possible covariance in an appropriate sense). The procedure
is therefore asymptotically optimal. Algorithms with constant step size of
the form

PO _ () + )

and procedures with additional averaging in the observations

_ I I
o) =70)+ 5 [ Sate)ds+ 5 [ e
L ds

7(t) = [ ais

can also be considered. The setup of the problem in [224] was much more
general than the one presented here. For various issues related to stochas-
tic approximation problems, we refer to Kushner and Yin [145] and the
references therein.

3.4.3 Systems with Markovian Disturbances

Originating from the study in control of singularly perturbed systems (see

Kokotovic [126], Kokotovic, Bensoussan, and Blankenship [127], Kokotovic,

Khalil, and O’Reilly [129], Kushner [140], and Sethi and Zhang [192]), this

example focuses on systems involving singularly perturbed Markov chains.
Let the state 2°(t) € R™ and the control u(t) € I' C R™* such that

dzs(t)
-
where ¢ > 0 is a small parameter, f(-) is an R"-valued function, and o (),

t > 0, is a Markov chain defined on a probability space (2, F, P) taking
values in

f@®(t),a®(t),u(t)), z°(0) =z, t >0, (3.9)

M=MU---UM,.

Our objective is to find a control process u(t) as a function of z°(s) and
af(s), s <t that minimizes a finite horizon cost function

T
J(z, () = E/o Gz (t), a"(t),u(t))dt

for some 0 < T' < oo and a running cost function G(-). Suppose that the
generator of the random process a°(-) takes the form

Q°(1) = ~diag (@*(0),... Q') + Q).
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where for each k = 1,...,1, @k(t) is the generator corresponding to the
states in My. Such a system is suitable for certain applications in manu-
facturing and queueing systems; it describes the interconnections and in-
teractions of a number of subsystems involved.

The singularly perturbed system given above can be viewed as one in
which the state z°(¢) is driven by a process a°(t) with weak and strong
interactions. Owing to the nonlinearity of the system and the singularity
of af(+), it is difficult to obtain the optimal solutions in closed form. More-
over, the state space of a®(+) is often very large, which makes the underlying
problem even more difficult. Nevertheless, one may seek an alternative ap-
proach and may look for nearly optimal solutions. The idea is as follows. For
small e > 0, we disregard the detailed variation of the process a¢(t) at each
time ¢ and concentrate on an average system in which a°(-) is aggregated
so that all the states in My, can be replaced by a single state k. Using an
optimal solution to the limit of the averaged problem, one may construct
a solution to the original problem that is nearly optimal (as e — 0). For
a detailed account on the problem mentioned above, see Chapter 8 (see
also Yin and Zhang [234]), where the techniques of martingale averaging
developed in Kushner [140] are used.

3.5 Linear Systems with Jump Markov
Disturbance

Owing to a wide range of applications of jump linear systems, there has
been a growing interest in control theory and optimization of such systems.
In this section, we present several variations of the linear quadratic (LQ)
control problem.

3.5.1 Linear Quadratic Control Problems

In the classical setting, feedback control design of linear systems is based
on a plant with fixed parameters. This, however, does not allow one to
treat situations in which the real systems differ from the assumed nominal
model. The closed-loop stability may not be preserved if the real system
is different from the nominal plant. To take this into account, efforts have
been made to design robust controls such that stability requirements are
met simultaneously for a set of plants.

Let a(t) be a finite-state Markov chain with generator Q(t). Consider
the linear system

B0 _ 41, at)alt) + Bt ot))ut),
dt (3.10)

z(0) = =,
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where z(t) € R", u(t) € R™, A(t,a) € R™*", and B(t,a) € R™*™. The
objective is to find the optimal control u(-) so that the expected quadratic
cost function

I aul) = E{ | eam)

Sl (8)U(E, ot)ult)]dt + x’(T)ci(a(T))x(T)}
(3.11)

is minimized. For general notion of optimal control theory and related top-
ics, see Fleming and Rishel [63]. In the formulation above, A(-, «), B(-, @),
®(-, ), and ¥(-, ) are continuous functions for each a. Moreover, @, U,
and ® are symmetric nonnegative matrices. Some of the recent work on this
and related problems can be found in Ji and Chizeck [98]. This problem
can be referred to as an LQ problem with Markovian jumps.

A slight variation of the problem mentioned above is based on the linear
quadratic Gaussian (LQG) formulation. Let the system equation be

dz(t) = [A(t, a(t))z(t) + B(t, a(t))u()|dt + D(t, a(t))dw(t),  (3.12)

where w(t) is an Rl-valued standard Brownian motion, D(t, a(t)) € R™*!.
The problem now becomes an LQG problem with Markov jumps. Com-
pared with the classical LQ and LQG problems, complication arises due
to the jump processes. Many current research activities are on the control,
stabilization, and related matters of the underlying systems.

3.5.2  Singularly Perturbed LQ Systems with Wide-Band
Noise

In the LQG problem above, if one considers the system consisting of (3.10)
and (3.11) with «(t) replaced by a®(t) generated by Q°(t) = Q(t)/e, then
one has a singularly perturbed LQG system. The system undergoes rather
rapid changes and variations for small . The jumps occur frequently and
the system is subject to “irregular” or singular perturbations.

Another variation of the problem is to replace the white noise by a wide-
band noise. This is originated from the jump LQG formulation. Consider
the system

dx® (t)
dt

= A(t,a"(t))z°(t) + B(t, o (t))u(t) + éD(t, as ()5 (t).  (3.13)

The other quantities remain the same as (3.12) while £°(¢) is a wide-band
noise process. Note that in general the wide-band noise depends on another
small parameter § > 0, so the process to be considered is £°(¢). Here we
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consider a special case, namely, € = § for simplicity. A wide-band noise is
one such that it approximates the “white noise.” To illustrate, assume

e0-¢(%).

where &(+) is a right-continuous stationary process with correlation R(-)
and spectral density S(-). Let R®(s) be the correlation of (1/£)&%(+), i.e.,

RE(s) = S BE(t+ )67 (),

and assume that the corresponding power spectral density (Fourier trans-
form)
o0
Se(7) :/ e R°(s)ds
— 00

exists. If £€°(-) is wide-band, then S¢(7) is effectively band limited, i.e.,
S€(r) = 0 for 7 outside a certain interval, and the length of this interval
is wide enough. Owing to the scaling, the spectral density of (1/¢)¢ (t/52)
is S¢(1) = S(e?7). Moreover, S¢(7) = 0 for all 7 satisfying |7| > e~?7¢ for
some 79 > 0. The bandwidth is of the order (1/¢%). As € gets smaller and
smaller, the bandwidth gets wider and wider. As ¢ — 0 the bandwidth of
S€(7) tends to infinity, and the spectral density tends to that of the white or
Gaussian noise. The motivation for using wide-band noise is that in various
applications an exact Gaussian white noise may not exist, but it can be
approximated by a physical random process. The optimal control problem
of (3.11) subject to (3.13) is quite difficult especially when the underlying
system is large. However, one may wish to find nearly optimal controls
instead. Interested readers are referred to Kushner [140]; see also Yin and
Zhang [233, 234]. Further applications of nearly optimal controls and the
corresponding numerical methods will be discussed in Chapters 7-10.

3.5.3 Large-Scale Systems: Decomposition and Aggregation

Consider the following system

dx(t) = [A(t, a(t)z(t) + B(t, a(t))u(t)]dt + D(t, a(t))dw(t),
where w(-) is a standard Brownian motion, or consider

dzx(t)
dt

= A(t,a(t))x(t) + B(t, a(t))u(t) + D(t, a(t))v(t),

where v(+) is a bounded (deterministic) disturbance. In either of the mod-
els above, a(t) € M = {1,...,m}, t > 0, is a finite-state Markov chain
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characterizing the piecewise-deterministic behavior of the parameter pro-
cess. One then works with an appropriate cost function J(+), and aims at
deriving the optimality.

Recent interest for such jump linear systems stems from the fact they can
be used to describe unpredictable structural changes. Owing to the vari-
ous source of uncertainties, in many real-world applications, the parameter
process is of very high dimension. This brings about much of the difficulty
in analyzing such systems. In addition, the systems may be quite sensitive
to small perturbations of the parameter values. The large dimensionality
together with the sensitivity makes the actual computation infeasible. An
immediate question is how can one resolve the problem and render a rea-
sonable solution?

It turns out that the idea of hierarchical approach is useful in this regard.
In fact, almost all complex systems in nature exhibit a hierarchical structure
(see Simon [195]). If one can effectively take advantage of the structural
properties, a large-dimensional (complex) system can be decomposed into
a number of subsystems such that each of them with a simpler structure
can be handled relatively easily. With this in mind, one introduces a small
parameter £ > 0 to make the system under consideration display a two-
time-scale behavior (see Phillips and Kokotovic [175] and Pan and Bagar
[165]).

Note that under the two-time-scale framework, the underlying Markov
chain becomes a singularly perturbed one, i.e., a(t) = a(t) where the
generator of af(t) is given by Q¢(t). To analyze the system or to design the
optimal controls, the foremost task is to study the structure of the Markov
chain af(-) through its probability distribution. In what follows, consider
two models. In both models, the generator Q¢(t) consists of two parts, a
rapidly changing part and a slowly varying one, i.e.,

(1) = 2Q() + Qo)

In the first model,

Q')

where @k(t) e R™e*™mk for k =1,2,...,1, and 22:1 my, = m. Assume that
QF(t) and Q(t) are generators. Treating such nonstationary models, Chap-
ter 4 obtains asymptotic expansion under mild conditions. Then Chapter 5
continues the discussion, derives further properties of the model, and
establishes the convergence of an aggregated chain. Furthermore, in
Chapters 7 and 8, we deal with nearly optimal control of large-scale
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systems under such a Markovian structure. The key idea is decomposi-
tion/aggregation, which leads to an effective reduction of dimensionality.

In the second model, assume that the fast changing part also involves
transient states presented by

Q'(t)
Qt) = ~
Q'(1)
Qi(t) - QL) Q1)
such Ehat foreachk=1,...,1, @k (t) is an generator with dimension my, X

Mk, Q. (t) is an m, x m, stable matrix, Q¥(t) € R™ ™k my +mg+--- +
mi 4+ m, = m, and Q(t) and Q(t) are themselves generators. This model
is inspired by the work of Phillips and Kokotovic [175] and Pan and Basar
[165]; unlike these references, our main concern is on nonstationary (time-
dependent) Markov chains. Chapter 4 studies analytic properties of this
model. Although the inclusion of the transient states gives rise to seemingly
more complex formulation, we demonstrate that the problem can still be
dealt with. Our approach does provide generality for various situations.

3.6  Time-Scale Separation

Focusing on singularly perturbed Markov chains, one of our main concerns
is time-scale separation, i.e., the models under consideration have two-time
scales. The underlying Markovian models involve fast and slow motions
that interact through weak and strong components. A main assumption
in this book is that the corresponding generator can be separated into
two generators having different scales of jump rates. This section gives
motivation and interpretation on the time-scale separation. For simplicity,
consider a model with time-independent generator

¢ =10+0Q (314)

where @ and @ are themselves time-invariant generators. Here ¢ is a small
parameter that separates the time-scale. The generator @ dictates the fast
motion of the Markov chain and Q) governs the slow motion. As will be seen
in Chapter 4, the probability distribution of the underlying Markov chain
will quickly reach a stationary regime determined by @, then the influence
of @) takes over subsequently.

To apply the results of this book in a practical scenario, it is important
to determine if a given problem fits the models in this book. The small
parameter € should be interpreted as the parameter that separates different
scales in the sense of order of magnitude. For a given generator @, if we can



54 3. Markovian Models

write it as the sum of two generators of the form (3.14), where @ and Cj are
of the same order of magnitude, then € > 0 takes care of the separation of
scales. Typically, it works well in practice when ¢ is sufficiently small (i.e.,
less than a “small” constant, e.g., 0.5). For instance, if all the elements
in @/a are around 10, and that of @ are near 1, then ¢ = 0.1. In the
queueing example of Section 3.3, if the interarrival and service rates of
type I customers are 0.5 customer/minute and the corresponding rates of
type II customers are 0.05 customer/minute, then e = 0.1.

If one has certain knowledge about the behavior of the physical model,
then one can use the information to determine the rates of different time
scales. Alternatively, one may numerically decompose a given generator to
determine its structure. To illustrate, consider the following example.

Let a generator () be given by

-12 1 10 1

the corresponding state space is M = {s1, s2, $3, $4}. We demonstrate how
such a generator may be decomposed into the form (3.14).

Step 1. Separate the entries of the matrix in accordance with their order of
magnitude.

Apparently, the numbers in {1,2} are at different scale (order of mag-
nitude) from the numbers in {10, —11, —12,21, —22, 30, —33}, so we write

Q as
-12 0 10 0
0 -—-11 0 10

= o O O
S = O =
N O = O
o O O =

Step 2. Make each matrix a generator.

This step requires moving the entries so that each of the two matrices
satisfies the condition of a generator, i.e., a matrix with nonnegative off-
diagonal elements, non-positive diagonal elements, and zero row sums. For
the @ matrix given above, by rearrangements,

—-10 O 10 0 -2 1 0 1
0 —-10 O 10 0 -1 1
Q= -
21 0 =21 O 0 1 -1 0
0 30 0 -30 1 0 2 =3

Step 3. Permute rows and columns.
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By exchanging rows and columns, make the dominating matrix @ be
one having a desired form, e.g., block diagonal form (corresponding to
irreducible blocks). In this example, if we exchange the order so and s3 in
M, i.e., taking M = {s1, s3, $2, sS4}, then the corresponding generator is

~10 10 0 0 -2 0 1 1

|2t —21 0 0 0 -1 1

©= 0 0 -10 10 |7l o 1 -1 o0
0 0 30 —30 1 2 0 -3

Let ¢ = 0.1. Then we can write

—1 1 0 0 -2 0 1 1

1 21 =21 0 0 0O -1 1 0
Q=- +

€ 0 0 -1 1 0 1 -1 0

0 0 3 -3 1 2 0 -3

Note that the above procedure may provide more than one representations
of the decomposition. For instance, we can also write

1 1 0 o0 2 0 1
2 —2 0 1 -2 0
@=z o -1 1 || o 1 0
0 0 3 -3 1 2 0 -3

with ¢ = 0.1. Up to now, with only elementary row and column opera-
tions and some rearrangements, we succeed to reduce the matrix ) under
consideration to the form (3.14).

This procedure is applicable to time-dependent generators as well. It
can be used to incorporate generators with a block of transient states.
The reduction to the “canonical form” may also be done by using the
decomposition procedure outlined by Avramovic. The idea is to compute
the eigenvalues of the generator and to use that to determine the structure
of the fast part Q). This is a more involved approach. We refer the reader
to the paper of Phillips and Kokotovic [175] for more details.

3.7 Notes

This chapter presents a number of examples involving Markov chains. The
problems arising in manufacturing systems (see, for example, Sethi and
Zhang [192], and also Yin and Zhang [235]) are the original motivation of



56 3. Markovian Models

our study. More details on related problems in Markov decision processes
and stochastic dynamic systems will be discussed in Chapters 7-10.

We include relatively simple examples in this chapter. Our purpose is
to give an overview and to illustrate the needed study for the underlying
properties of Markov chains. For general definition and basic properties
of Markov processes, see Chung [31], Davis [41], Dynkin [51], Karlin and
Taylor [105] among others. Queueing problems and more finite-state models
and variations of the formulations than those presented here can be found in
Sharma [194]. Research in queueing system is very active; we are only able
to include a handful of examples here and many references can be found in
the most recent literature; for example Serfozo [190] and references therein.
Reliability theory is discussed in detail in Hoyland and Rausand [88]. Most
of these references are concerned primarily with homogeneous or stationary
Markov chains. The study of the simulated annealing is related to the
asymptotic behavior of the generator (see, for example, Chiang and Chow
[28] and Wentzel [217]). A comprehensive study on stochastic optimization
and related matters is in Kushner and Yin [145]. Optimal control of Markov
decision processes and discrete stochastic dynamic programming can be
found in Puterman [179] among others. For recent work on continuous-
time Markov decision processes, see Guo and Herndndez-Lerma [78]. Other
topics not covered in this chapter include, for example, the formulation of
random environment and the corresponding queueing system in a random
environment (see Neuts [162]). In addition, in this book, we are only able
to cover a handful of application examples. A work exclusively dealt with
applications in queueing systems, and financial market models, insurance
risk problems etc. is Yin, Zhang, and Zhang [232]. For some recent work on
two-time-scale systems, we refer the reader to Kushner [140], and Kabanov
and Pergamenshchikov [100].

In this book, we mainly deal with continuous-time Markov chains. Re-
lated issues and examples for discrete-time models can be found in the
classical work of Karlin and Taylor [105], Revuz [180] or the recent publi-
cation of Meyn and Tweedie [159]. For discrete-time singularly perturbed
Markov chains, see Abbad, Filar, and Bielecki [1], Bielecki and Filar [11],
and the references therein. A comprehensive study on singularly perturbed,
discrete-time, Markov systems is Yin and Zhang [238].
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4

Asymptotic Expansions of Solutions
for Forward Equations

4.1 Introduction

This chapter is concerned with the analysis of the probability distributions
of two-time-scale Markov chains. We aim to approximate the solution of
forward equation by means of sequences of functions so that the desired
accuracy is reached. As alluded to in Chapter 1, we devote our attention to
nonstationary Markov chains with time-varying generators. A key feature
here is time-scale separation. By introducing a small parameter € > 0, the
generator and hence the corresponding Markov chain have “two times,”
a usual running time ¢ and a fast time t/e. The main approach that we
are using is the matched asymptotic expansions from singular perturbation
theory. We first construct a sequence of functions that well approximate the
solution of the forward equation when ¢ is large enough (outside the initial
layer of O(¢)). By adopting the notion of singular perturbation theory, this
part of the approximation will be called outer expansions. We demonstrate
that it is a good approximation as long as t is not in a neighborhood of 0 of
the order O(g). Nevertheless, this sequence of functions does not satisfy the
given initial condition and the approximation breaks down when ¢ < O(e).
To circumvent these difficulties, we construct another sequence of func-
tions by magnifying the asymptotic behavior of the solution near 0 using
the stretched fast time 7 = t/e. Following the traditional terminology in
singular perturbation theory, we call this sequence of functions initial-layer
corrections (or sometimes, boundary-layer corrections). It effectively yields

G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications, 59
Stochastic Modelling 37, DOI 10.1007/978-1-4614-4346-9_4,
© Springer Science+Business Media, LLC 2013



60 4. Asymptotic Expansions of Solutions for Forward Equations

corrections to the outer expansions and makes sure that the approximation
is good in a neighborhood of O(e). By combining the outer expansions and
the initial-layer corrections, we obtain a sequence of matched asymptotic
expansions. The entire process is constructive. Our aims in this chapter
include:

e Construct the outer expansions and the initial-layer corrections. This
construction is often referred to as formal expansions.

e Justify the sequence of approximations obtained by deriving the
desired error bounds. To achieve this, we show that (i) the outer
solutions are sufficiently smooth, (ii) the initial-layer terms all decay
exponentially fast, and (iii) the error is of the desired order. Thus
not only is convergence of the asymptotic expansions proved, but
also the error bound is obtained.

e Demonstrate that the error bounds hold uniformly. We would like to
mention that in the usual singular perturbation theory, for example,
in treating a linear system of differential equations, it is required that
the system matrix be stable (i.e., all eigenvalues have negative real
parts). In our setup, even for a homogeneous Markov chain, the gen-
erator (the system matrix in the equation) has an eigenvalue 0, so is
not invertible. Thus, the stability requirement is violated. Neverthe-
less, using Markov properties, we are still able to obtain the desired
asymptotic expansions.

Before proceeding further, we present a lemma. Let Q(t) € R™*™ be
a generator, and let «(t) be a finite-state Markov chain with state space
M ={1,...,m} and generator Q(t). Denote by

p(t) = (P(a(t) =1),...,P(a(t) = m)) € R*™

the row vector of the probability distribution of the underlying chain at
time ¢t. Then in view of Theorem 2.5, p(-) is a solution of the forward
equation

dp(t)
T pQ(t) = p(H)Q(1),
m (4.1)
p(0) = p° such that p{ > 0 for each i, and Zp? =1,
i=1
0 _ (0 0 0 ; 0
where p’ = (p7,...,p),) and p; denotes the ith component of p*. Therefore,

studying the probability distribution is equivalent to examining the solution
of (4.1). Note that the forward equation is linear, so the solution is unique.
As aresult, the following lemma is immediate. This lemma will prove useful
in subsequent study.
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Lemma 4.1. The solution p(t) of (4.1) satisfies the conditions
0<pi(t) <1 and Zpi(t) =1 (42)
i=1

Remark 4.2. For the reader whose interests are mainly in differential
equations, we point out that the initial condition /", p? = 1 in (4.1)
is not restrictive since if p® = 0, then p(t) = 0 is the only solution to (4.1).
If p > 0 for some i, one may divide both sides of (4.1) by >.7", p? (> 0)
and consider p(t) = p(t)/ Y%, p? in lieu of p(t).

To achieve our goal, we first treat a simple case, namely, the case that
the generator is weakly irreducible. Once this is established, we proceed to
the more complex case that the generator has several weakly irreducible
classes, the inclusion of absorbing states, and the inclusion of transient
states.

The rest of the chapter is arranged as follows. Section 4.2 begins with the
study of the situation in which the generator is weakly irreducible. Although
it is a simple case, it outlines the main ideas behind the construction of
asymptotic expansions. This section begins with the construction of formal
expansions, proves the needed regularity, and ascertains the error estimates.
Section 4.3 develops asymptotic expansions of the underlying probability
distribution for the chains with recurrent states. As will be seen in the anal-
ysis to follow, extreme care must be taken to handle two-time-scale Markov
chains with fast and slow components. One of the key issues is the selection
of appropriate initial conditions to make the series a “matched” asymptotic
expansions, in which the separable form of our asymptotic expansion ap-
pears to be advantageous compared with the two-time-scale expansions.
For easy reference, a subsection is also provided as a user’s guide.

Using the methods of matched asymptotic expansion, Section 4.4 extends
the results to include absorbing states. It demonstrates that similar tech-
niques can be used. We also demonstrate that the techniques and methods
of Section 4.3 are rather general and can be applied to a wide variety
of cases. Section 4.5 continues the study of problems involving transient
states. By treating chains having recurrent states, chains including absorb-
ing states, and chains including transient states, we are able to characterize
the probability distributions of the underlying singularly perturbed chains
of general cases with finite-state spaces, and hence provide comprehensive
pictures through these “canonical” models.

While Sections 4.3—4.5 cover most practical concerns of interest for the
finite-state-space cases, the rest of the chapter makes several remarks on
Markov chains with countable-state spaces and two-time-scale diffusions.
In Section 4.6.1, we extend the results to processes with countable-state
spaces in which Q(¢) is a block-diagonal matrix with infinitely many blocks
each of which is finite-dimensional. Then Section 4.6.2 treats the prob-
lem in which Q(t) itself is an infinite-dimensional matrix. In this case,
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further conditions are necessary. As in the finite-dimensional counterpart,
sufficient conditions that ensure the validity of the asymptotic expansions
are provided. The essential ingredients include Fredholm-alternative-like
conditions and the notion of weak irreducibility. Finally, we mention re-
lated results of singularly perturbed diffusions in Section 4.7. Additional
notes and remarks are given in Section 4.8.

4.2 Irreducible Case

We begin with the case concerning weakly irreducible generators. Let
Q(t) € R™*™ be a generator, ¢ > 0 be a small parameter, and suppose
that a°(t) is a finite-state Markov chain with state space M = {1,...,m}
generated by Q°(t) = Q(t)/e. The row vector p(t) = (P(a®(t) =
1),...,P(a*(t) = m)) € R™™™ denotes the probability distribution of
the underlying chain at time ¢. Then by virtue of Theorem 2.5, p*(-) is a
solution of the forward equation

dp®(t 1
Oy = T e,
m (4.3)
p°(0) = p° such that p? > 0 for each 4, and Zp? =1,
i=1
0 _ (0 0 0 ; 0
where p’ = (p], ..., p),) and p; denotes the ith component of p*. Therefore,

studying the probability distribution is equivalent to examining the solution
of (4.3). Now, Lemma 4.1 continues to hold for the solution p©(t).

As discussed in Chapters 1 and 3, the equation in (4.3) arises from various
applications involving a rapidly fluctuating Markov chain governed by the
generator Q(t)/e. As ¢ gets smaller and smaller, the Markov chain fluc-
tuates more and more rapidly. Normally, the fast-changing process a®(-)
in an actual system is difficult to analyze. The desired limit properties,
however, provide us with an alternative. We can replace the actual pro-
cess by its “average” in the system under consideration. This approach
has significant practical value. A fundamental question common to numer-
ous applications involving two-time-scale Markov chains is to understand
the asymptotic properties of p(-), namely, the limit behavior as ¢ — 0.
If Q(t) = @, a constant matrix, and if @ is irreducible (see Definition 2.7),
then for each t > 0, p*(t) — v, the familiar stationary distribution. For the
time-varying counterpart, it is reasonable to expect that the correspond-
ing distribution will converge to a probability distribution that mimics
the main features of the distribution of stationary chains, meanwhile pre-
serving the time-varying nature of the nonstationary system. A candidate
bearing such characteristics is the quasi-stationary distribution v(t). Recall
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that v(t) is said to be a quasi-stationary distribution (see Definition 2.8) if
v(t) = (vi(t),...,vm(t)) > 0 and it satisfies the equations

v(t)Q(t) = 0 and Z vi(t) = 1. (4.4)
i=1

If Q(t) = @, a constant matrix, then an analytic solution of (4.3) is
obtainable, since the fundamental matrix solution (see Hale [79]) takes the
simple form exp(Qt); the limit behavior of p*(¢) is derivable through the
solution pY exp(Qt/e). For time-dependent Q(¢), although the fundamental
matrix solution still exists, it does not have a simple form. The complex
integral representation is not very informative in the asymptotic study of
p°(t), except in the case m = 2. In this case, a®(-) is a two-state Markov
chain and the constraint p§(t) + p5(¢) = 1 reduces the current problem to
a scalar one. Therefore, a closed-form solution is possible. However, such a
technique cannot be generalized to m > 2. Let 0 < T' < oo be a finite real
number. We divide the interval [0, T] into two parts. One part is for ¢ very
close to 0 (in the range of an e-layer), and the other is for ¢ bounded away
from 0. The behavior of p*(-) differs significantly in these two regions. Such
a division led us to the utilization of the matched asymptotic expansion.
Not only do we prove the convergence of p(t) as ¢ — 0, but we also ob-
tain an asymptotic series. The procedure involves constructing the regular
part (outer expansion) for ¢ to be away from 0, as well as the initial-layer
corrections for small ¢, and to match these expansions by a proper choice
of initial conditions.

In what follows, in addition to obtaining the zeroth-order approxima-
tion, i.e., the convergence of p*(:) to its quasi-stationary distribution, we
derive higher-order approximations and error bounds. A consequence of the
findings is that the convergence of the probability distribution and related
occupation measures of the corresponding Markov chain takes place in an
appropriate sense. The asymptotic properties of a suitably scaled occupa-
tion time and the corresponding central limit theorem for a®(-) (based on
the expansion) will be studied in Chapter 5.

4.2.1 Asymptotic Expansions

To proceed, we make the following assumptions.

(A4.1) Given 0 < T < oo, for each t € [0,T], Q(t) is weakly irreducible,
that is, the system of equations

f®Q®) =0,

. (4.5)
Z fit) =1

im1

has a unique nonnegative solution.
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(A4.2) For some n, Q(-) is (n + 1)-times continuously differentiable on
[0,7], and (d"Tt/dt"T1)Q(-) is Lipschitz on [0, T.

Remark 4.3. Condition (A4.2) requires that the matrix Q(¢) be
sufficiently smooth. This is necessary for obtaining the desired asymptotic
expansion. To validate the asymptotic expansion, we need to estimate
the remainder term. Thus for the nth-order approximation, we need the
(n + 1)st-order smoothness.

To proceed, we first state a lemma. Its proof is in Lemma A.2 in the
appendix.

Lemma 4.4. Consider the matriz differential equation

dpP
—(S) = P(s)A, P(0)=1, (4.6)

ds
where P(s) € R™*™. Suppose A € R™*™ s a generator of a (homogeneous
or statioimry) finite-state Markov chain and is weakly irreducible. Then

P(s) = P as s = 00 and
exp(As) — P| < Kexp(—ks)  for some & > 0, (4.7)

where P = 1(7y,---,0,) € R™X™ and (U1, ..., Up) is the quasi-stationary
distribution of the Markov process with generator A.

Recall that 1 = (1,...,1) € R™*! and (vy,...,7,,) € RY™. Thus
1(#1,...,Um) is the usual matrix product. Recall that an m xm matrix P(s)
is said to be a solution of (4.6) if each row of P(s) satisfies the equation.
In the lemma above, if A is a constant matrix that is irreducible, then
(T1,...,Um) becomes the familiar stationary distribution. In general, A
could be time-dependent, e.g., A = A(t). As shown in Lemma A.4, by
assuming the existence of the solution v(¢) to (4.5), it follows that v(t) > 0;
that is, the nonnegativity assumption is redundant. We seek asymptotic
expansions of the form

t
r = w0+ 55 (£) 4.
€
where € (t) is the remainder,

O (1) = wo(t) +epr(t) + - +e"pn(t), (4.8)

oe <£) = 1o (é) + ey (é) oMYy (é) : (4.9)

with the functions ¢;(-) and ¢;(+) to be determined in the sequel. We now
state the main result of this section.

and
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Theorem 4.5. Suppose that (A4.1) and (A4.2) are satisfied. Denote the
unique solution of (4.3) by p*(+). Then two sequences of functions p;(-) and
¥;i(+), 0 <i <n, can be constructed such that

(a) wi(+) is (n+ 1 —i)-times continuously differentiable on [0,T];

(b) for each i, there is a ko > 0 such that

Beren(2)

(¢c) the following estimate holds:

p(t) — éai%(t) - ;Eiwi (g) ‘ <Kl (4.10)

sup
t€[0,T]

Remark 4.6. The method described in what follows gives an explicit con-
struction of the functions ¢;(-) and ¥;(-) for ¢ < n. Thus the proof to be
presented is constructive. OQur plan is first to obtain these sequences, and
then validate properties (a) and (b) above and derive an error bound in (c)
by showing that the remainder

p) - e -3 (1))

is of order O(¢" ™) uniformly in .

It will be seen from the subsequent development that () is equal to the
quasi-stationary distribution, that is, ¢o(t) = v(¢). In particular, if n =0
in the above theorem, we have the following result.

Corollary 4.7. Suppose Q(-) is continuously differentiable on [0,T], which
satisfies (A4.1), and (d/dt)Q(-) is Lipschitz on [0,T]. Then for all t > 0,

lim p®(t) = v(t) = @o(1), (4.11)

e—0
i.e., p°(+) converges to the quasi-stationary distribution.

Remark 4.8. The theorem manifests the convergence of p(-) to ¢o(-),
as well as the rate of convergence. In addition to the zeroth-order
approximation, we have the first-order approximation, the second-order ap-
proximation, and so on. In fact, the difference p®(-) — ¢ (-) is characterized
by the initial-layer term to(-) and the associated error bound.

If the initial condition is chosen to be exactly equal to p® = g(0),
then in the expansion, the zeroth-order initial layer 1o (-) will vanish. This
cannot be expected in general, however. Even if ¢ (-) = 0, the rest of the
initial-layer terms v;(-), ¢ > 1 will still be there.
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To proceed, we define an operator L by

d
=T o (412)

dt
for any smooth row-vector-valued function f(-). Then L5f = 0 iff f is a
solution to the differential equation in (4.3). The proof of Theorem 4.5 is

divided into the following steps.

1. Construct the asymptotic series, i.e., find ¢;(-) and 1;(-), for
1 < n. For the purpose of evaluating the remainder, we need to
calculate two extra terms ¢, 41(-) and ©,41(-). This will become
clear when we carry out the error analysis.

2. Obtain the regularity of o;(-) and ;(-) by proving that o;(-) is
(n + 1 — i)-times continuously differentiable on [0,7T] and that
¥i(+) decays exponentially fast.

3. Carry out the error analysis and justify that the remainder has
the desired property.

4.2.2 Outer Expansion

We begin with the construction of ®¢(-) in the asymptotic expansion. We
call it the outer expansion or the regular part of expansion. Consider the
differential equation

L£°05,, =0

where £° is given by (4.12).
By equating the coefficients of €¥, for k = 1,...,n + 1, we obtain

eV wo(t)Q(t) =0,

2 aneu = 2200,
(4.13)
" pr()Q(t) = d(pkd;tl(t), fork=1,...,n+1.

Remark 4.9. First, one has to make sure that the equations above have
solutions, that is, a consistency condition needs to be verified. For each ¢t €
[0, T, denote the null space of Q(t) by N(Q(t)). Note that the irreducibility
of Q(t) implies that

rank(Q(t)) = m — 1,
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thus
dim(N(Q(1))) = 1.

It is easily seen that N(Q(t)) is spanned by the vector 1. By virtue of the
Fredholm alternative (see Corollary A.38), the second equation in (4.13)
has a solution only if its right-hand side, namely, (d/dt)po(t) is orthogonal
to N(Q(t)). Since N(Q(t)) is spanned by 1,

po(t)1=1

and
doo(t)y_ dlpo®D) _
dt dt ’
the orthogonality is easily verified. Similar arguments hold for the rest of
the equations. The consistency in fact is rather crucial. Without such a
condition, one would not be able to solve the equations in (4.13). This
point will be made again when we deal with weak and strong interaction

models in Section 4.3.

Recall that the components of p*(-) are probabilities (see (4.2)). In what
follows, we show that all these ¢;(-) can be determined by (4.13) and (4.2).

Note that rank(Q(¢)) = m — 1. Thus Q(t) is singular, and each equation
in (4.13) is not uniquely solvable. For example, the first equation (4.13)
cannot be solved uniquely. Nevertheless, this equation together with the
constraint > 1, ¢f(t) = 1 leads to a unique solution, namely, the quasi-
stationary distribution.

In fact, a direct consequence of (A4.3) and (A4.4) is that the weak ir-
reducibility of Q(¢) is uniform in the sense that for any ¢ € [0,71], if any
column of Q(t) is replaced by 1 € R™*1 the resulting determinant A(t)
satisfies [A(f)| > 0, since (4.5) has only one solution, and ", ¢;;(t) = 0
for each i = 1,...,m. Moreover, there is a number ¢ > 0 such that |A(¢)] >
¢ > 0. Thus, in view of the uniform continuity of Q(t), |A(¢)] > ¢ > 0 on
[0,T]. We can replace any equation in the first m equations of the system
©o(t)Q(t) = 0 by the equation > 1" ¢f(t) = 1. The corresponding deter-
minant A(t) of the resulting coefficient matrix satisfies |A(¢)] > ¢ > 0, for
some ¢ > 0 and all ¢ € [0, T]. To illustrate, we may suppose without loss of
generality that the mth equation is the one that can be replaced. Then we
have

G (Og(0) + -+ + G (DR (E) = 0,

Q3 (gb(t) + - + ma(DE (1) = 0,
(4.14)

qrm-10)5 () + -+ gmm—1 (D)5 () = 0,

po(t) +---+ g () = 1.
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The determinant of the coefficient matrix in (4.14) is

q11(t) q21(t) e am1(t)
q12(t) q22(t) e Im2(t)
At) = 5 : : (4.15)
Gm-10)  q2m-10) - gmm—1(t)
1 1 . 1

and satisfies |A(t)] > ¢ > 0. Now by Cramer’s rule, for each 0 < i <m,

(Z11(t) - 0 A Gm1 (t)
q12(t) - 0 .. sz(t)
: 1 : : :
G = | P e e
A(t) Gm_1(t) - 0 o Qe (1)
1 e \1/ e 1
ith column

that is, the ith column of A(#) in (4.15) is replaced by (0,...,0,1)" € R™*1,
By the assumption of Q(+), it is plain that ¢g(+) is (n+1)-times continuously
differentiable on [0, T].

The foregoing method can be used to solve other equations in (4.13)
analogously. Owing to the smoothness of ¢o(-), (d/dt)po(t) exists, and we
can proceed to obtain ¢1(-). Repeat the procedure above, and continue
inductively. For each k > 1,

% dey 4 (¢)

> ek, () = = for j=1,...,m,

=1 (4.16)
er(t) =0

=1

Note that @7, (-) has been found so (d/dt)y],_,(t) is a known function.
After a suitable replacement of one of the first m equations by the last
equation in (4.16), the determinant A(t) of the resulting coefficient matrix
satisfies |A(t)| > ¢ > 0. We obtain for each 0 < i < m,

doy 4 (t)
g1 (t) % qma (1)
dey_, (1)
q12(t) % gm2(t)
. 1 )
0R(t) = —= :
M= 30 dep (1)
q1,m—1(%) —a Im,m—1(t)
1 . 0 . 1
~
ith column
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Hence ¢y (+) is (n + 1 — k)-times continuously differentiable on [0, T]. Thus
we have constructed a sequence of functions ¢y (t) that are (n+1—k)-times
continuously differentiable on [0, 7] for £k =0,1,...,n+ 1.

Remark 4.10. The method used above is convenient for computational
purposes. An alternative way of obtaining the sequence ¢ (t) is as follows.
For example, to solve

Po(Q(t) =0, Y @h(t) =1,

j=1

define Q.(t) = (1:Q(t)) € R™ (™1 Then the equation above can be
written as

wo(1)Q.(t) = (1,0,...,0).

Note that Q.(t)Q.(¢) has full rank m owing to weak irreducibility. Thus
the solution of the equation is

po(t) = (1,0,...,0)Qu(D)[Qc()Qu(t)] "
We can obtain all other ¢ (¢t) for k =1,...,n + 1, similarly.

The regular part @2 (+) is a good approximation to p®(-) when ¢ is bounded
away from 0. When ¢ approaches 0, an initial layer (or a boundary layer)
develops and the approximation breaks down. To accommodate this situ-
ation, an initial-layer correction, i.e., a sequence of functions ¢y (t/e) for
k=0,1,...,n 4+ 1 needs to be constructed.

4.2.3 Initial-Layer Correction

This section is on the construction of the initial-layer terms. The presen-
tation consists of two parts. We obtain the sequence {¢;(-)} in the first
subsection, and derive the exponential decay property in the second sub-
section.

Construction of ¢;(-). Following usual practice in singular perturbation
theory, define the stretched (or rescaled) time variable by

t
=-. 4.1
= (4.17)

Note that 7 — oo as € — 0 for any given t > 0.
Consider the differential equation

n+1
L5 = 'L =0.
=0
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Using the stretched time variable 7, we arrive at

Pl _ ye, (r)Qen)

Owing to the smoothness of Q(+), a truncated Taylor expansion about 7 = 0
leads to

Q) =Q(eT) = Z + Rpy1(e7),

i! dt?

where

Rn+ 1 (t) =

t"+1 d"-HQ(f) dn-‘rlQ(O)
(n—|—1)!( dtn+t gt )

for some 0 < £ < ¢. In view of (A4.2),
Ry11(t) = O(t""?) uniformly in ¢ € [0, T].
Drop the term R,,+1(t) and use the first n + 2 terms to get

AV (1) . (o) diQ(0
e (Z(i!) dt(i )>'

=0

Similar to the previous section, for k = 1,...,n + 1, equating coefficients
of ¥, we have

o0 0 _ ym00)
Cdia(r) dQ(0)
el —g = 1 (T)Q(0) + Tebo(7) T (418)
o WD Q) + ),
where 74 (7) is a function having the form
ok k
O RRRANLA 1L S e
ki diQ(O) (4.19)
; _l —i dei

These equations together with appropriate initial conditions allow us to
determine the v (-)’s. For constructing ¢ (+), a number of algebraic equa-
tions are solved, whereas when determining vx, one has to solve a num-
ber of differential equations instead. Two points are worth mentioning in
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connection with (4.18). First the time-varying differential equation is re-
placed by one with constant coefficients; the solution thus can be written
explicitly. The second point is on the selection of the initial conditions for
Yr(+), with k =0,1,...,n+ 1. We choose the initial conditions so that the

initial data of the asymptotic expansion will “match” that of the differential
equation (4.3). To be more specific,

¢0(0) +40(0) = p°, and

0r(0) +¢r(0)=0for k=1,2,...,n+ 1.

Corresponding to €, solving

di)o(T)

= 1/)0(7')Q(0)7
P0(0) = p® — ¢0(0),

where p is the initial data given in (4.3), one has

bo(1) = (p° = p0(0)) exp (Q(0)7) - (4.20)
Continuing in this fashion, for £k =1,...,n 4+ 1, we obtain
WD) — (1) + 7alr).
-

¥1(0) = —¢x(0).

In the equations above, we purposely separated Q(0) from the term 74 (7).
As a result, the equations are linear systems with a constant matrix Q(0)
and time-varying forcing terms. This is useful for our subsequent investi-
gation.

For k =1,2,..., the solutions are given by

Vi(1) = —¢k(0) exp(Q(0)T)
(4.21)

+ /OT ri(s) exp (Q(0)(T — s)) ds.

The construction of ¥ () for k = 0,1,...,n+1, and hence the construction
of the asymptotic series is complete.
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4.2.4 FExponential Decay of 1(-)

This subsection concerns the exponential decay of (). At first glance,
it seems to be troublesome since Q(0) has a zero eigenvalue. Nevertheless,
probabilistic argument helps us to derive the desired property. Two key
points in the proof below are the utilization of orthogonality and repeated
application of the approximation of exp(Q(0)7) in Lemma 4.4.

By virtue of Assumption (A4.1), the finite-state Markov chain gener-
ated by Q(0) is weakly irreducible. Identifying Q(0) with the matrix A in
Lemma 4.4 yields that

exp(Q(0)7) — P as T — o0,

where P = 17, and 7 = (71,...,7,,) is the quasi-stationary distribution
corresponding to the constant matrix Q(0).

Proposition 4.11. Under the conditions of Theorem 4.5, for each 0 < k <
n+ 1, there exist a nonnegative real polynomial cor(7) of degree 2k and a
positive number koo > 0 such that

|[thr(7)| < car(T) exp(—£o,07). (4.22)

Proof: First of all, note that

ip? =1 and icpé(O) =1.
i=1 i=1

It follows that

D w50y =D p = > ph(0) =0.
=1 =1 =1

That is, ¥(0) is orthogonal to 1. Consequently, 1o(0)P = 0 and by virtue
of Lemma 4.4 (with A = Q(0)), for some kg := K > 0,

[%o(7)] = |0(0) exp(Q(0)7))]
< |#0(0)P| + [t (0) (exp(Q(0)7) — P)| (4.23)
= |40(0)(exp(Q(0)7) — P)| < K exp(—Fo,07)-

Note that
Q)1 =0 for all ¢t > 0.

Differentiating this equation repeatedly leads to

QW) , _ @M

= =0.
dtk dtk
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Hence, it follows that
d*Q(0)
ik 1=0 and ik
for each 0 < k < n+ 1. Owing to Lemma 4.4 and (4.21),

Q05 _,

[¥1(T)] < 11(0) exp(Q(0)7)]

/OT Po(s) dQ(0) (F + (exp(Q(O)(T —s)— F)) sds

+ dt

IN

K exp(—FKo,07)

sds

i dQ(0) -
[ |4 (exp(@)(r - 5 - P

< Kexp(—kooT) + K/ exp(—*o,08) exp(—ro,o(T — s))sds
0
< Kexp(—ko,oT) + Kr? exp(—ko,07) < ca(T) exp(—kKo,07),

for some nonnegative polynomial co(7) of degree 2.

Note that r(s) is orthogonal to P. By induction, for any k with k =
1,...,n+1,

|¢k(7)]
< lor(0) exp(Q(O)7)| + /OT |7k (5) (exp(Q(0)( — 5)) — P)| ds

k
1 /7,
< KeXp(—Ho,oT)+Zﬂ/ s'|r—i(s)]
i=1 70
d'Q(0 -
< |22 (exp(@0)r ) ~ P)| s
k-1
< Kexp(—koor) + K Z/ 5" exp(—+o,07)ds
i=1 /0
%
< Kexp(—ko,07) + KZTl exp(—+0,07) < car(T) exp(—Fo,07),
i=1

where coi(7) is a nonnegative polynomial of degree 2k. This completes the
proof of the proposition. O

Since n is a finite integer, the growth of coi(7) for 0 < k < n+1 is much
slower than exponential. Thus the following corollary is in force.
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Corollary 4.12. For each 0 < k < n + 1, with koo given in Proposi-

tion 4.11,

[w(7)] < K exp (—koT), for some ko with 0 < ko < Koo

4.2.5 Asymptotic Validation

Recall that £2f = e(d/dt)f — fQ. Then we have the following lemma.

Lemma 4.13. Suppose that for some 0 < k <n+1,

sup |£50°(t)] = O (") and v*(0) = 0.
t€[0,T]

Then

sup [v°(t)] = O (%)
t€[0,T]

Proof: Let 7°(+) be a function satisfying sup,c(o 1y [7°(t)| =
sider the differential equation

Then the solution of (4.24) is given by

vt = 2 [ X

3

O (g**1). Con-

(4.24)

where X©(t,s) is a principal matrix solution. Recall that (see Hale [79,
p. 80]) a fundamental matrix solution of the differential equation is an
invertible matrix each row of which is a solution of the equation; a principal
matrix solution is a fundamental matrix solution with initial value the

identity matrix. In view of Lemma 4.1,
|XE(t,s)| <K forallt,sel0,T]

Therefore, we have the inequalities

sup |v*(¢)] < — sup / In°(s)|ds < Ke*.

te[0,77] € telo,T]

The proof of the lemma is thus complete.



4.2 Irreducible Case 75

Recall that the vector-valued “error” or remainder e (¢) is defined by

ei(t) = p (1) = 3 ilt) = 3 ey (g) , (4.25)
1=0 1=0

where p°(-) is the solution of (4.3), and ¢;(-) and ¥;(-) are constructed in
(4.13) and (4.18). It remains to show that €5 (¢) = O (e"**). To do so, we
utilize Lemma 4.13 as a bridge. It should be pointed out, however, that
to get the correct order for the remainder, a trick involving “back up one
step” is needed. The details follow.

Proposition 4.14. Assume (A4.1) and (A4.2), for each k=0,...,n,
sup ez ()] = O(").
t€[0,T]
Proof: We begin with
t t
0 =0 - o) ) - () = (1) 2w

€

We will use the exponential decay property given in ;(7) Corollary 4.12.
Clearly, €5(0) = 0, and hence the condition of Lemma 4.13 on the initial
data is satisfied. By virtue of the exponential decay property of ¢;(:) in
conjunction with the defining equations of ¢;(-) and ;(-),

dipo (t) dip1 (1)

eres() = - [0 — et + 22210 - e

S NORNGRISTNG

—eth (é) Q(f)]

——292 0 0 (1) [ow - oo - G2

re0n () 00 - Qo)L

For the term involving (t/€), using a Taylor expansion on Q(t) yields
that for some £ € (0,¢)

R T

< Kt2.

Owing to the exponential decay property of ¥;(-), the fact that ¢;(-) is n-
times continuously differentiable on [0, T'], and the above estimate, we have

Hot

|£5€5(1)] < K(52 + (et + t2)exp<—?>).
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Moreover, for any £k =0,1,2...,n+ 1, it is easy to see that

Kot t\" Kol
t* ex p( o ) _ak(—> exp< 0 ) < Ke, (4.27)
5 € 5

This implies £%¢5(t) = O(¢?) uniformly in t. Thus, e (t) = O(e) by virtue
of Lemma 4.13 and the bound is uniform in ¢ € [0, 7.

We now go back one step to show that the zeroth-order approximation
also possesses the correct error estimate, that is, ef(t) = O(g). Note that
the desired order seems to be difficult to obtain directly, and as a result
the back-tracking is employed.

Note that

(1) = 5() — e () — et (t) . (4.28)

However, the smoothness of ¢1(+) and the exponential decay of 11 (+) imply
that

ep1(t) + eyn <£> =0O(e) uniformly in ¢. (4.29)

Thus e§(t) = O(e) uniformly in ¢.
Proceeding analogously, we obtain

€ 8

n+1
n+1 n+1 "
(p e'pi(t ; "1 <g)>
n+1 n+1
_ 7 d%(t) i d 3
- (z% dt +;5 i’ <E)>
n+1 n+1 ¢ (430)
(Za wi(t) + Z " (E)) Q(t)
i=0
ont2 dpni1(1) + %El HQ) — i i+1
— Pi e i (1)Q(1)
i=0 =0
n+1 n+1 t
+Zawz( ) ORI {w( >Q()+m(g)]-
1=0
Note that the term in the fifth line above is
n+1 . n+1
Y et ZE Pi()Q(H) = wo(1)Q(t) = 0.
i=0

Using (4.19), we represent r;(t) in terms of (d*/dt")Q(0), etc. For the term
involving o (t/¢), using a truncated Taylor expansion up to order (n + 1)
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for Q(t), by virtue of the Lipschitz continuity of (d"*!/dt"*1)Q(-), there
is a & € (0,¢) such that

n+1

Q-5 LI90) -

_ thrl dnJrlQ(é-) tn+1 dnJrlQ(O)
il dt? (n+1)!

dthrl dthrl

< Kt"tHle < K2,

For all the other terms involving v;(t/¢), for i = 1,...,n+ 1 in (4.30), we
proceed as in the calculation of L£%ej. As a result, the last two terms in
(4.30) are bounded by

t

t t
Yo (g) O(t"*?) + ey <g) O™ 4+ " bt (g) O(t),
which in turn leads to the bound
t
K" 4 et"™™ 4. 4 e ) exp (—”i) < Ke"t2,
€

in accordance with (4.27). Moreover, it is clear that ef,  ,(0) = 0. In view
of the fact that ¢,41(+) is continuously differentiable on [0,7] and Q(-) is
(n+1)-times continuously differentiable on [0, T, by virtue of Lemma 4.13,
we infer that ef | (t) = O(e"*!) uniformly in ¢. Since

erp(t) = e (t) + O(e"™),

it must be that ef,(t) = O(e"1). The proof of Proposition 4.14 is complete,
and so is the proof of Theorem 4.5. O

Remark 4.15. In the estimate given above, we actually obtained
t
Lei(t) = O(EkJrl + (et" + -+ ) exp <—H?O>) (4.31)

This observation will be useful when we consider the unbounded interval
[0, 00).

The findings reported are very useful for further study of the limit
behavior of the corresponding Markov chain problems of central limit type,
which will be discussed in the next chapter. In many applications, a system
is governed by a Markov chain, which consists of both slow and fast mo-
tions. An immediate question is this: Can we still develop an asymptotic
series expansion? This question will be dealt with in Section 4.3.

Suppose that in lieu of (A4.2), we assume that Q(-) is piecewise (n + 1)-
times continuously differentiable on [0, 7], and (d"*!/dt"T1)Q(-) is piece-
wise Lipschitz, that is, there is a partition of [0, 7], namely,

to=0<ti <to< - <t =T
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such that Q(-) is (n+1)-times continuously differentiable and (d"*1 /dt" 1)
Q(+) is Lipschitz on each subinterval [t;, t;11). Then the result obtained still
holds. In this case, in addition to the initial layers, one also has a finite
number of inner-boundary layers. In each interval [t;,t;11 — n] for n > 0,
the expansion is similar to that presented in Theorem 4.5.

4.2.6 Examples

As a further illustration, we consider two examples in this section. The first
example is concerned with a stationary Markov chain, i.e., Q(t) = Q is a
constant matrix. The second example deals with an analytically solvable
case for a two-state Markov chain with nonstationary transition probabil-
ities. Although they are simple, these examples give us insight into the
asymptotic behavior of the underlying systems.

Example 4.16. Let o°(t) be an m-state Markov chain with a constant
generator Q(t) = @ that is irreducible. This is an analytically solvable
case, with

p°(t) = p’exp (%) :

Using the technique of asymptotic expansion, we obtain

wo(t) + o (g) = o + (p” — po) exp (Qt> ;

&
t _
with exp (g> — P, ase — 0,
€
where

wo(t) = (V1,... V) and P = lyy.

Note that p"P = g, and hence
t t —
(p° — o) exp (%) = (p° — o) [exp (%) - P] :

wi(t) =0, (é) =0 fori>1.

In this case, o (t) = @0, a constant vector, which is the equilibrium distri-
bution of @; the series terminates. Moreover, the solution consists of two
terms, one of them the equilibrium distribution (the zeroth-order approxi-
mation) and the other the zeroth-order initial-layer correction term. Since
®o is the quasi-stationary distribution,

Moreover,

t
wo®@ =0 and pgexp (%) = .
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Hence the analytic solution and the asymptotic expansion coincide.
In particular, let @ be a two-dimensional matrix, i.e.,

o= )

Yo(t) = wo(t) + o(t/e),

Then setting

we have
c p 0o M A+ p)t
t) = 1) = — S —
Pi(t) = y5.1(t) /\+M+ (pl )\+,u> exp( . ;
A A A+ pt
) =yso(t) = —— 0 _ —
P3(t) = y5,2(t) )\+N+<p2 )\+M>6XP< -
Therefore,

o ()= (0 55) (- 23) e (52).
vi(t) =0 and ¥ (S) =0 fori>1.

Example 4.17. Consider a two-state Markov chain with generator

(A AW
Q“)‘(w) —u(t))

where A(t) > 0, pu(t) > 0 and A(t) + p(t) > 0 for each t € [0,T]. Therefore
Q(+) is weakly irreducible. For the following discussion, assume Q(-) to be
sufficiently smooth. Although it is time-varying, a closed-form solution is
obtainable. Since p5(t) + p5(t) = 1 for each ¢, (4.3) can be solved explicitly
and the solution is given by

w10 =stexn (2 [ )+ utsas)

v/ 0 (-1 ‘s + u(s)ds ) du

pi0) = ep (2 [ )+ utsas

- AT (—1 / 0s) + u(S))dS> du.
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Following the approach in the previous sections, we construct the first a

few terms in the asymptotic expansion. By considering (4.13) together with
(4.2), a system of the form

Ao (t) — u(t)gs(t) =0,
wo(t) +¢p(t) =1

is obtained. The solution of the system yields that

1(t) A(t) )
A(t) + p(t) M) +u(t) )

eolt) =

To find ¢4 (-), consider

At)e1 () — p(t) i (t) = o0 :
p1(t) + @3 (t) =0,

where A = (d/dt)\ and ji = (d/dt)p. Solving this system of equations
gives us

MO — G0N MDA — pOAD)
s"1“)‘( NOET O u@+mm3)'

To get the inner expansion, consider the differential equation

with 7 = t/e. We obtain

do(1) = (p° — @0(0)) exp(Q(0)7),
where

1

exp (Q(0)7) = 20) 1 1(0)

1(0) + X(0)e= AOFROT () — X(0)e~AO)+r(O)7

1(0) = p(0)e=AOFLONT () + p(0)e~ MO +rO)T
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Similarly 1(-) can be obtained from (4.21) with the exponential matrix
given above.

It is interesting to note that either A(¢) or u(t) can be equal to 0 for some
t as long as A(t) + u(t) > 0. For example, if we take u(-) to be the repair
rate of a machine in a manufacturing model, then p(t) = 0 corresponds to
the repair workers taking breaks or waiting for parts on order to arrive.
The minors of Q(t) are A(t), —A(t), u(t), and —u(t). As long as not all of
them are zero at the same time, the weak irreducibility condition will be
met.

4.2.7 Two-Time-Scale Expansion

The asymptotic expansion derived in the preceding sections is separable in
the sense that it is the sum of a regular part and initial-layer corrections.
Naturally, one is interested in the relationship between such an expansion
and the so-called two-time-scale expansion (see, for example, Smith [199]).
To answer this question, we first obtain the two-time-scale asymptotic ex-
pansion for the forward equation (4.3), proceed with the exploration of the
relationships between these two expansions, and conclude with a discussion
of the connection between these two methods.

Two-Time-Scale Expansion. Following the literature on asymptotic
expansion (e.g., Kevorkian and Cole [108, 109] and Smith [199] among
others), consider two scales t and 7 = t/e, both as “times.” One of them is
in a normal time scale and the other is a stretched one. We seek asymptotic
expansions of the form

vt ) =Y it ), (4.32)
1=0

where {y;(t, 7)}1_, is a sequence of two-time-scale functions. Treating ¢ and
7 as independent variables, one has
d o 10
_ =4 -
dt 0t €071
Formally substituting (4.32) into (4.3) and equating coefficients of like pow-
ers of €’ results in

(4.33)

0 T
IT) — gt m)2(),
ayl (ta T) 8y0 (tv T)
or =y (tv T)Q(t) Ta (434)
WD) e mou - 20T <
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The initial conditions are

yo(t,0) = p° and
(4.35)

yi(t,0) =0, for 1 <i<n.

Holding ¢ constant and solving the first equation in (4.34) (with the first
equation in (4.35) as the initial condition) yields

yo(t, 7) = p” exp(Q(t)7). (4.36)
By virtue of (A4.4), (0/0t)yo(t, T) exists and

T — ppexpiy) (942 )

As a result, (0/0t)yo(t,7) is orthogonal to 1. We continue the procedure
recursively. It can be verified that for 1 <i < mn,

T Oyi—1(t, s
uit.r) == [ 2D Qe - shas. (4an)
0
Furthermore, for i = 1,...,n, (8/0t)y;(t,7) exists and is continuous; it is

also orthogonal to 1. It should be emphasized that in the equations above,
t is viewed as being “frozen,” and as a consequence, Q(t) is a “constant”
matrix.

Parallel to the previous development, one can show that for all 1 <i <mn,

|y, 7)| < K(#) exp(—ro(t)7).

Compared with the separable expansions presented before, note the t-
dependence of K(-) and ko(-) above. Furthermore, the asymptotic series
is valid. We summarize this as the following theorem.

Theorem 4.18. Under the conditions of Theorem 4.5, a sequence of
functions {y;(t, 7))}, can be constructed so that

sup = 0(e").

te[0,7)

pE(t) =D et 7)
i=0

Example 4.19. We return to Example 4.16. It is readily verified that the
zeroth-order two-time-scale expansion coincides with that of the analytic
solution, in fact, with

t
yo(t,7) = p’exp <%> and y;(t,7) =0 for all 4 > 1.
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Relationship between the Two Methods. Now we have two different
asymptotic expansions. Do they in some sense produce similar asymptotic
results? Note that each term in y;(¢,7) contains the regular part o;(t) as
well as the initial-layer corrections. Examining the zeroth-order approxi-
mation leads to

exp(Q(t)T) — P(t) as T — o0

via the same argument employed in the proof of Lemma 4.4. The matrix
has identical rows, and is given by P(t) = 1v(t). In fact, owing to p°1 =
> pY =1, we have

yo(t.7) = v(t) + " (exp(Q()7) — P(t)) = v(t) + Bo(t, 7), (4.38)

where yo(t, 7) decays exponentially fast as 7 — oo for ¢t < 7.

In view of (4.38), the two methods produce the same limit as 7 — oo,
namely, the quasi-stationary distribution. To explore further, we study a
special case (a two-state Markov chain) so as to keep the notation simple.
Consider the two-state Markov chain model Example 4.17. In view of (4.38)
and the formulas in Example 4.17, we have

Yo(t, 7) = v(t) + yo(t, 7) = @o(t) + Yo(t, 7).
Owing to (4.37), direct calculation yields that

nin) == [ 2 e - s)is

- [ 2 expre) (v - sy

It can be verified that the second term on the right-hand side of the equal
sign above decays exponentially fast, while the first term yields ¢4 (¢) plus
another term tending to 0 exponentially fast as 7 — oco. Using the result
of Example 4.17 yields

B / 0lt) o ep( @) (r — 8))ds

dt
_dpo(t) (1 ~exp(—(A() +u(t))7)) ( D) A)
dt A(t) + p(t) —u(t)  p(t)
B doolt) (exp(—(MH) + )T\ [ AE) AW
=) - ( NOEYIO) )(—u(ﬂ u(t))

Thus, it follows that

Yt m) =1 (t) + (t7 T)?
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where

nitr) = [ 20 exp(@)(r - s

dpo(t) (exp(=(A() + u)T)\ [ A1) —A()
(e )| )

Similarly, we can obtain
yi(tuT) = QOZ(t) + gi(tu’r)u for 1 S ) S n,

where y;(t, 7) decay exponentially fast as 7 — oo for all ¢ < 7. This estab-
lishes the connection between these two different expansions.

Comparison and Additional Remark. A moment of reflection reveals
that:

— The conditions required to obtain the asymptotic expansions are
the same.

— Except for the actual forms, there is no significant difference
between these two methods.

— No matter which method is employed, in one way or another the
results for stationary Markov chains are used. In the separable
expansion, this is accomplished by using Q(0), and in the two-
time-scale expansion, this is carried out by holding ¢ constant
and hence treating Q(t) as a constant matrix.

— Although the two-time-scale expansion admits a seemingly more
general form, the separable expansion is more transparent as far
as the quasi-stationary distribution is concerned.

— When a more complex problem, for example the case of weak
and strong interactions, is encountered, the separable expansion
becomes more advantageous.

— To study asymptotic normality, etc., in the sequel, the separable
expansion will prove to be more convenient than the two-time-
scale expansion.

In view of the items mentioned above, we choose to use the separable form
of the expansion throughout.

4.3 Markov Chains with Multiple Weakly
[rreducible Classes

This section presents the asymptotic expansions of two-time-scale Markov
chains with slow and fast components subject to weak and strong in-
teractions. We assume that all the states of the Markov chain are re-
current. In contrast to Section 4.2, the states belong to multiple weakly
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irreducible classes. As was mentioned in the introductory chapter, such
time-scale separation stems from various applications in production plan-
ning, queueing networks, random fatigue, system reliability, competing risk
theory, control and optimization of large-scale dynamical systems, and re-
lated fields. The sunderlying models in which some components change
very rapidly whereas others vary relatively slowly, are more complex than
those of Section 4.2. The weak and strong interactions of the systems are
modeled by assuming the generator of the underlying Markov chain to be
of the form

Q°(t) = =Q(t) + Q1) (4.39)

€

where @ (t) governs the rapidly changing part and @(t) describes the slowly
changing components. They have the appropriate forms to be mentioned
in the sequel.

This section extends the results in Section 4.2 to incorporate the cases
in which the generator Q(t) is not irreducible. Our study focuses on the
forward equation, similar to (4.3); now the forward equation takes the form

W) _ ) (1©’<t>+@<t>>, PO =5 (440)

such that

pY > 0 for each i and sz‘? =1.
i=1

To illustrate, we present a simple example below.

Example 4.20. Consider a two-machine flowshop with machines that are
subject to breakdown and repair. The production capacity of the machines
is described by a finite-state Markov chain. If the machine is up, then it
can produce parts with production rate u(t); its production rate is zero if
the machine is under repair. For simplicity, suppose each of the machines
is either in operating condition (denoted by 1) or under repair (denoted by
0). Then the capacity of the workshop becomes a four-state Markov chain
with state space {(1,1), (0,1),(1,0),(0,0)}. Suppose that the first machine
breaks down much more often than the second one. To reflect this situation,
consider a Markov chain o®(-) generated by Q°(¢) in (4.39), with Q(-) and

~

Q(") given by

M) M@0 0

- () —m(t) 0 0
an =1 "y ‘0 N M)
0 0 pa(t)  —pa(t)
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and ) 0 M®) 0
O L S W T R W
CO=1 ) 0 w0 |
0 pa2(t) 0 —pa(t)

where \;(+) and p;(+) are the rates of repair and breakdown, respectively.

The matrices Q(¢) and Q(t) are themselves generators of Markov chains.
Note that

~ =) (e —A(t)  A(t
O(t) = diag 16 M ) () ()
pa(t)  —pa(t) pa(t)  —pa(t)
is a block-diagonal matrix, representing the fast motion, and @(t) gov-
erns the slow components. In order to obtain any meaningful results for
controlling and optimizing the performance of the underlying systems, the

foremost task is to determine the asymptotic behavior (as ¢ — 0) of the
probability distribution of the underlying chain.

In this example, a first glance reveals that @(t) is reducible, hence the
results in Section 4.2 are not applicable. However, closer scrutiny indicates
that Q(t) consists of two irreducible submatrices. One expects that the
asymptotic expansions may still be established. Our main objective is to
develop asymptotic expansions of such systems and their variants. The cor-
responding procedure is, however, much more involved compared with the
irreducible cases.

Examining (4.39), it is seen that the asymptotic properties of the
underlying Markov chains largely depend on the structure of the matrix
Q(t). In accordance with the classification of states, we may consider
three different cases: the chains with recurrent states only, the inclusion
of absorbing states, and the inclusion of transient states. We treat the
recurrent-state cases in this section, and then extend the results to nota-
tionally more involved cases including absorbing states and transient states
in the following two sections.

Suppose a°(+) is a finite-state Markov chain with generator given by
(4.39), where both Q(t) and Q(t) are generators of appropriate Markov
chains. In view of the results in Section 4.2, it is intuitively clear that
the structure of the generator Q(t) governs the fast-changing part of the
Markov chain. As mentioned in the previous section, our study of the finite-
state-space cases is naturally divided into the recurrent cases, the inclusion
of absorbing states, and the inclusion of transient states of the generator
Q(t). In accordance with classical results (see Chung [31] and Karlin and
Taylor [105, 106]), one can always decompose the states of a finite-state
Markov chain into recurrent (including absorbing) and transient classes.
Inspired by Seneta’s approach to nonnegative matrices (see Seneta [189]),
we aim to put the matrix @(t) into some sort of “canonical” form so that a
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systematic study can be carried out. In a finite-state Markov chain, not all
states are transient, and it has at least one recurrent state. Similar to the
argument of Tosifescu [95, p. 94] (see also Goodman [75], Karlin and Mc-
Gregor [104], Keilson [107] among others), if there are no transient states,
then after suitable permutations and rearrangements (i.e., by appropriately

relabeling the states), Q(¢) can be put into the block-diagonal form

Q'(t) -
() = Q*(t)
_ 4.41
Q'(t) A

= diag (@1(t), o ,@l(t)) ’

where @k(t) € R™rX"k are weakly irreducible, for £k = 1,2,...,1, and
22:1 my = m. Here and hereinafter, C,jk (t), (a superscript without paren-
theses) denotes the kth block matrix in Q(£). The rest of this section deals
with the generator Q°(t) given by (4.39) with Q(t) taking the form (4.41).
Note that an example of the recurrent case is that of the irreducible (or
weakly irreducible) generators treated in Section 4.2.

Let My = {Sk1,y .-+, Skm,, t for k =1,...,1 denote the states correspond-
ing to @k(t) and let M denote the state space of the underlying chains
given by

M=MU---UM,

:{511;---;Slmla---;slla---;slml}-

Since QF(t) = (@5 (£))my xm,, and Q(t) = (@i (t))mxm are generators, for
k=1,2,...,1, we have

me
S @) =0, fori=1,... m, and
j=1

> G(t) =0, fori=1,...,m.
=1

The slow and fast components are coupled through weak and strong
interactions in the sense that the underlying Markov chain fluctuates
rapidly within a single group M; and jumps less frequently between
groups My, and M; for k # j. The states in My, k = 1,...,[, are not
isolated or independent of each other. More precisely, if we consider the
states in My, as a single “state,” then these “states” are coupled through
the matrix Q(t), and transitions from Mj to M;, k # j are possible.
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In fact, @(), together with the quasi-stationary distributions of @k(t),
determines the transition rates among states in My, for k=1,... L.

Consider the forward equation (4.40). Our goal here is to develop an
asymptotic series for the solution p®(-) of (4.40). Working with the interval
[0,T] for some T' < oo, we will need the following conditions:

(A4.3) Foreacht € [0,T]and k = 1,2,...,1, Q(t) is weakly irreducible.

(A4.4) For some positive integer n, Q(-) and Q(-) are (n + 1)-times
and n-times continuously differentiable on [0, T], respectively.
Moreover, (d"T1/dt"™)Q(-) and (d"/dt™)Q(-) are Lipschitz on
[0,T7.

Compared with the irreducible models in Section 4.2, the main difficulty
in this chapter lies in the interactions among different blocks. In construct-
ing the expansion in Section 4.2, for ¢+ = 1,...,n, the two sets of functions
{©i()} and {¥;(-)} are obtained independently except the initial conditions
1¥;(0) = —;(0). For Markov chains with weak and strong interactions,
vi(+) and ;(+) are highly intertwined. The essence is to find ¢;(-) and 9;(+)
jointly and recursively. In the process of construction, one of the crucial
and delicate points is to select the “right” initial conditions. This is done
by demanding that v;(7) decay to 0 as T — co. For future use, we define a
differential operator £ on R'*™-valued functions by

4

S~ (@ +2Q). (4.42)

Lf=e¢

Then it follows that £°f = 0 iff f is a solution to the differential equation
n (4.40). We are now in a position to derive the asymptotic expansion.

4.3.1 Asymptotic Expansions

As in Section 4.2, we seek expansions of the form

ye (t) = @5 (t) + WE (¢ Zs pilt) + e (g) : (4.43)
=0

For the purpose of estimating the remainder (or error), the terms ¢, 11 (-)
and 1, 41(-) are needed. Set L7y; () = 0. Parallel to the approach in
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Section 4.2, equating like powers of ¢* (for i = 0,1,...,n + 1) leads to the
equations for the regular part:

£ wo(H)Q(t) =0,

o eQm =220 oo, "
< an@n =0 o mao.

As discussed in Section 4.2, the approximation above is good for ¢ away
from 0. When t is sufficiently close to 0, an initial layer of thickness &
develops. Thus for the singular part of the expansion we enlarge the picture
near 0 using the stretched variable 7 defined by 7 = t/e. Identifying the
initial-layer terms in £°y;, ,; = 0, we obtain

% (o(T) +er(T) + -+ + " hpia (7))
= (Yo(r) + (1) + -+ + M (1) (Qer) +2Qem) ).

By means of the Taylor expansion, we have

@(ET) = @(0) + ETdQ(O) + -
dt
n+1 dn+1 A .
s T + B er),
5@(57’) = 5@(0) + 52T—dQ(O) + ...
dt
e(er)” d"Q(0) =
+ ] g + R, (e7),
where N N
~ tt drQE)  drtQ(0)
Bnta(t) = (n+1)! ( Attt gt )
S et (d"QQ)  dQ(0)
Ba(t) = F( dtn - dr >

for some 0 < ¢ <t and 0 < ¢ <t. Note that in view of (A4.4),

Rui1(t) = O(t"?) and R, (t) = O(et™).
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Equating coefficients of like powers of &%, for i = 0,1,...,n 4 1, and using
the Taylor expansion above, we obtain

o W0y n00)
o Dy 00)
5 dQ(0)
+¢0(T) Q(O) + 7 )
oS8
e d¢c;7(-7') =i(r )+ sz —j—1(

ﬂdﬂ@() Tt &Q(0)
X<ﬁ G et )

In view of the essence of matched asymptotic expansion, we have necessarily
at t = 0 that
n+1

Y& (@il0) + wi(0) = p°. (4.46)

=0

This equation implies

P’ = ©0(0) + 10(0) and ©;(0) 4+ ;(0) = 0,

for ¢ > 1. Moreover, note that p°(t)1 = 1 for all ¢t € [0,7T]. Sending ¢ —
0 in the asymptotic expansion, one necessarily has to have the following
conditions: For all ¢ € [0, T,

wo(t)1=1and @;(t)1 =0, i > 1. (4.47)
Our task now is to determine the functions ¢;(-) and ;(+).

Determining ¢g(-) and (). Write v = (v!,...,v!) for a vector v €

R*™ where v* denotes the subvector corresponding to the kth block of the
partition. Meanwhile, a superscript with parentheses denotes a sequence.
Thus v¥ denotes the kth subblock of the corresponding partitioned vector
of the sequence v,.

Let us start with the first equation in (4.44). In view of (4.47), we have

mo (4.48)
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Note that the system above depends only on the generator @ (t). However,
by itself, the system is not uniquely solvable. Since for each ¢t € [0,T]
and k= 1,...,1, Q*(t) is weakly irreducible, it follows that rank(QF(t)) =
mi —1 and rank(Q(t)) = m— 1. Therefore, to get a unique solution, we need
to supply [ auxiliary equations. Where can we find these equations? Upon
dividing the system (4.48) into [ subsystems, one can apply the Fredholm
alternative (see Lemma A.37 and Corollary A.38) and use the orthogonality
condition to choose [ additional equations to replace [ equations in the
system represented by the first equation in (4.48).

Since for each k, @k(t) is weakly irreducible, there exists a unique quasi-
stationary distribution v*(¢). Therefore any solution to the equation

eht)QF(t) =0

can be written as the product of v*(¢) and a scalar “multiplier,” say 9§ (t).

It follows from the second equation in (4.48) that 22:1 9 (t) = 1. These
95 (t)’s can be interpreted as the probabilities of the “grouped states” (or
“aggregated states”) My,.

As will be seen in the sequel, J§(t) becomes an important spinoff in the
process of construction. Effort will subsequently be devoted to finding the
unique solution (94(t),...,95(t)). Let 1, = (1,...,1)" € R™=*L,

Lemma 4.21. Under (A4.3) and (A4.4), for each k = 1,...,1, the solution
of the equation

(4.49)

6 (t)Lm,, = U5(t),
can be uniquely expressed as @f(t) = vF(t)0E(t), where VE(t) is the
quasi-stationary distribution corresponding to Q(t). Moreover, golg(t) 18

(n + 1)-times continuously differentiable on [0,T], provided that ¥5(-) is
(n + 1)-times continuously differentiable.

Proof: For each k, let us regard 9% (-) as a known function temporarily. For

t€0,7], let QF(t) = (T, : Q"(t)). Then the solution can be written as

eh(1) = 5(0)/0,, )5 (1) (QEWT 1)

where 0,,, = (0,...,0)" € R™=*1 Moreover, po(-) is (n + 1)-times contin-
uously differentiable. The lemma is thus concluded. O

Remark 4.22. This lemma indicates that for each k, the subvector ¢f(-)
is a multiple of the quasi-stationary distribution v*(-) for each k = 1,... .
The multipliers ¥5(-) are to be determined. Owing to the interactions
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among different “aggregated states” corresponding to the block matrices,
piecing together quasi-stationary distributions does not produce a quasi-
stationary distribution for the entire system (i.e., (v1(t),...,v*(t)) is not
a quasi-stationary distribution for the entire system). Therefore, the lead-
ing term in the asymptotic expansion is proportional to (or a “multiple”
of) the quasi-stationary distributions of the Markov chains generated by
Q¥(t), for k =1,...,1. The multiplier ¥%(¢) reflects the interactions of the
Markov chain among the “aggregated states.” The probabilistic meaning
of the leading term ¢(-) is in the sense of total probability. Intuitively,
95 (t) is the corresponding probability of the chain belonging to Mj,, and
@k (t) is the probability distribution of the chain belonging to M} and the
transitions taking place within this group of states.

We proceed to determining 9% (-) for k = 1,..., 1. Define an m x [ matrix
1,
1= . = diag(Lpmy,- -, Lin,)-

L,

1

A crucial observation is that Q(t)1 = 0, that is, Q(t) and 1 are orthogonal.
Thus postmultiplying by 1 leads to

n+1 . B
€ <Z slcpi(t)]l> =0
i=0

w6 (t) = 05 (£)v* (t) and @5 (1)1 = 95 (1)
Equating the coefficients of £ in the above equation yields

d
dt

Recall that

= (05(1), ..., 9(1) = (95(2),...., % (1) Q(2), (4.50)

where

(4.51)

= diag(v'(t),...,v'())Q(t)1

Remark 4.23. Intuitively, Q(t) is the “average” of @(t
collection of quasi-stationary distributions (v*(¢),. .., v!(

)
t

weighted by the
)

)). In fact, (4.50)
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is merely a requirement that the equations in (4.44) be consistent in the

sense of Fredholm. This can be seen as follows. Denote by N(Q(t)) the

null space of the matrix Q(¢). Since rank(Q(t)) = m — [, the dimension of
N(Q(t)) is I. Observe that 1= diag(1,,, ..., Ly,) where

- mi Moty
1, =(0,...,0,1,...,1, 0,...,0 ),

mi ma mz+---+m (452)
Ty =( 0,...,0, 1,...,1)

mi+-tmp_q my

are linearly independent and span the null space of @(t) The equations
in (4.44) have solutions only if the right-hand side of each equation is

orthogonal to 1. Hence, (4.50) must hold.

Next we determine the initial value 94(0). Assuming that the asymptotic
expansion of p®(-) is given by vy () (see (4.43)), then it is necessary that

0(0)1 = lim lim p*(8)1. (4.53)

§—0e—0

We will refer to such a condition as an initial-value consistency condition.

Moreover, in view of (4.40) and Q(¢)1 =0,
~ ~ 6 o~ ~
pe ()1 = p°1 + / p°(s)Q(s)ds1.
0
Since p°(-) and Q(-) are both bounded, it follows that

im (limsup /0 ' ps(s)@(s)dsi> =0.

1
6—0 e—0

Therefore, the initial-value consistency condition (4.53) yields

©0(0)1 = lim (lirn pa(é)i) = 'L

6—0 \e—0

Note that (94(0),...,95(0)) = ¢o(0)1. So the initial value for do(t)
should be B
(95(0),.,95(0)) = p°L.

Using this initial condition and solving (4.50) yields that

(Wo(t), -, 95(1)) = p*IX (¢, 0),
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where X (t,s) is the principal matrix solution of (4.50) (see Hale [79]).
Since the smoothness of X (-, -) depends solely on the smoothness properties
of Q(t) and Q(t), (W3(),...,95()) is (n + 1)-times continuously differ-
entiable on [0,7]. Up to now, we have shown that ¢o(-) can be con-
structed that is (n + 1)-times continuously differentiable on [0,T]. Set
Yo(t) = (9(t),...,95(t)). We now summarize the discussion above as
follows:

Proposition 4.24. Assume conditions (A4.3) and (A4.4). Then for t €
[0,T], wo(t) can be obtained uniquely by solving the following system of
equations:

w6 (HQ* (1) =0,

6 (1) In, =95 (1),

it B (4.54)
o0) _ o).
with 9(0) = p°1,
such that oo (-) is (n + 1)-times continuously differentiable. O

We next consider the initial-layer term )o(-). First note that solving
(4.45) for each i = 0,1...,n + 1 leads to

Wo(7) = 0(0) exp(Q(0)7),

Yi(7) = i(0) exp(Q(0)7)

o R . (4.55)
Sl e aiQe) | st ahg)
+§A¢”10Q, + )

dt GG+ 1) diitl

x exp(Q(0)(T — s))ds.

Once again, to match the asymptotic expansion requires that (4.46) hold
and hence

P’ =p°(0) = ©0(0) + ¥0(0).

Solving the first equation in (4.45) together with the above initial condition,
one obtains

bo(T) = (0° — 0(0)) exp(Q(0)7). (4.56)

Note that in Proposition 4.25 to follow, we still use kg, as a positive con-
stant, which is generally a different constant from that in Section 4.2.
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Proposition 4.25. Assume conditions (A4.3) and (A4.4). Then () can
be obtained uniquely by (4.56). In addition, there is a positive number ko o
such that

[vo(T)| < K exp(—ko,07), 7> 0.
Proof: We prove only the exponential decay property, since the rest is obvi-

ous. Let ¥ (0) be the stationary distribution corresponding to the generator
Q*(0). Define

v*(0) "
. =i w10
v'(0)
(4.57)
Lpn, v! (0)
B 1,2 (0)
1,,,4(0)
where
v (0) Vi (0)
1y, vk (0) =
v (0) Vi (0)

Noting the block-diagonal structure of @(O), we have

exp(Q(0)7)

exp(Q2(0)r
eXp(é(O)T) _ p(Q-(0) )

exp(Q'(0)7)

It is easy to see that

(8° — 0(0))T = p°1 — p(0))1 = p°1 — 95(0) = 0.

Owing to the choice of initial condition, (p — ¢g(0)) is orthogonal to ,
and by virtue of Lemma 4.4, for each k =1,...,[ and some kg > 0,

exp(QF(0)7) — L, ¥ (0)| < K exp(—kio 17),
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we have
[to(r)] = |(2° = ¢0(0) [exp(@(0)7) — 7|
< K sup exp(@*(0)7) — L, 14 (0)|
< K exp(—ko,07),
where ko0 = ming<; Ko,k > 0. g

Determining ¢;(-) and ;(-) for i > 1. In contrast to the situation
encountered in Section 4.2, the sequence {¢;(-)} cannot be obtained with-
out the involvement of {4;(-)}. We thus obtain the sequences pairwise.
While the determination of ¢ (-) and ¢o(-) is similar to that of Section 4.2,
the solutions for the rest of the functions show distinct features resulting
from the underlying weak and strong interactions. With known

toit) = 220 Q).

we proceed to solve the second equation in (4.44) together with the con-
straint > 1" | ¢! (¢) = 0 due to (4.47). Partition the vectors ¢ (t) and by (t) as

bo(t) = (b5 (t), - - - b (t)).

In view of the definition of Q(¢) in (4.51) and @f (t) = v*(t)9k(t), it follows
that bo(t)1 = 0, thus,

b (), =0, k=1,...,1.

Let 9% (t) denote the function such that 2221 9% (t) = 0 because ¢, (1)1 = 0.
Then for each k = 1,...,l, the solution to

PE QM (1) = b (1),
(4.58)

9011c (t) ]lmk = 19]16 (t) )

can be expressed as

ok (1) = b (1) + 05 ()" (1), (4.59)
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where bk (t) is a solution to the following equation:

bR (QE(t) = bi(t),
gg(t)]lmk =0,

or equivalently,
OE () (L QR (1)) = (0B5(2)).

The procedure for solving this equation is similar to that for @g(-).
Analogously to the previous treatment, we proceed to determine 9% (t)
by solving the system of equations

e ( 721 el (t)i) =0. (4.60)

Using the conditions
bE ()1, = 0 and v*(t)1,,, =1,

we have
P11 = (01(t), ..., 9} (1))
and

P1®OQM)L = (V1 (2), ..., 94 ())QE) + (B (2), ..., 0h() Q)1

where Q(t) was defined in (4.51).
By equating the coefficients of £ in (4.60), we obtain a system of linear
inhomogeneous equations

Q|

=
~

=

LA, 0 (0) = (B0, ()
+(05(1), -, By (1) QD).

with initial conditions

9§(0), for k=1,2,...,1 such that »_95(0) = 0.
k=1

Again, as observed in Remark 4.23, equation (4.61) comes from the con-
sideration in the sense of Fredholm since the functions on the right-hand
sides in (4.44) must be orthogonal to 1.
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The initial conditions 9¥%(0) for & = 1,...,l have not been completely
specified yet. We do this later to ensure the matched asymptotic expansion.
Once the ¥%(0)’s are given, the solution of the above equation is

(ﬁ%(t)v s 719[1@)) = (19%(0)7 v 71911 (O))X(t7 0)
+ / (bo(s), ..., bh(8)Q(s)1X (¢, s)ds.
0

Thus if the initial value ¥ (0) is given, then ¥¥(-), k = 1,. .., can be found,
and so can ¢1(+). Moreover, ¢1(+) is n-times continuously differentiable on
[0, T]. The problem boils down to finding the initial condition of ¥ (0).

So far, with the proviso of specified initial conditions 9¥%(0), for k =
1,...,1, the construction of ¢1(-) has been completed, and its smoothness
has been established. Compared with the determination of ¢(-), the mul-
tipliers 9¥§(:) can no longer be determined using the information about
the regular part alone because its initial values have to be determined in
conjunction with that of the singular part. This will be seen as follows.

In view of (4.55),

b1(r) = 11(0) exp(Q(0)7)
+ / " 40(0) exp(G(0)s)

Q)
(@)
N—
e}
M
he)
—~
Q
—
(@)
S~—
—~
\]
|
»
S~—
S~—
L
»

(4.62)

+ [ 0 exp(@0)) LY exp(@0)(r - 5

Recall that 1 (0) has not been specified yet.
Similar to Section 4.2, for each t € [0,T], Q(t)1 = 0. Therefore,

Q) \~ dQ0)\
(dti >]1—0 and (dti >7T—0,

fori=1,...,n+1, where 7 is defined in (4.57). This together with ¢ (0)r =
0 yields

o0 cxp(@(0)(r - 5))ds

/0 " st0(0) exp(Q(0)s)

.
S/s
0

Yo (0)[exp(Q(0)s) — ]

(4.63)

dQ(0), =
o exp(QO)(7 — 5)) — ]

X ds

< K72 exp(—ko,07)-
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To obtain the desired property, we need only work with the first two terms
on the right side of the equal sign of (4.62). Noting the exponential decay

property of 1o(7) = 1(0) exp(Q(0)7), we have
/000 ‘1/10(0) exp(@(O)s)’ds < o0,

that is, the improper integral converges absolutely. Set

B ([ w0 e@osas) G0 exm 6y

Consequently,

Tlggo ¥1(0) exp(Q(0)7) = ¢1(0)  and

T

lim ; ¥o(0) exp(Q(0)s)

Q)
(@)
N—
e}
X
je)
—~
Q
—
(@)
S~—
—~
\]
|
V)
N—
N—
jsH
»

T—>00

= ([ wo exa@015)25) G0y
.

Recall that m = diag(1,,,#'(0),..., 1,,,2(0)). Partitioning the vector 1),
as (Eé,...,@é) for k=1,...,1, we have

1/)1(0)7‘- = ((U’i (O)]lml) Vl(O)v sy (wll(o)]lmz) VZ(O))

(4.66)
— —1 —1
Bom = ((Tolms ) v10), -, (FoTm ) 11 (0))
Our expansion requires that lim, o, 11 (7) = 0. As a result,
P1(0)7 + Yom =0, (4.67)

which implies, by virtue of (4.66),

—k
wf(o)]lmk = _¢O Ilmk’
for k=1,...,1. Solving these equations and in view of
0(0) = ¢1(0) Lny.,
we choose

9(0) = —4F(0) L, = Pel, for k=1,...,1.
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Substituting these into (4.59), we obtain ¢1(-). Finally, we use 1;(0) =
—1(0). The process of choosing initial conditions for ¢1(-) and ¥ (-) is
complete. Furthermore,

[¢1(7)] < Kexp(—k1,07) for some 0 < k1,0 < Ko,0-

This procedure can be applied to ¢;(-) and ¢;(-) fori =2,...,n+ 1. We
proceed recursively to solve for ;(-) and ;(-) jointly. Using exactly the
same methods as the solution for ¢ (-), we define

OF(t) = F (t) Ly,
foreach k =1,...,l and i = 2,...,n + 1. Similar to E’g(), we define Ef()

and write
Bilt) = (A1), .., BL(1)):

Proceeding inductively, suppose that 9% (0) is selected and in view of (4.55),
it has been shown that

[9i(7)] < Kexp(—kioT), i <n (4.68)

for some 0 < k4,0 < Ki—1,0. Solve

Yir1(0 (Z/ ¢l _i( deggo))w = —Eﬂr

t0 obtain ¢, ; (0) I, = —, . Set

—k
1 (0) = —¢F,  (0) L, = ¥, Ly, , for k=1,....1.
Finally choose 1;11(0) = —¢;+1(0). We thus have determined the initial
conditions for ;(-). Exactly the same arguments as in Proposition 4.25
lead to

[thit1(7)| < K exp(—ki+1,07) for some 0 < Kit1,0 < Kio-

Proposition 4.26. Assume (A4.3) and (A4.4). Then the following asser-
tions hold:

(a) The sequences of row-vector-valued functions p;(-) and 9;(-) for i =
1,2,...,n can be obtained by solving the system of algebraic differen-
tial equations

0@n = 220 oo,
9 (1) = & (D)L, (4.69)
d9;(t) ~
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(b) Fori=1,...,n, the initial conditions are selected as follows:

— Fork=1,2,...,1, find wk(O)Ilmk from the equation

Ui (O)r = —(Z/ Yija( )dsdjgo))w;_ —,_ym.

— Choose
95(0) =~ ()l = T; 1 Ly, Jork=1,...1.
— Choose 1;(0) = —p;(0).
(c) There is a positive real number 0 < ko < ko (given in (4.68)) for
i=0,1,...,n+ 1 such that
|4i(7)] < K exp(—roT).

(d) The choice of initial conditions yields that 9%(-) is (n + 1 — i)-times
continuously differentiable on [0,T] and hence p;(-) is (n+1—1)-times
continuously differentiable on [0,T)]. O

4.3.2 Analysis of Remainder

The objective here is to carry out the error analysis and validate the asymp-
totic expansion. Since the details are quite similar to those of Section 4.2,
we make no attempt to spell them out. Only the following lemma and
proposition are presented.

Lemma 4.27. Suppose that (A4.3) and (A4.4) are satisfied. Let n°(-) be a
function such that

sup |n°(t)| = O(skH) fork<n
te[0,T]

and let L% be an operator defined in (4.42). If f°(-) is a solution to the
equation

LEfE(t) = n7(t) with f°(0) =0,
then f€(-) satisfies
sup |f*(t)] = O(e").

t€[0,T]

Proof: Note that using Q°(t) = Q(t)/c + Q(t), the differential equation can
be written as

dfe c(t
PO _ pegen + T,
We can then proceed as in the proof of Lemma 4.13. O

Lemma 4.27 together with detailed computation similar to that of Section
4.2 yields the following proposition.
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Proposition 4.28. For each i =0,1,...,n, define

ei(t) = p=(t) —y; (1) (4.70)
Under conditions (A4.3) and (A4.4),
sup ez (t)] = O(e ).
0<t<

4.3.3 Computational Procedure: User’s Guide

Since the constructions of ¢;(+) and 1;(+) are rather involved, and the choice
of initial conditions is tricky, we summarize the procedure below. This pro-
cedure, which can be used as a user’s guide for developing the asymptotic
expansion, comprises two main stages.

Step 1: Initialization: finding ¢o(+) and ¥o(-).
1. Obtain the unique solution g () via (4.54).
2. Obtain the unique solution ¢ (+) via (4.55) and the initial con-
dition 1(0) = p” — ¢0(0).
Step 2. Tteration: finding ¢;(+) and ¢;(+) for 1 < i <mn.
While ¢ < n, do the following:
1. Find ¢;(+) the solution of (4.69) with temporarily unspecified
IF0) for k=1,...,1.
2. Obtain ;(+) from (4.55) with temporarily unspecified ;(0).

3. Use the equation

([ oGy 5

to obtain ¥¥(0)1,,, = —EfA]lmk-

4. Set ¥5(0) = —yk(0)1,,, = @f_lllmk. By now, ¢;(-) has been
determined uniquely.

5. Choose ¥;(0) = —p;(0). By now, 9;(-) has also been determined
uniquely.

6. Set i =1+ 1.
7. If i > n, stop.

4.3.4 Summary of Results

While the previous subsection gives the computational procedure, this
subsection presents the main theorem. It establishes the validity of the
asymptotic expansion.
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Theorem 4.29. Suppose conditions (A4.3) and (A4.4) are satisfied. Then
the asymptotic expansion

n

0 =3 (ot +=vi (1))

i=0
can be constructed as in the computational procedure such that
(a) wi(+) is (n+ 1 —i)-times continuously differentiable on [0,T];
(b) |¢i(t)] < K exp(—kot) for some kg > 0;
(c) [p=(t) — v (t)| = O(e™ ) uniformly in t € [0,T].

Remark 4.30 In general, in view of Proposition 4.11, the error bound is
of the form cay(t) exp(—krot), where ca,(t) is a polynomial of degree 2n.
The exponential constant xo typically depends on n. The larger n is, the
smaller k¢ will be to account for the polynomial ca,(t).

The following result is a corollary to Theorem 4.29 and will be used in
Chapters 5 and 7. Denote the jth component of v*(t) by vF(t).

Corollary 4.31. Assume, in addition to the conditions in Theorem 4.29
with n =0, that Q(t) = Q and Q(t) = Q are time independent. Then there
exist positive constants K and ko (both independent of € and t) such that

Kot

}%asﬁ)—sM)—Lf@ﬁ%Kﬂ}§l{<dt+1)+exp(—7%>>, (4.71)

where 9% (t) satisfies

%wwwwmm¢4w@wme@

dt
with (91(0), ..., 9(0)) = (P(as(0) € My),..., P(af(0) € M))).

Proof: By a slight modification of the analysis of remainder in Section
4.3, we can obtain (4.71) with a constant K independent of & and ¢. The
second part of the lemma follows from the uniqueness of the solution to
the ordinary differential equation (4.71). O

Remark 4.32. We mention an alternative approach to establishing the
asymptotic expansion. In lieu of the constructive procedure presented pre-
viously, one may wish to write @;(t) as a sum of solutions of the homoge-
neous part and the inhomogeneous part. For instance, one may set

@i(t) = v;(t)diag(v (t), ..., v () + Us(t), (4.72)
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where v;(t) € Rl and U;(t) is a particular solution of the inhomogeneous
equation. For ¢ > 0, the equation

S mam =20 man
and @(t)i =0 lead to
0= (%42 - vi0aw)i

Substituting (4.72) into the equation above, and noting that v*(¢)1,,, =1
for k = 1,...,1, and that diag(v'(¢),...,v!(t))1 = I, the [ x [ identity
matrix, one obtains

dvi (t) 7o) swi- (403
— = vQ®) + Ui(HQ(1)1 - (7) I

One then proceeds to determine v;(0) via the matching condition. The main
ideas are similar, and the details are slightly different.

4.3.5 An Example
Consider Example 4.20 again. Note that the conditions in (A4.3) and (A4.4)

require that
M (t) + pi(t) >0 for all ¢t € [0, 77,
and the jump rates A(t) and p(t) be smooth enough.
The probability distribution of the state process is given by p°(t)
satisfying
dp*(t)
dt

=p ()R (1),

p°(0) = p' such that
4
p)>0and > pf=1.

i=1
To solve this set of equations, note that

D050+ 5(0) = (1) + P5(0) + i 5(0) + P5(0),
@ i) + 5500 =~ 2Dt 500 + L 50 + i),
L s +0i0) = 10 + 5000 — L 500 + 5000,

dt
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To proceed, define functions a12(t), a13(t), a24(t), and a4 (t) as follows:

aa(t) = (B + ) exp (— / (hals) + uz(S))d8>
+ [ (= [ 0ats) + pa(opas )
ars() = (9 + pY) exp (—1 / s+ ul(S))dS>

- /Ot mT(u) exp (—% At(Al(S) + ul(S))d8> du,

oau(t) = G+ s exp (=1 [ Ouls) + (o) )

# [ 2 e (=1 [ )+ mlspis ) an

aza(t) = (p3 + pi) exp (— /Ot()\2(s)+uz(s))ds>

+ [ () esp (-

/ Oals) + pa(s)ds ) d

(4.73)

Then using the fact that pi(t) + p5(t) + p5(t) + pi(t) = 1, we have
pi(t) + p5(t) = ar2(t),
pi(t) + p5(t) = ars(t),
p5(t) + pi(t) = aza(t),
P5(t) + pi(t) = asa(t).
Note also that
B (4 a0+ 0) (0
+M1T(t)a12(t) + p2(t)ans(t).
The solution to this equation is
g =phep (= [ (A 4 as) 4 o)) as)
—I—/O (MIT(U)GM(U) +M2(U)a13(u))
X exp <—/ (M + Aa(s) + ug(s)) ds> du.
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Consequently, in view of (4.73), it follows that

In this example, the zeroth-order term is given by

polt) = (' (1)05(t), v* ()V5(1)),
where the quasi-stationary distributions are given by

B B pa(t) A1 (t)
vi(t) =v2(t) = (Al(t)lm(t)’ A1<t>1+m(t>> ’

and the multipliers (9§ (¢),93(t)) are determined by the differential equation

4

dt(%(t),ﬁ%(t))=(z93(t),193(t))< —ha(t) - Ao(t) )

pa(t)  —pa(t)

with initial value (93(0),92(0)) = (9 + p%, p3 + pY).
The inner expansion term () is given by

B0 — 4o(m)@(0), $0(0) = 1° — 20(0).

By virtue of Theorem 4.29,
. t
pe(t) = wo(t) — o z)= O(e),

provided that Q¢(¢) is continuously differentiable on [0, T]. Noting the ex-
ponential decay of ¢y (t/e), we further have

Kot

In particular, for any t > 0,

lim p®(t) = @o(t).

e—0

Namely, o(t) is the limit distribution of the Markov chain generated by
Q(1).
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4.4 Inclusion of Absorbing States

While the case of recurrent states was considered in the previous section,
this section concerns the asymptotic expansion in which the Markov chain
generated by Q°(t) in which Q(¢) includes components corresponding to
absorbing states. By rearrangement, the matrix @(t) takes the form

Q) = , (4.74)

Oma X Mg

where @k(t) € R™e>mk for k = 1,2,...,1, O, xm, 1S an m, X m, zero
matrix, and

my1+mg + -+ m+mg = m.

Let My = {Sa1,---,Sam, + denote the set of absorbing states. We may, as
in Section 4.3, represent the state space as

M=MiU---UM UM,
:{8117'"781m17'"7Sl17'"7Slm178a17"'78ama}'

Following the development of Section 4.3, suppose that a®(-) is a Markov
chain generated by Q%(-) = Q(-)/c + Q(-). Compared with Section 4.3, the
difference is that now the dominant part in the generator includes absorbing
states corresponding to the m, x m, matrix Op,, xm,. As in the previous
case, our interest is to obtain an asymptotic expansion of the probability
distribution.

Remark 4.33. The motivation of the current study stems from the
formulation of competitive risk theory discussed in Section 3.3. The idea is
that within the m states, there are several groups. Some of them are much
riskier than the others (in the sense of frequency of the occurrence of the
corresponding risks). The different rates (sensitivity) of risks are modeled
by the use of a small parameter £ > 0.

Denote by p°(-) the solution of (4.40). The objective here is to obtain an
asymptotic expansion

vh =Y i)+ Y e (é) .
=0 =0



108 4. Asymptotic Expansions of Solutions for Forward Equations

Since the techniques employed are essentially the same as in the previous
section, it will be most instructive here to highlight the main ideas. Thus,
we only note the main steps and omit most of the details. _

Assume conditions (A4.3) and (A4.4) for the current matrices Q¥ (t),
Q(t), and Q(t). For t € [0,T], substituting the expansion above into (4.40)
and equating coefficients of €, for i = 1,...,n + 1, yields

o(Q(t) =0,

) (4.75)
0@ = 10 o 0o,
and (with the use of the stretched variable 7 = t/¢)
dio (T ~
WolT) _ yom)3(0),
_ N i—1

WD) 42100 + Y vy () (4.76)

7=0

I dj@(()) i+l dj“@(o)
x(ﬁ i G+ 1) dptt >

For each ¢ > 0, we use the following notation for the partitioned vectors:

pilt) = (9i (1), -, 9i(t), 91 (1)),

Vi(1) = (@3 (1), Wi(7), 97 (7).

In the above ¢¢(t) and 1¢(7) are vectors in R1*™a.

To determine the outer- and the initial-layer expansions, let us start
with ¢ = 0. For each ¢ € [0, T], the use of the partitioned vector ¢ (t) leads
to

EBQ () =0, for k=1,...,1.
Note that ¢§(t) does not show up in any of these equations owing to the
O, xm, matrix in Q(t). It will have to be obtained from the equation in
(4.75) corresponding to ¢ = 1. Put another way, pg(t) is determined mainly
by the matrix @(t)

Similar to Section 4.3, pf(t) = 9§ (t)v*(t), where v*(t) are the quasi-
stationary distributions corresponding to the generators @k(t) for k =
1,...,1 and 9&(t) are the corresponding multipliers. Define

1,

=0
S|
I

Im

a
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where I,,, is an m, X m, identity matrix. Clearly, ia is orthogonal to @(t)

for each t € [0,T]. As a result, multiplying (4.75) by 1, from the right with
1 =1 leads to

dwo(t)ia = 0o (H)Q(t)1,,
o (4.77)

(90(0), 4 (0)) = p"1L,
where 99(0) = (95(0), ..., 95(0)).

The above initial condition is a consequence of the initial-value consis-
tency condition in (4.53). It is readily seen that

l

219]5(0) =1 - ¢§(0) Ly, =1 —p* 1y,
k=1
where p® = (p®1, ... p%, pe).
We write

o(t) = (05(t), .-, 0p(t), 0§ (1)) diag (v (1), ..., V' (t), Im,)-
Define
Q(t) = diag(v' (1), ...,/ (1), I, )Q(t)1,. (4.78)
Then (4.77) is equivalent to

L 0(1), 28(1) = (9o(1), £5(1)R),

(90(0),¢5(0)) = p°La.

This is a linear system of differential equations. Therefore it has a unique
solution given by

(190 (t>a 908 (t)) = poiaX(ta 0)7

where X (,0) is the principal matrix solution of the homogeneous equation.
Thus ¢o(t) has been found and is (n+ 1)-times continuously differentiable.

Remark 4.34. Note that in ¢g(t), the term g (t) corresponds to the set of
absorbing states M,. Clearly, these states cannot be aggregated to a single
state as in the case of recurrent states. Nevertheless, the function f(¢)
tends to be stabilized in a neighborhood of a constant for ¢ large enough.
To illustrate, let us consider a stationary case, that is, both Q(¢) = Q and
@(t) = @ are independent of ¢. Partition @ as blocks of submatrices

=R @11 @12
Q= ( @21 @22 ) ’
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where Q22 is an m, X m, matrix. Assume that the eigenvalues of Q22 have
negative real parts. Then, in view of the definition of Q(t) = @ in (4.78),
it follows that

g (t) — a constant as t — oc.

Using the partition ¢o(7) = (¢§(7), ..., ¥5(7),¥&()), consider the zeroth-
order initial-layer term given by

Wolr) _ L (ybe)...... vh(). v5()
= $0(1)QO) = (T D). (P (©0),0,,).
We obtain

VE(T) = ¥E(0) exp(QF(0)7), for k=1,...,1, and
5 (7) = constant.

Noting that p®® = ¢&(0) and choosing 1¢(0) = p® — po(0) lead to () =
O, - Thus
Yo(7) = (¥5(0) exp(Q*(0)7), .. ¥ (0) exp(Q' (0)7), O, ).

Similar to the result in Section 4.3, the following lemma holds. The proof
is analogous to that of Proposition 4.25.

Lemma 4.35. Define
Tq = diag(]lnuyl(o)u ) ]lmzyl(o)v Ima)'

Then there exist positive constants K and ko0 such that

|exp(Q(0)7) — ma| < K exp(—Fo,07)-

By virtue of the lemma above and the orthogonality (p° — ¢(0))m, = 0,
we have

[0 ()] = (0" = ¢0(0))(exp(Q(0)T) — m4)|
< K exp(—kKo,07)

for some K > 0 and kg > 0 given in Lemma 4.35; that is, 1o(7) decays
exponentially fast. Therefore, 1)(7) has the desired property.
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We continue in this fashion and proceed to determine the next term 1 (t)
as well as 1 (t/¢e). Let

tott) = 2200 o) with

bo(t) = (bo(2), .., b6 (1), b3 (1))

It is easy to check that be(t) = 0,,,. The equation @1 (£)Q(t) = bo(t) then
leads to

SOQF () = bE(t), for k=1,...,1,
(4.79)
bg (t) = Oma'
The solutions of the ! inhomogeneous equations in (4.79) above are of
the form
P1(t) = VL) +b6(1), k= 1,0,
where 9% (t) for k = 1,...,1 are scalar multipliers. Again, ¢{(t) cannot be
obtained from the equation above, it must come from the contribution of

the matrix-valued function Q(¢).
Note that

b QF () = bi(t)  and B (t) Ty, = 0.

Using the equation

e200(0) = 2 o 0Q0),
one obtains
0= o001, = 2195, _ o (0001,

which in turn implies that

L01(0),950) = (1 (1), S D)R(D)
(4.80)

where

91(t) = (91(t),..., 9, (£)) and bo(t) = (bg(£), ... bh(1)).
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Let X(t,s) denote the principal matrix solution to the homogeneous dif-
ferential equation

YOy

Then the solution to (4.80) can be represented by X (¢, s) as follows:

(D1(t), 91 (1)) = (91(0), ¥$(0)) X (t,0)
+ /O (bo(s), 0, )Q(8) 1 X (t, 5)ds.

Note that the initial conditions ¢¢(0) and 9% (0) for k = 1,...,1 need to be
determined using the initial-layer terms just as in Section 4.3.

Using (4.76) with ¢ = 1, one obtains an equation that has the same form
as that of (4.62). That is,

P1(7) = ¥1(0) exp(Q(0)7)

T / " 50(0) exp(G(0)5)Q(0) exp(@(O)( — ))ds

= [ a0 exp(@0)) LY exp(@0)(r - s

As in Section 4.3, with the use of 7,, it can be shown that |¢1(7)] <
K exp(—k1,07) for some K > 0 and 0 < k1,9 < Ko,0. By requiring that
¥1(7) decay to 0 as 7 — oo, we obtain the equation

1(0)7q = —1pTa, (4.81)
where
To= [ 000 exp(@0)5)dsQ00)
0
Owing to (4.81) and the known form of 1g(7),
To= (Bos- -, Do T)
=0 =0 = b0 ([ expl@0)5)s) Q)

which is a completely known vector. Thus the solution to (4.81) is

G0V, = el for k=1,....1, and $%(0) = — .
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To obtain the desired matching property for the inner-outer expansions,
choose

9(0) = —¢F(0) L, = ol for k=1,...,1,
1(0) = =4 (0) = ;.

In general, for ¢ = 2,...,n, the initial conditions are selected as follows:
For k =1,2,...,1, find ¥¥(0)1,,, from the equation

i1 oo g PN
Y;(0)my = —< Z/o %wijl(s)dsdjij(,o)>7ra = =, Tq.
Jj=0 ’

Choose

19? (O) = _1/}5 (0) ]lmk = Ef—lﬂmkv

fork=1,...,1,

¢7(0) = =y,  and 1;(0) = —;(0).

Proceeding inductively, we then construct all ¢;(¢) and ; (7). Moreover,
we can verify that there exists 0 < k; 0 < Ki—1,0 < Ko,0 such that [¢;(7)| <
K exp(—ki,o7). This indicates that the inclusion of absorbing states is very
similar to the case of all recurrent states. In the zeroth-order outer ex-
pansion, there is a component p&(t) that “takes care of” the absorbing
states. Note, however, that starting from the leading term (zeroth-order
approximation), the matching will be determined not only by the multipli-
ers 1;(0) but also by the vector 1;(0) associated with the absorbing states.
We summarize the results in the following theorem.

Theorem 4.36. Consider @(t) given by (4.74), and suppose conditions
(A4.3) and (A4.4) are satisfied for the matriz-valued functions Q*(-) for

s

k=1,...,01 and Q(-). An asymptotic expansion
0 =3 (a0 (1))
i=0
exists such that
(a) wi(+) is (n+ 1 —i)-times continuously differentiable on [0,T];
(b) |¢i(t)] < Kexp(—kot) for some 0 < ko < Ki0;
(c) |p(t) — v (t)] = O(e™*1) uniformly in t € [0,T].

Finally, at the end of this section, we give a simple example to illustrate
the result.
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Example 4.37. Let us consider a Markov chain generated by

1~ =~
O =-Q+Q,
where
B -1 1 0 N 0 0 O
Q= 1 -1 0 and@=(0 0 0
0 0 O 1 0 -1

Not being irreducible, the chain generated by @ includes an absorbing state.

In this example, @ = (? _01 ) Let p° = (p?,p3,p"?) denote the initial

distribution of @#(+). Then solving the forward equation (4.40) gives us

p(t) = (Pi(8), pa (), p5(1)),

where

0 0 0,a
pa(t) — b1 +p2 +p

! 2
_ (_p(IJ +p23 —p’° + ;il) exp (—%) _ ((1 ;i)f;o’a.) exp(—t),
pi(n) = AP
+ <_p(1J +1;8 —p’e + 2p(ia€> exp (—%) - <2p(1a€> exp(—t),
p3(t) = p"* exp(—1).
Computing o (t) yields
oolt) = (p? +p82+p0’“7p? +p%+p0’“70>
+ <_p(;a , _ngpO,a) exp(—t).

It is easy to see that for ¢ > 0,

lim |p®(t) — o(t)] = 0.

e—0
The limit behavior of the underlying Markov chain as € — 0 is determined
by ¢o(t) (for t > 0). Moreover, when ¢ is large, the influence from @ corre-
sponding to the absorbing state (the vector multiplied by exp(—t)) can be
ignored because exp(—t) goes to 0 exponentially fast as t — oo.
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4.5 Inclusion of Transient States

If a Markov chain has transient states, then, relabeling the states through
suitable permutations, one can decompose the states into several groups
of recurrent states, each of which is weakly irreducible, and a group of
transient states. Naturally, we consider the generator Q(t) in Q°(¢) having
the form

alt) = o (1.82)
Gt - Gl Q)

such that for each ¢ € [0,7], and each k = 1,...,1, @k(t) is a generator
with dimension my, x my,, Q«(t) is an m. x m, matrix, QF(t) € R™=xm»,
and

my1+mo + -+ my + mye =m.

We continue our study of singularly perturbed chains with weak and strong
interactions by incorporating the transient states into the model. Let a°(-)
be a Markov chain generated by Q°(+), with Q(t) € R"™*™ given by (4.39)
with @(t) given by (4.82). The state space of the underlying Markov chain
is given by

M=MiU--- UM UM,

where My, = {sg1,. .., Skm, | are the states corresponding to the recurrent
states and M, = {s41,..., S«m, } are those corresponding to the transient
states. N

Since Q(t) is a generator, for each k = 1,...,1, Q"(t) is a generator.
Thus the matrix Q¥ (t) = (&ff”) satisfies qu >0 for each i =1,...,m,

and j =1,...,mg, and C,j*(t) = (qx,i;) satisfies

Geij(t) > 0 for i # j, G ai(t) <0, and Gusi(t) < =Y Guij(t).
J#i
Roughly, the block matrix (QL(),...,QL(t), Q. (t)) is “negatively domi-
nated” by the matrix Q. (t). Thus it is natural to assume that @*(t) is a
stable matrix (or Hurwitz, i.e., all its eigenvalues have negative real parts).
Comparing with the setups of Sections 4.3 and 4.4, the difference in @(t) is
the additional matrices Q¥(t) for k = 1,...,1 and Q.(t). Note that Q% (t)
are nonsquare matrices, and @ (t) no longer has block-diagonal form.

The formulation here is inspired by the work of Phillips and Kokotovic
[175] and Delebecque and Quadrat [44]; see also the recent work of Pan and
Bagar [164], in which the authors treated time-invariant @ matrix of a sim-
ilar form. Sections 4.3 and 4.4 together with this section essentially include
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generators of finite-state Markov chains of the most practical concerns.
It ought to be pointed out that just as one cannot in general simultane-
ously diagonalize two matrices, for Markov chains with weak and strong
interactions, one cannot put both Q(t) and Q(¢) into the forms mentioned
above simultaneously. Although the model to be studied in this section is
slightly more complex compared with the block-diagonal Q(t) in (4.41),
we demonstrate that an asymptotic expansion of the probability distribu-
tion can still be obtained by using the same techniques of the previous
sections. Moreover, it can be seen from the expansion that the underlying
Markov chain stays in the transient states only with very small probability.
In some cases, for example Q(t) = 0, these transient states can be ignored;
see Remark 4.40 for more details.

To incorporate the transient states, we need the following conditions.
The main addition is the assumption that Q.(t) is stable.

(A4.5) Foreacht € [0,T]and k =1,...,1, Q(t), Q(t), and Q¥ (t) satisty
(A4.3) and (A4.4).

(A4.6) For each t € [0,T], Q.(t) is Hurwitz (i.e., all of its eigenvalues
have negative real parts).

Remark 4.38. Condition (A4.6) indicates the inclusion of transient states.

Since Q. (t) is Hurwitz, it is nonsingular. Thus the inverse matrix Q*(t)
exists for each ¢ € [0, T].

Let p(-) denote the solution to (4.40) with Q(t) specified in (4.82).
We seek asymptotic expansions of p®(-) having the form

yn(t) = gaiwi(t) + ;a%/h— <£) :

The development is very similar to that of Section 4.3, so no attempt is
made to give verbatim details. Instead, only the salient features will be
brought out.

Substituting yZ (¢) into the forward equation and equating coefficients of
gl for i =1,...,n lead to the equations

Po(HQ(t) =0,

pQ() = 210

(4.83)
— i1 (H)Q(1),
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and with the change of time scale 7 = t /¢,

dw;j” = (rQO),

(T dﬂ@( AR AR ]()
j!odv G+ dett )
As far as the expansions are concerned, the equations have exactly the same

form as that of Section 4.3. Note, however, that the partitioned vector y;(t)
has the form

(pi(t) = (spzl(t)7 s 7()0?@)7 spj(t))v t=0,1,...,n
where ©F(t), k = 1,...,1, is an my, row vector and ¢} (t) is an m. row
vector. A similar partition holds for the vector v;(t). To construct these
functions, we begin with ¢ = 0. Writing ¢o(t)Q(t) = 0 in terms of the
corresponding partition, we have

26 (NQM (1) + 3 (NQE(H) =0, for k=1,...,1, and

5 (1)Q (1) = 0.

Since @*(t) is stable, it is nonsingular. The last equation above implies
05(t) = O, = (0,...,0) € RI*™ Consequently, as in the previous sec-
tion, for each k = 1,...,l, the weak irreducibility of C,jk(t) implies that
ok (t) = 9E(t)v*(t), for some scalar function 9§ (). Equivalently,

po(t) = (o) (1), ..., 95 (8)' (1), Om.).
Comparing the equation above with the corresponding expression of ¢ (t)

in Section 4.3, the only difference is the addition of the m.-dimensional
row vector Oy,, .

Remark 4.39. Note that the dominant term in the asymptotic expansion
is @o(t), in which the probabilities corresponding to the transient states
are 0. Thus, the probability corresponding to a®(t) € { transient states }
is negligibly small.

Define
L,
i) = ; (4.85)

aml(t) aml(t) Oy xm
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where ap, () = —Q7H()QF(t) Ly, for k= 1,...,1, and O, xrm, is the zero
matrix in R %M«
It is readily seen that

Q(t)1.(t) = 0 for cach t € [0,T].

In view of (4.83), it follows that

d
7 (05(); -, 95(2), Om.) (4.86)

= (ﬂé(t)a s a’l%(t)v O, )@(t),

where

Q(t) = diag(W (1), .., ¥ (£), O sem. ) QD)L ().
We write Q(t) as follows:

where for each t € [0, 7],

@ll(t) c ]R(rn—vn*)><(1n—7n*)7 @12@) c R(m—m*)Xm*7
@21(0 c Rm*x(mfm*), and @22(0 c R X0

Let

Q. () = diagr (1), .., (6) (Q(OT+ Q) (8) . am, (1))

Then Q(t) = diag(Q,(t),0m,xm,). Moreover, the differential equation
(4.86) becomes

LY, (1) = (B0), - (D). (1)

Remark 4.40. Note that the submatrix @12(1%) in @(t) determines the
jump rates of the underlying Markov chain from a recurrent state in M; U
U M, to a transient state in M.,. If the magnitude of the entries of
Q'2(t) is small, then the transient state can be safely ignored because the
contribution of Q'2(t) to Q(t) is small. On the other hand, if Q'2(¢) is not
negligible, then one has to be careful to include the corresponding terms in

Q).



4.5 Inclusion of Transient States 119

We now determine the initial value ¥%(0). In view of the asymptotic
expansions y¢ (t) and the initial-value consistency condition in (4.53), it is
necessary that for k=1,...,[,

k() Ak Vi Tin Sk
where p°(t) = (p=1(t),...,p>(t), p>*(t)) is a solution to (4.40). Here p=*(t)
has dimensions compatible with ¢f(0) and % (0). Similarly, we write the
partition of the initial vector as p® = (p®1,..., p%!, p®*). The next theorem
establishes the desired consistency of the initial values. Its proof is placed

in Appendix A.4.

Theorem 4.41. Assume (A4.5) and (A4.6). Then for k=1,...,1,

)-o

Remark 4.42. In view of this theorem, the initial value should be given as

P70 oy = (P Ly = 9™ Q0 (0)QE(O0) L, )

lim ( lim sup
6—0 e—0

95 (0) = p** 1,0, — p" Q7L (0)QF(0) Ly, - (4.88)

Therefore, in view of (4.88), to make sure that the initial condition satisfies
the probabilistic interpretation, it is necessary that

l
96 (t) >0 fort € [0,T) and k=1,...,land »_9§(0) = 1.
k=1

In view of the structure of the @(0) matrix, for each k¥ = 1,...,1, all
components of the vector Q¥(0)1,,, are nonnegative. Note that the solution
of the differential equation

WO _ 4150,
y(0) =p°

is p% exp(Q(0)t). This implies that all components of p%* exp(Q.(0)t) are
nonnegative. By virtue of the stability of @Q.(0),

—Q! = OOex % .
3.1 (0) / p(@. (0)t)dt

Thus all components of —po’*@*_l(O) are nonnegative, and as a result, the
inner product

Q1 (0)QE(0) L,
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is nonnegative. It follows that for each k = 1,...,1, 9%(0) > p®*1,,, > 0.
Moreover,

1
5050 = 3 r , — 0 0 S0 )

l
k=1 k=1 k=1

(4.89)

= (1—p"" 1) — P Q7 H(0)(— Q4 (0) 1) = 1.

Before treating the terms in (+), let us give an estimate on exp(Q(0)t).

Lemma 4.43. Set
1, 1 (0)
Ty =
Ly, ’/l(o)
Amy (O)I/l (0) o Qg (O)Vl (O) ﬂm* Om*

Then there exist positive constants K and ko0 such that

< K exp(—Fko,0T), (4.90)

| exp(Q(0)r) — .

for T >0.

Proof: To prove (4.90), it suffices to show for any m-row vector y°,

< K|y0| exp(—koT).

[y (exp(QO)7) — )
Given y° = (y*',...,y" y"") € RV, let

y(r) = (1), ...,y (1), 57 (1) = 3° exp(Q(0)7).

It follows that

and for k=1,...,1,

T

V(1) =1 (@0 + [ 59350 exp(@H0)(r - 9)ds.

0
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For each k =1,...,1, we have

ki [,0k Uk 0,% OoeX 3. (0)s)dsO* ok
() <y Lo 0) +3° [ exp(@(0)9)sQE O, <0>>
= " (exp(@*(0)7) — 1, (0))
0,% Tex 0 s)QF exp(QF r—35)) =1, " S
4 [ expl@.0))G50) (exp(@* )7 = 5)) = 1,4 (0)

By virtue of the stability of @* (0), the last term above is bounded above by
K|y%*| exp(—k«T). Recall that by virtue of Lemma 4.4, for some kg 5 > 0,

‘exp(@k(O)T) — ]lmkuk(O) < K exp(—Fko,T)-

Choose ko,0 = min(k., ming{xo x}). The terms in the second and the third
lines above are bounded by K|y°|exp(—#ko07). The desired estimate thus
follows. [l

Next consider the first equation in the initial-layer expansions:

WD) _ yo(n)@0).

The solution to this equation can be written as

Yo(7) = 10(0) exp(Q(0)7).
To be able to match the asymptotic expansion, choose
1$0(0) = p° = ¢0(0).
Thus,

Yo(1) = (° — ¢0(0)) exp(Q(0)7)

= (1 — ¢0(0)) (exp(@(O)7) = m.) + (" = po(0)).
By virtue of the choice of ¢y(0), it is easy to show that

(po —¢0(0))m, = 0.

Therefore, in view of Lemma 4.43, 1o(-) decays exponentially fast in that
for some constants K and kg0 > 0 given in Lemma 4.43,

[0 (7)] < K exp(—ko,07), T > 0.
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We have obtained ¢q(-) and 1o(-). To proceed, set

tott) = 20 oy n@(0)

and
bo(t) = (b(1), - -, by (1), b (1))

Note that bg(t) is a completely known function.
In view of the second equation in (4.83),

FOQR(t) + ot (M)QF (1) = bli(t) for k=1,...,1,

(4.91)
P1(1)Q«(t) = by (1)
Solving the last equation in (4.91) yields
Pi(t) = b5 ()QL (1):
Putting this back into the first I equations of (4.91) leads to
P (OQF (1) = b (1) — b3 ()Q (NQE (). (4.92)

Again, the right side is a known function. In view of the choice of ¢(-) and

(4.86), we have bg(t)1.(t) = 0. This implies

b6 () I, — b5 (0)Q5 (D QL () 1,
= b (t) Dy, + by (t)am, (1) = 0.

Therefore, (4.92) has a particular solution glg(t) with
bE(t) Ly, =0, for k=1,...,1.

As in the previous section, we write the solution of ¢¥(t) as a sum of the
homogeneous solution and a solution of the inhomogeneous equation 5’5 (t),
that is,

O (t) = 0% ()P (t) + bE@E) for k=1,... 1.

In view of

Q(t)1,(t) =0 and

bE (D)1, = 0,
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using the equation

e)00) = 2 o a0

we obtain that

jtwl( t),...,91(t),0)
= (9}(t),-.., 95 (1).0)Q(1) + bo (A1) L. (1 (4.93)
_<%t(t)> (am1(t), e 7aml( ),O:n*) '

The initial value ¥ (0) will be determined in conjunction with the initial
value of 91 (-) next.

Note that in comparison with the differential equation governing ¥ (¢) in
Section 4.3, the equation (4.93) has an extra term involving the derivative
of b (t).

To determine 1 (+), solving the equation in (4.84) with ¢ = 1, we have

i(r) = 11(0) exp(@(0)7)
+ / " 50(0) exp(3(0)5)3(0) exp(QO)(r — 5))ds
T ~ dQ(0) ~
+ [ s exp(@0)9) (42 ) exp@)(r - s

Choose the initial values of 11 (0) and ¥¥(0) as follows:

¥1(0) = —¢1(0),

95(0) = —F(0) 1, ,
0)me = — (/ 10(0) exp(Q(0)s)ds ) Q(0), (4.94)
_ (/0 5100 (0 )exp(@(o)s)ds) @m
1= T

Write 1), = (Eé, e ,Eg, Eg) Then the definition of m, implies that

VE(0) Ly, + 05 (0)tyn (0) = =B Ty, + P, (0)).



124 4. Asymptotic Expansions of Solutions for Forward Equations

Recall that
©1(0) +41(0) =0
and
Pi(t) = b0 (2).
It follows that

WE0) L, = (B Ty + Py, (0)) + 5(0)Q5 (0)am, (0).

Moreover, it can be verified that |¢1(7)] < K exp(—£1,07) for some 0 <
K1,0 < K0,0-

Remark 4.44. Note that there is an extra term

(/OOO s10(0) exp(@(())s)ds) @W*

involved in the equation determining ¢ (0) in (4.94). This term does not
vanish as in Section 4.3 because generally ((d/dt)Q(0))m, # 0.

To obtain the desired asymptotic expansion, continue inductively.
For each ¢ = 2,...,n, we first obtain the solution of ¢;(t) with the
“multiplier” given by the solution of the differential equation but with
unspecified condition 9J;(0); solve 1;(t) with the as yet unavailable initial
condition ¥;(0) = —¢;(0). Next jointly prove the exponential decay prop-
erties of v;(7) and obtain the solution ¥;(0). The equation to determine
9;(0) with transient states becomes

STA Q) | s dQ(0)
‘<¥/ om0 (5 G ) )

In this way, we have constructed the asymptotic expansion with transient
states. In addition, we can show that ¢;(-) are smooth and 1;(-) satisfies
[i(7)| < K exp(—ki,o7) for some 0 < ki < Ki—1,0 < Ko,0. Similarly as in
the case with all recurrent states, we establish the following theorem.

Theorem 4.45. Suppose (A4.5) and (A4.6) hold. Then an asymptotic ex-

pansion
g <5 gaz —|—a 1/}Z <t>)
=0
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can be constructed such that fori=20,...,n,

(a) wi(+) is (n+ 1 —i)-times continuously differentiable on [0,T];

(b) |¢i(t)] < Kexp(—kot) for some K >0 and 0 < ko < Ki0;
(c) |p(t) — v (t)] = O(e™ 1) uniformly in t € [0,T].

Example 4.46. Let Cj(t) = @, a constant matrix such that

-1 1 0 0

~ [ 1 -1 0 o0 A

Q=1 o o | |md@=o0
0 1 1 -2

In this example,

=~ -1 1 ~ -2 1 2~ 1 0

125

The last two rows in @ represent the jump rates corresponding to the
transient states. The matrix Q' is weakly irreducible and Q, is stable.

Solving the forward equation gives us

pe(t) = (Pi (1), p3(t), p5(t), pi(t)),

where
11 ¢
5 _ = - _ 0 _ .0 _
pl(t)_2+2[( D3 p4)exp< 5)
2t
+(pY — p5 + p3 — pY) exp (—?)
3¢
+(—p8 + p}) exp <—?>}
1 ¢
5 _ - _,0_ .0 _ 7
30 = 5+ 5|8 = yexw (-2)
_ 0 o_ .0 0 _%
+(=p] +py — p3 +Dpy)exp B
3¢
+(p§ — p}) exp (—;ﬂ,
p3(t) =

{(pg +pj) exp <—£> + (p3 — p§) exp <—%>}

Pat) =

DN = DN | —

{(pg + pj) exp (—é) + (=pY + p}) exp (—?)]
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It is easy to see that ¢o(t) = (1/2,1/2,0,0) and

15°(8) — wo(t)] < K exp (—f) .

The limit behavior of the underlying Markov chain as € — 0 is determined
by ¢o(t) for t > 0. It is clear that the probability of the Markov chain
staying at the transient states is very small for small €.

Remark 4.47. The model discussed in this section has the extra ingre-
dient of including transient states as compared with that of Section 4.3.
The main feature is embedded in the last few rows of the Q(t) matrix.
One of the crucial points here is that the matrix @*(t) in the right corner
is Hurwitzian. This stability condition guarantees the exponential decay
properties of the boundary layers. As far as the regular part (or the outer)
expansion is concerned, we have that the last subvector ¢f(t) = 0. The
determination of the initial conditions ¥;(0) uses the same technique as
before, namely, matching the outer terms and inner layers. The procedure
involves recursively solving a sequence of algebraic and differential equa-
tions. Although the model is seemingly more general, the methods and
techniques involved in obtaining the asymptotic expansion and proof of
the results are essentially the same as in the previous section. The notation
is slightly more complex, nevertheless.

4.6 Remarks on Countable-State-Space Cases

4.6.1 Countable-State Spaces: Part I

This section presents an extension of the singularly perturbed Markov
chains with fast and slow components and finite-state spaces. In this sec-
tion, the generator Q(-) is a block-diagonal matrix consisting of infinitely
many blocks each of which is of finite dimension. The generator Q°(t) still
has the form (4.39). However,

Q(t) = S , (4.95)

where @k(t) € R™xX™k ig a generator of an appropriate Markov chain
with finite-state space, and @Q(t) is an infinite-dimensional matrix and is
a generator of a Markov chain having a countable-state space, that is,
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~

Q(t) = (gi;(t)) such that

Gij(t) > 0 for i # j, and > Gi;(t) = 0.

J

We aim at deriving asymptotic results under the current setting. To do so,
assume that the following condition holds:

(A4.7) For t € [0,T], Q%(t), for k = 1,2, ..., are weakly irreducible.

Parallel to the development of Section 4.3, the solution of ¢;(-) can be
constructed similar to that of Theorem 4.29 as in (4.44) and (4.45). In fact,
we obtain ¢g(-) from (4.49) and (4.50) with | = oo; the difference is that
now we have an infinite number of equations. Similarly, for all k = 1,2, ...
and i =0,1,...,n4+ 1, p;(-) can be obtained from

o(H)Q(t) =0, if i =0

pi()Q(t) = d%d;tl(t) — i1 ()Q(), ifi>1

(4.96)
o} (t) 1, = 07 (1),
dv;(t)

=9;()Q(t) + bi_1 ()Q(t)1.

dt

The problem is converted to one that involves infinitely many algebraic
differential equations. The same technique as presented before still works.

Nevertheless, the boundary layer corrections deserve more attention. Let
us start with 1g(+), which is the solution of the abstract Cauchy problem

o) _ y3(0),
dr (4.97)

¥o(0) = p® — 0(0).

To continue our study, one needs the notion of semigroup (see Dunford
and Schwartz [52], and Pazy [172]). Recall that for a Banach space B, a
one-parameter family 7'(¢), 0 < ¢t < oo, of bounded linear operators from
B into B is a semigroup of bounded linear operators on B if (i) 7(0) = I
and (ii) T(t + s) = T(¢t)T(s) for every t,s > 0.

Let R* be the sequence space with a canonical element © = (x1,x2,...) €
R>. Let A = (a;;) satisfying A : R> +— R*, equipped with the /;-norm

|Aly =sup > |ai;l;
I
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(see Hutson and Pym [90, p. 74]) Using the definition of semigroup above,
the solution of (4.97) is

Yo(T) = T(7)10(0),

where T'(7) is a one-parameter family of semigroups generated by Q(0).

Moreover, since Q(0) is a bounded linear operator, exp(Q(0)7) still makes

sense. Thus T'(7)1o(0) = ¢o(0) exp(Q(0)7), where

T(r) = exp(Q(0)7) = > m
PR

= diag (exp (@1(0)7) ye..,eXP (@k(O)T) . ) .
Therefore, the solution has the same form as in the previous section. Under
(A4.7), exactly the same argument as in the proof of Lemma 4.4 yields that
for each K =1,2,...,
exp(@k(O)T) — 1,,,v%(0) as 7 — oo
and the convergence takes place at an exponential rate, that is,

exp(QF(0)7) — 1y, V¥ (0)| < K exp(—ry7),

for some ki > 0. In order to obtain a valid asymptotic expansion, another
piece of assumption is needed. That is, these ki, for all £k = 1,2,..., are
uniformly bounded below by a positive constant xg.

(A4.8) There exists a positive number kg = ming{rg} > 0.
Set
1=diag (Ln,,..., In,,...) and v(0) = diag (v1(0),...,v70),...) .
In view of (A4.8)

exp(Q(0)7) = W(0)] < sup |exp(@"(0)7) — T, (0)
Lok (4.98)

< K exp(—koT).

The exponential decay property of () is thus established. Likewise, it
can be proved that all ¢;(-) for ¢ = 1,...,n + 1, satisfy the exponential
decay property. From here on, we can proceed as in the previous section to
get the error estimate and verify the validity of the asymptotic expansion.
In short the following theorem is obtained.

Theorem 4.48. Suppose conditions (A4.7) and (A4.8) are satisfied. Then
the results in Theorem 4.29 hold for the countable-state-space model with

Q(-) given by (4.95).



4.6 Remarks on Countable-State-Space Cases 129

4.6.2 Countable-State Spaces: Part II

The aim of this section is to develop further results on singularly perturbed
Markov chains with fast and slow components whose generators are infinite-
dimensional matrices but in different form from that described in Section
4.6.1. The complexity as well as difficulty increase. A number of technical
issues also arise. One idea arises almost immediately: to approximating the
underlying system via a Galerkin-kind procedure, that is, to approximate
an infinite-dimensional system by finite-dimensional truncations. Unfortu-
nately, this does not work in the setting of this section. We will return to
this question at the end of this section.

To proceed, as in the previous sections, the first step invariably involves
the solution of algebraic differential equations in the constructions of the
approximating functions. One of the main ideas used is the Fredholm al-
ternative. There are analogues to the general setting in Banach spaces for
compact operators. Nevertheless, the infinite-dimensional matrices are in
fact more difficult to handle.

Throughout this section, we treat the class of generators with |Q(¢)|1 <
oo only. We use 1 to denote the column vector with all components equal to

1. Consider (1:Q(t)) as an operator for a generator Q(t) of a Markov chain
with state space M = {1,2,...}. To proceed, we first give the definitions

of irreducibility and quasi-stationary distribution. Set Q. (t) := (1:Q(t)).

Definition 4.49. The generator Q(¢) is said to be weakly irreducible at
to € [0,T], for w € R, if the equation wQ.(typ) = 0 has only the zero
solution. If Q(¢) is weakly irreducible for each ¢ € [0,T7], then it is said to
be weakly irreducible on [0, T.

Definition 4.50. A quasi-stationary distribution v(t) (with respect to
Q(t)) is a solution to (2.8) with the finite summation replaced by
Yoo, vi(t) =1 that satisfies v(t) > 0.

As was mentioned before, the Fredholm alternative plays an important
role in our study. For infinite-dimensional systems, we state another defi-
nition to take this into account.

Definition 4.51. A generator Q)(¢) satisfies the F-Property if wQ.(t) =b
has a unique solution for each b € R*.

Note that for all weakly irreducible generators of finite dimension (i.e.,
generators for Markov chains with finite-state space), the F-Property above
is automatically satisfied.

Since 1 € I (I denotes the sequence space equipped with the I, norm)
for each ¢t € [0,T], Q(t) € R>® x R*. Naturally, we use the norm

o0
(Gl = maxfsup 25w 3 o (0]
Zj J

=1
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It is easily seen that
Qe < max{l,supz |qij<t>|}.
7o

If a generator Q(t) satisfies the F-Property, then it is weakly irreducible.
In fact if Q(t) satisfies the F-Property on ¢ € [0, T], then yQ.(t) = 0 has a
unique solution y = 0.

By the definition of the generator, in particular the g-Property, Q.(t) is
a bounded linear operator for each ¢ € [0, T]. If Q.(t) is bijective (i.e., one-
to-one and onto), then it has a bounded inverse. This, in turn, implies that
Q.(t) exhibits the F-Property. Roughly, the F-Property is a generalization
of the conditions in dealing with finite-dimensional spaces. Recall from
Section 4.2 that although fQ(t) = b is not solvable uniquely, by adding an
equation f1 = ¢, the system has a unique solution.

Owing to the inherited difficulty caused by the infinite dimensionality,
the irreducibility and smoothness of Q(-) are not sufficient to guarantee the
existence of asymptotic expansions. Stronger conditions are needed. In the
sequel, for ease of presentation, we consider the model with Q(-) irreducible
and both Q(-) and Q(-) infinite-dimensional.

For each t, we denote the spectrum of Q(t) by o(Q(t)). In view of Pazy
[172] and Hutson and Pym [90], we have

o(Q(t)) = 0a(Q(t)) N oc(Q(t)) N (Q(F)),

where 04(Q(t)), 0.(Q(t)), and o,(Q(t)) denote the discrete, continuous,
and residue spectrum of Q(¢), respectively. The well-known linear operator
theory implies that for a compact operator A, o.(A) = ), and the only
possible candidate for o.(A) is 0. Keeping this in mind, we assume that
the following condition holds.

(A4.9) The following condition holds.
(a) The smoothness condition (A4.4) is satisfied.
(b) The generator Q(t) exhibits the F-Property.
(©) supre oz IO < 00 and sup, oz, [0(1)] < .
(d) The eigenvalue 0 of Q(t) has multiplicity 1 and 0 is not an
accumulation point of the eigenvalues.

(e) o(Q()) = 0.
Remark 4.52. Item (a) above requires that the smoothness condition be
satisfied and Item (b) requires the operator (1:Q(t)) satisfy a Fredholm-

alternative-like condition. Finally, (d) indicates the spectrum of (1:Q(t)) is
like a compact operator. Recall that for a compact linear operator, 0 is in
its spectrum, and the only possible accumulation point is 0. Our conditions
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mimic such a condition. It will be used when we prove the exponential decay
property of the initial-layer terms.

Theorem 4.53. Under condition (A4.9), the results in Theorem 4.29 hold
for Markov chains with countable-state space.

Proof: The proof is very similar to its finite-dimensional counterpart.
We only point out the difference here.

As far as the regular part is concerned, we get the same equation (4.44).
One thing to note is that we can no longer use Cramer’s rule to solve
the systems of equations. Without such an explicit representation of the
solution, the smoothness of ¢;(-) needs to be proved by examining (4.44)

directly. For example,
o0

Z po,i(t) =1,
i=1

po(1)Q(t) = 0,

can be rewritten as
wo(t) (Ilf@(t)) = (1,0,...). (4.99)

Since @(t) satisfies the F-Property, this equation has a unique solution.
To verify the differentiability, consider also

0ot + 6) <n5c§(t + 5)> =(1,0,...).

Examining the difference quotient leads to

wo(t + 6) (ﬂfé(t + 6)) — @o(t) (ﬂf@(t))

0= 5
folt +6) — gol)] (nf@<t+6>)
- 5
oo(t) ((ni@m 5) - <ni@<t>>)

_|_

]

Taking the limit as 6 — 0 and by virtue of the smoothness of @(), we have

ottt (ac+0) i i )

5—0 0
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That is (d/dt)po(t) exists and is given by the solution of

200 (100)) = ot (5922),

Again by the F-Property, there is a unique solution for this equation.
Higher-order derivatives of ¢o(-) and smoothness of ;(-) can be proved
in a similar way. _

As far as the initial-layer terms are concerned, since Q(0) is a bounded
linear operator, the semigroup interpretation exp(@(O)r) makes sense.
It follows from Theorem 1.4 of Pazy [172, p. 104] that the equation

o) _ 4o(r)QM0). ol0) = po ~ £0(0)

has a unique solution.

To show that 1¢o(-) decays exponentially fast, we use an argument that is
analogous to the finite-dimensional counterpart. Roughly, since the multi-
plicity of the eigenvalue 0 is 1, the subspace generated by the corresponding
eigenvector vg is one-dimensional. Similar to the situation of Section 4.2,
lim,_, exp(Q(0)7) exists and the limit must have identical rows. Denote
the limit by P. It then follows that

exp(Q(0)7) — P| < K exp(—ror).

The meaning should be very clear. Upon “subtracting” the subspace
generated by v, it ought to behave like exp(—ko7). A similar argument
works for ¢ = 1,...,n + 1, so the ;(-) decay exponentially fast. O

4.6.3 A Remark on Finite-Dimensional Approximation

Concerning the cases in Section 4.6.2, a typical way of dealing with infinite-
dimensional Markov chains is to make a finite-dimensional approximation.
Let Q(t) = (gi;(t)), t > 0, denote a generator of a Markov chain with
countable-state space. We consider an N x N, N = 1,2,..., truncation
matrix Qn(t) = (¢i;(t));;—,- Then Qn(t) is a subgenerator in the sense
that 320 | ¢i(t) <0,i=1,2,...,N.

A first glance seems to indicate that the idea of subgenerator provides
a way to treat the problem of approximating an infinite-dimensional gen-
erator by finite-dimensional matrices. In fact, Reuter and Ledermann used
such an idea to derive the existence and uniqueness of the solution to
the forward equation (see Bharucha-Reid [10]). Dealing with singularly
perturbed chains with countable-state space, one would be interested in
knowing whether a Galerkin-like approximation would work in the sense
that an asymptotic expansion of a finite-dimensional system would provide
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an approximation to the probability distribution. To be more precise, let
af(+) denote the Markov chain generated by Q(t)/e and let

p*(t) = (P(a®(t) =1),...,P(a®(t) = k),...).
Consider the following approximation via N-dimensional systems

e, N

W20 _ LN (), Y (0) =1 (4.100)
€

Using the techniques presented in the previous sections, we can find outer
and inner expansions to approximate p* (t). The questions are these: For
small ¢ and large N, can we approximate pc(t) by p=™(¢)? Can we ap-
proximate p= () by y™V(t), where y5V (t) is an expansion of the form
(4.43) when subgenerators are used? More importantly, can we use y= (t)

to approximate p®(t)?

Although pf () can be approximated by its truncation pf’N(t) for large
N and p=¥(t) can be expanded as y5™V (¢) for small ¢, the approximation
of y=N(t) to p*(t) does not work in general because the limits as ¢ — 0
and N — oo are not interchangeable. This can be seen by considering the
following example.

Let

1 1 1
2 22
1 1
I =
Qy=Q=| 2 2

1 1
2 3 !

Then for any IV, the truncation matrix Qx has only negative eigenvalues.
It follows that the solution p= () decays exponentially fast, i.e.,

Hot

pE’N(t)’ < Cexp (—?> :

Thus, all terms in the regular part of y5 vanish. It is clear from this
example that y5™V (¢) cannot be used to approximate p°(t).

4.7 Remarks on Singularly Perturbed Diffusions
In this section, we present some related results on singular perturbations

of diffusions. If in lieu of a discrete state space, one considers a continuous-
state space, then naturally the singularly perturbed Markov chains become
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singularly perturbed Markov processes. We illustrate the idea of matched
asymptotic expansions for singularly perturbed diffusions. In this section,
we only summarize the results and refer the reader to Khasminskii and Yin
[116] for details of proofs. To proceed, consider the following example.

Example 4.54. This example discusses a model arising from stochastic
control, namely, a controlled singularly perturbed system. As pointed out
in Kushner [140] and Kokotovic, Bensoussan, and Blankenship [127], many
control problems can be modeled by systems of differential equations, where
the state variables can be divided into two coupled groups, consisting of
“fast” and “slow” variables. A typical system takes the form

da] = f1(25, 25, u)dt + o1 (27, 25)dwy, z5(0) = 21,

1 1
das = Efg(xi,xg,u)dt + —o2 (i, z5)dws, 25(0) = x4,

NG

where w1 (-) and wy(-) are independent Brownian motions, f;(-) and o;(-)
for ¢ = 1, 2 are suitable functions, v is the control variable, and £ > 0 is a
small parameter. The underlying control problem is to minimize the cost
function

T
J (21, x0,u) = E/ R(x5(t), 25(t), u)dt,
0

where R(-) is the running cost function. The small parameter & > 0 signifies
the relative rates of #f and z§. Such singularly perturbed systems have
drawn much attention (see Bensoussan [8], Kushner [140], and the refer-
ences therein). The system is very difficult to analyze directly; the approach
of Kushner [140] is to use weak convergence methods to approximate the
total system by the reduced system that is obtained using the differen-
tial equation for the slow variable, where the fast variable is fixed at its
steady-state value as a function of the slow variable. In order to gain further
insight, it is crucial to understand the asymptotic behavior of the rapidly
changing process x5 through the transition density given by the solution of
the corresponding Kolmogorov-Fokker-Planck equations.

As demonstrated in the example above, a challenge common to many
applications is to study the asymptotic behavior of the following problem.
Let € > 0 be a small parameter, and let X§(-) and X5(-) be real-valued
diffusion processes satisfying

dX§ = ay(t, X5, X5)dt + oy (t, X5, X5)dwn,

1 1
dX3 = —aa(t, X7, X5)dt + ﬁog(t,Xf,Xg)dwg,
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where the real-valued functions ai(t, x1, x2), as(t, 1, x2), o1(t, 21, 22), and
o2 (t, x1,x2) represent the drift and diffusion coefficients, respectively, and
w1 (+) and ws(+) are independent and standard Brownian motions. Define a
vector X as X = (X1, X2)". Then X¢(-) = (X5(-), X5(+)) is a diffusion pro-
cess. This is a model treated in Khasminskii [113], in which a probabilistic
approach was employed. It was shown that as ¢ — 0, the fast component
is averaged out and the slow component X§(-) has a limit X{(-) such that

dX7(t) = @ (X7(t)dt +71(X] (t))dwr,

where

El(t,:zrl) = /al(t,xl,:zrg),u(t,:zrl,:zrg)d:rg,

o1(t, 1) =/01(t7$1,$2)u(f,$1,$2)d$2,

and () is a limit density of the fast process X5(-).

To proceed further, it is necessary to investigate the limit properties of
the rapidly changing process X5(+). To do so, consider the transition density
of the underlying diffusion process. It is known that it satisfies the forward
equation

o 1. o s
at - €£2p +‘C1 )
p° (0,1, x2) = po(x1,x2) With po(z1,22) > 0 and (4.101)
//P0($1,$2)d$1d$2 =1,
where

L1t 01,22) - = 2 (@At w1, m2) ) — (a1, 23) )
1\, L1, T2 - 28$1 25} £, T2 a.’L'l aj T1,T2 )
. 1 92

Ez(t,xl,l'g) - = 28172 (UQ(t LL‘l,JJg) ) — 8—@(&2(15,,@1,,@2) )

Similar to the discrete-state-space cases, the basic problems to be addressed
are these: As e — 0, does the system display certain asymptotic properties?
Is there any equilibrium distribution? If p° (¢, 21, 22) — p(¢, x1, x2) for some
function p(-), can one get a handle on the error bound (i.e., a bound on
|p8 (tv L1, xQ) - p(t, L1, IQ)D?

To obtain the desired asymptotic expansion in this case, one needs to
make sure the quasi-stationary density exists. Note that for diffusions in
unbounded domains, the quasi-stationary density may not exist. Loosely
for the existence of the quasi-stationary distribution, it is necessary that
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the Markov processes corresponding to L3 be positive recurrent for each
fixed t. Certain sufficient conditions for the existence of the quasi-stationary
density are provided in Il'in and Khasminskii [93]. An alternative way of
handling the problem is to concentrate on a compact manifold. In doing
so we are able to establish the existence of the quasi-stationary density.
To illustrate, we choose the second alternative and suppose the following
conditions are satisfied.
For each t € [0,T], 7,7 =1, 2, and

— for each 22 € R, ay(t,-,x2), 0%(t, -, x2) and po(-, x2) are periodic
with period 1;
— for each z1 € R, as(t,z1,-), 03(t,x1,-) and po(z1, ) are periodic
with period 1.
There is an n € Z such that for each i = 1, 2,
ai(-), o2(-) e erHL2nt 2t or all ¢ € [0,T], @1, 20 € [0,1], (4.102)

the (n + 1)st partial with respect to ¢ of a;(-,x1,22), and o2 (-, 21, x2) are
Lipschitz continuous uniformly in a1,z € [0, 1]. In addition, for each t €
[0,T] and each z1, x5 € [0,1], 02(t, x1,22) > 0.

Definition 4.55. A function pu(-) is said to be a quasi-stationary density
for the periodic diffusion corresponding to the Kolmogorov-Fokker-Planck
operator L3 if it is periodic in x; and x2 with period 1,

0 < p(t, @1, z2) for each (¢, z1,x2) € [0,T] x [0,1] x [0, 1],

and for each fixed ¢t and z1,

1
/ p(t, x1, 29)dee =1 and Lip(t,xq1,22) = 0.
0

To proceed, let H be the space of functions that are bounded and continuous
and are Holder continuous in (z1,x2) € [0, 1] x [0, 1] (with Holder exponent
A for some 0 < A < 1), uniformly with respect to ¢. For each hy, ho € H
define (hy, ha)y as

T 1 1
<h17h2>H=/0 /0/0hl(tuxlu=T2)h2(taxlax2)dxldx2dt'

Under the assumptions mentioned above, two sequences of functions ¢;(-)
(periodic in 21 and x2) and v;(-) for ¢ = 0,...,n can be found such that

(a) @i(-,-,-) € CrH1=i2(n+1=0).2(n+1-0),

(b) v¥i(t/e,x1,x2) decay exponentially fast in that for some ¢; > 0 and

co > 0,
t cat
U)’L' <—,$1,$2> S C1 €Xp <_i> 5
g e

sup
1,22€[0,1]
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c) define s¢ b
n PY

~ [ [t
s, L, ) = ! ilts ) ! i\ o ) )
55 (t, 1, 22) Z (5 il(t,x1,22) + " (5 X1 xg))

=0

for each h € H, the following error bound holds:
[(p° — 52, h>’H‘ = O(e" ). (4.103)

It is interesting to note that the leading term of the approximation ¢g(-) is
approximately the probability density of X5, namely, vo(¢, x1) multiplied
by the conditional density of X given X; = 1 (i.e., holding z; as a
parameter), the quasi-stationary density u(t, 21, 22). The rest of the terms
in the regular part of the expansion assume the form

/L(ta T, IQ)vi(ta Il) + Ul(ta T, I2)7

where U;(+) is a particular solution of an inhomogeneous equation. Note
the resemblance of the form to that of the Markov-chain cases studied
in this chapter. A detailed proof of the assertion is in Khasminskii and
Yin [116]. In fact, more complex systems (allowing interaction of X§ and
X5, the mixed partial derivatives of z; and x2 as well as extension to
multidimensional systems) are treated in [116]. In addition, in lieu of (-, ),
convergence under the uniform topology can be considered via the use
of stochastic representation of solutions of partial differential equations
or energy integration methods (see, for example, the related treatment of
singularly perturbed switching diffusion systems in II'in, Khasminskii, and
Yin [94]).

4.8 Notes

Two-time-scale Markov chains are dealt with in this chapter using purely
analytic methods, which are closely connected with the singular perturba-
tion methods. The literature of singular perturbation for ordinary differen-
tial equations is rather rich. For an extensive list of references in singular
perturbation methods for ordinary differential equations and various tech-
niques such as initial-layer etc., we refer to Vasi’leva and Butuzov [209),
Wasow [215, 216], O’Malley [163], and the references therein. The develop-
ment of singular perturbation methods has been intertwined with advances
in technology and progress in various applications. It can be traced back to
the beginning of the twentieth century when Prandtl dealt with fluid mo-
tion with small friction (see Prandtl [178]). Nowadays, the averaging princi-
ple developed by Krylov, Bogoliubov, and Mitropolskii (see Bogoliubov and
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Mitropolskii [18]) has become a popular technique, taught in standard grad-
uate applied mathematics courses and employed widely. General results on
singular perturbations can be found in Bensoussan, Lion, and Papanico-
laou [7], Bogoliubov and Mitropolskii [18], Eckhaus [54], Erdélyi [58], II’in
[92], Kevorkian and Cole [108, 109], Krylov and Bogoliubov [133], O’Malley
[163], Smith [199], Vasil’eava and Butuzov [209, 210], Wasow [215, 216]; ap-
plications to control theory and related fields are in Bensoussan [8], Bielecki
and Filar [11], Delebecque and Quadrat [44], Delebecque, Quadrat, and
Kokotovic [45], Kokotovic [126], Kokotovic, Bensoussan, and Blankenship
[127], Kokotovic and Khalil [128], Kokotovic, Khalil, and O’Reilly [129],
Kushner [140], Pan and Bagar [164, 165, 166], Pervozvanskii and Gaitsgori
[174], Phillips and Kokotovic [175], Yin and Zhang [233], among others; the
vast literature on applications to different branches of physics are in Risken
[182], van Kampen [208]; the survey by Hénggi, Talkner, and Borkovec [80]
contains hundreds of references concerning applications in physics; related
problems via large deviations theory are in Lerman and Schuss [151]; some
recent work of singular perturbations to queueing networks, and heavy traf-
fic, etc., is in Harrison and Reiman [81], Knessel and Morrison [125], and
the references therein; applications to manufacturing systems are in Sethi
and Zhang [192], Soner [202], Zhang [248], and the references cited there;
related problems for stochastic differential equations and diffusion approx-
imations, etc., can be found in Day [42], Friedlin and Wentzell [67], II’in
and Khasminskii [93], Khaminskii [111, 112], Kushner [139], Ludwig [152],
Matkowsky and Schuss [158], Naeh, Klosek, Matkowski, and Schuss [160],
Papanicolaou [169, 170], Schuss [187, 188], Skorohod [198], Yin [222], Yin
and Ramachandran [227], and Zhang [247], among others. Singularly per-
turbed Markov processes also appear in the context of random evolution,
a generalization of the motion of a particle on a fixed line with a ran-
dom velocity or a random diffusivity; see, for example, Griego and Hersh
[76, 77] and Pinsky [177]; an extensive survey can be found in Hersh [85]. A
first-order approximation of the distribution of the Cox process with rapid
switching is in Di Masi and Kabanov [48]. Recently, modeling communica-
tion systems via two-time-scale Markov chains has gained renewed interest;
see Tse, Gallager, and Tsitsiklis [206], and the references therein.

It should be pointed out that there is a distinct feature in the problem
we are studying compared with the traditional study of singularly per-
turbed systems. In contrast to many singularly perturbed ordinary differ-
ential equations, the matrix Q(t) in (4.3) is singular, and has an eigenvalue
0. Thus the usual stability condition does not hold. To circumvent this dif-
ficulty, we utilize the g-Property of the matrix Q(¢), which leads to a prob-
abilistic interpretation. The main emphasis in this chapter is on developing
approximations to the solutions of the forward equations. The underlying
systems arise from a wide range of applications where a finite-state Markov
chain is involved and a fast time scale t/¢ is used. Asymptotic series of the
probability distribution of the Markov chain have been developed by em-
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ploying the techniques of matched expansions. An attempt to obtain the
asymptotic expansion of (4.3) is initiated in Khasminskii, Yin, and Zhang
[119] for time-inhomogeneous Markov chains. The result presented here is
a refinement of the aforementioned reference.

Extending the results for irreducible generators, this chapter further
discusses two-time-scale Markov chains with weak and strong interactions.
The formulations substantially generalize the work of Khasminskii, Yin,
and Zhang [120]. Section 4.3 discusses Markovian models with recurrent
states belonging to several ergodic classes is a refinement of [120].

Previous work on singularly perturbed Markov chains with weak and
strong interactions can be found in Delebecque, Quadrat, and Kokotovic
[45], Gaitsgori and Pervozvanskii [69], Pervozvanskii and Gaitsgori [174],
and Phillips and Kokotovic [175]. The essence is a decomposition and ag-
gregation point of view. Their models are similar to that considered in this
chapter. For example, translating the setup into our setting, the authors
of [175] assumed that the Markov chain generated by Q/e + @ has a sin-
gle ergodic class for e sufficiently small. Moreover, for each j =1,2,...,1,
the subchain has a single ergodic class. Their formulation requires that
Q(t) = Q and Q(t) = @, and it requires essentially the irreducibility of
@ e+ CA) for all € < gy for some g¢ > 0 small enough in addition to the irre-
ducibility of @j for 7 =1,2,...,1. The problem considered in this chapter
is nonstationary; the generators are time-varying. The irreducibility is in
the weak sense, and only weak irreducibility of each subgenerator (or block
matrix) Q7(t) for j = 1,2,...,1 is needed. Thus our results generalize the
existing theorems to nonstationary cases under weaker assumptions. The
condition on Q(t) exploits the intrinsic properties of the underlying chains.
Furthermore, our results also include Markov chains with countable-state
spaces. The formulation and development of Section 4.5 are inspired by
that of [175] (see also Pan and Basar [164]). This together with the con-
sideration of chains with recurrent states and the inclusion of absorbing
states includes most of practical concerns for the rapidly varying part of
the generator. Although the forms of the generators with absorbing states
and with transient states have more complex structures, the asymptotic
expansion of the probability distributions can still be obtained via a sim-
ilar approach to that of the case of block-diagonal Q(-). Applications to
manufacturing systems are discussed, for example, in Jiang and Sethi [99]
and Sethi and Zhang [192] among others. As a complement of the develop-
ment in this chapter, the work of II'in, Khasminskii, and Yin [94] deals with
the cases that the underlying Markov processes involve both diffusion and
pure jump processes; see also Yin and Yang [229]. Previous work of singu-
lar perturbation of stochastic systems can be found in Day [42], Friedlin
and Wentzel [67], Khasminskii [111, 112, 113], Kushner [139], Ludwig [152],
Matkowsky and Schuss [158], Naeh, Klosek, Matkowski, and Schuss [160],
Papanicolaou [169, 170], Schuss [187], Yin and Ramachandran [227], and
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the references therein. Singular perturbation in connection with optimal
control problems are contained in Bensoussan [8], Bielecki and Filar [11],
Delebecque and Quadrat [44], Kokotovic [126], Kokotovic, Bensoussan, and
Blankenship [127], Kushner [140], Lehoczky, Sethi, Soner, and Taksar [150],
Martins and Kushner [156], Pan and Basar [164], Pervozvanskii and Gaits-
gori [174], Sethi and Zhang [192], Soner [202], and Yin and Zhang [233]
among others. For discrete-time two-time-scale Markov chains, we refer
the reader to Yin and Zhang [238] Yin, Zhang, and Badowski [242] among
others.

We note that one of the key points that enables us to solve these problems
is the Fredholm alternative. This is even more crucial compared with the
situation in Section 4.2 for irreducible generators. In Section 4.2, the con-
sistency conditions are readily verified, whereas in the formulation under
weak and strong interactions, the verification needs more work and we have
to utilize the consistency to obtain the desired solution.

The discussions on Markov chains with countable-state spaces in this
chapter focused on simple situations. For more general cases, see Yin and
Zhang [230, 231], in which applications to quasi-birth-death queues were
considered; see also Altman, Avrachenkov, and Nunez-Queija [4] for a dif-
ferent approach. The discussions on singularly perturbed diffusion processes
dealt with mainly forward equations. For related work on singularly per-
turbed diffusions, see the papers of Khasminskii and Yin [115, 116] and the
references therein; one of the motivations for studying singularly perturbed
diffusion comes from wear process modeling (see Rishel [181]). For treat-
ments of averaging principles and related backward equations, we refer the
reader to Khasminskii and Yin [117, 118]. For a number of applications on
queueing systems, financial engineering, and insurance risk, we refer the
reader to Yin, Zhang, and Zhang [232] and references therein.
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Occupation Measures: Asymptotic
Properties and Ramification

5.1 Introduction

Chapter 4 deals with the probability distribution of a®(-) through the
corresponding forward equation and is mainly an analytical approach,
whereas the current chapter is largely probabilistic in nature. The cen-
tral theme of this chapter is limit results of unscaled as well as scaled
sequences of occupation measures, which include the law of large num-
bers for an unscaled sequence, exponential upper bounds, and asymptotic
distribution of a suitably scaled sequence of occupation times. It further
exploits the deviation of the functional occupation times from its quasi-
stationary distribution. We obtain estimates of centered deviations, prove
the convergence of a properly scaled and centered sequence of occupation
times, characterize the limit process by deriving the limit distribution and
providing explicit formulas for the mean and covariance functions, and
provide exponential bounds for the normalized process. It is worthwhile to
note that the limit covariance function depends on the initial-layer terms
in contrast with most of the existing results of central limit type.

The rest of the chapter is arranged as follows. We first study the asymp-
totic properties of irreducible Markov chains in Section 5.2. In view of the
developments in Remarks 4.34 and 4.39, the Markov chain with recurrent
states is the most illustrative and representative one. As a result, in the
remaining chapters, we mainly treat problems associated with this model.
Starting in Section 5.3.1, we consider Markov chains with weak and strong

G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications, 141
Stochastic Modelling 37, DOI 10.1007/978-1-4614-4346-9_5,
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interactions with generators consisting of multiple irreducible blocks. After
treating aggregation of the Markov states, we study the corresponding ex-
ponential bounds. We deal with asymptotic distributions. Then in Section
5.4, we treat Markov chains with generators that are merely measurable.
Next, remarks on inclusion of transient and absorbing states are provided
in Section 5.5. Applications of the weak convergence results and a related
stability problem are provided in Section 5.6. Finally, Section 5.7 concludes
the chapter with notes and further remarks.

5.2  The Irreducible Case

The notion of occupation measure is set forth first. We consider a sequence
of unscaled occupation measures and establish its convergence in prob-
ability to that of the accumulative quasi-stationary distribution. This is
followed by exponential bounds of the function occupation time and mo-
ment estimates. In addition, asymptotic normality is derived. Although the
prelimit process has nonzero mean and is nonstationary, using the results of
Section 4.2, the quasi-stationary regime is established after a short period
(of order O(g)). We also calculate explicitly the covariance representation
of the limit process, and prove that the process a°(-) satisfies a mixing
condition. The tightness of the sequence and the w.p.1 continuity of the
sample paths of the limit process are proved by estimating the fourth mo-
ment. The limit of the finite-dimensional distributions is then calculated
and shown to be Gaussian. By proving a series of lemmas, we derive the
desired asymptotic normality.

As was mentioned in previous chapters, the process a®(-) arises from per-
vasive practical use that involves a rapidly fluctuating finite-state Markov
chain. In these applications, the asymptotic behavior of the Markov chain
af(+) has a major influence. Further investigation and understanding of the
asymptotic properties of «°(-), in particular, the probabilistic structures,
play an important role in the in-depth study.

In Section 4.2, using singular perturbation techniques, we examined the
asymptotic properties of pf(t) = P(ac(t) = ). It has been proved that
pe(t) = (p5(t),...,p5,(t)) converges to the quasi-stationary distribution
v(t) as e — 0 for each ¢ > 0 and p°(¢) admits an asymptotic expansion in
terms of . To gain further insight, we ask whether there is a limit result
for the occupation measure fg Iz (s)=iyds. If a convergence is expected to
take place, then what is the rate of convergence? Does one have a cen-
tral limit theorem associated with the a®(-)-process? The answers to these
questions are affirmative. We will prove a number of limit results related
to an unscaled sequence, and a suitably scaled and normalized sequence.
Owing to the asymptotic expansions, the scaling factor is y/e. The limit
process is Gaussian with zero mean, and the covariance of the limit process
depends on the asymptotic expansion in an essential way, which reflects
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one of the distinct features of the central limit theorem. It appears that it
is virtually impossible to calculate the asymptotic covariance of the Gaus-
sian process without the help of the asymptotic expansion, which reveals a
salient characteristic of the two-time-scale Markov chain.

A related problem is to examine the exponential bounds on the scaled oc-
cupation measure process. This is similar to the estimation of the moment
generating function. Such estimates have been found useful in studying
hierarchical controls of manufacturing systems. Using the asymptotic ex-
pansion and the martingale representation of finite-state Markov chains,
we are able to establish such exponential bounds for the scaled occupation
measures.

5.2.1 Occupation Measure

Let (Q,F, P) denote the underlying probability space. As in Section 4.2,
a(-) is a nonstationary Markov chain on (2, F, P) with finite-state space
M ={1,...,m} and generator Q°(t) = Q(t)/e.

For each i € M, let §;(-) denote a bounded Borel measurable determinis-
tic function and define a sequence of centered (around the quasi-stationary
distribution) occupation measures Z¢(t) as

7 (1) = / (e iy — a(8)) Bi(s)ds. (5.1)

Set Z°(t) = (Z5(t), ..., Z5,(t)). It is a measure of the functional occupancy
for the process af(-). Our interest lies in the asymptotic properties of the
sequence defined in (5.1). To proceed, we first present some conditions and
preliminary results needed in the sequel.

Note that a special choice of §;(-) is 8;(t) = 1, for ¢t € [0, T]. To insert 5;(-)
in sequence allows one to treat various situations in some applications. For
example, in the manufacturing problem, 3;(t) is often given by a function
of a control process; see Chapter 8 for further details.

5.2.2  Conditions and Preliminary Results
To proceed, we make the following assumptions.

(A5.1) For each t € [0,T], Q(t) is weakly irreducible.

(A5.2) Q() is continuously differentiable on [0, T], and its derivative is
Lipschitz.

Recall that p*(t) = (P(af(t) = 1),..., P(a®(t) = m)) and let
pij(t,to) = P(a®(t) = jla®(to) = i)  for alli,j € M.

Use P¢(t,to) to denote the transition matrix (pf;(¢,t9)). The following
lemma is on the asymptotic expansion of P(¢, ).
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Lemma 5.1. Assume (A5.1) and (A5.2). Then there exists a positive
constant ko such that for each fired 0 <T < oo,

Pe(t,tg) = Po(t) —l—O(s—l—exp(—M)) (5.2)
uniformly in (to,t) where 0 <to <t <T and
v(t)
Py(t) = :
v(t)

In addition, assume Q(-) to be twice continuously differentiable on [0, T
with the second derivative being Lipschitz. Then

PE(t,to) = Po(t) +eP; (t)

+Qo <t_t0,to) +e@q <t_8t07t0) + 0(e?)

e

(5.3)

uniformly in (to,t), where 0 <tg <t <T,

p1(t)
Pl (t) = )
p1(t)
w = QO(T7 tO)Q(tO); T2 07

Qo(0,t0) = I — Py(to),

and

dQq(T,t0)
dr

Q1(0,t0) = —Pi(to),

dQ(to)

= Q1(7,%0)Q(to) + TQo(7 t0) T

T>0

where p1(t) is given in (4.13) (with 7 = (t — to)/e). Furthermore, for
i =0,1, the Pi(-) are (2—1) times continuously differentiable on [0,T] and
there exist constants K > 0 and kg > 0 such that

|Qi (1,t0)| < K exp(—koT), (5.4)

uniformly for tg € [0,T].
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Remark 5.2. Recall that v(t) and ¢ (t) are row vectors. As a result, Py(+)
and Py (-) have identical rows. This is a consequence of the convergence of
p(t) to the quasi-stationary distribution and the asymptotic expansions.

Proof of Lemma 5.1: It suffices to verify (5.3) because (5.2) can be de-
rived similarly. The asymptotic expansion of P¢(t,¢y) can be obtained as
in Section 4.2. Thus only the exponential bound (5.4) needs to be proved.
The main task is to verify the uniformity in ¢y. To this end, it suffices to
treat each row of Q;(7,ty) separately. For a fixed i = 0,1, let

77(7-7 to) = (771 (7_7 to), cee 777771(7_7 to))

denote any row of Q;(7,t9) and ny(tg) the corresponding row in Q;(0, o)
with

Qo(0,tg) =1 — Py(to) and

Q1(0,t9) = —Pi(to).

Then n(r,to) satisfies the differential equation

d77(7'7 tO)
dr

1(0,t0) = no(to).

= 77(7-7 to)Q(to), 7 >0,

By virtue of the assumptions of Lemma 5.1 and the asymptotic expansion,
it follows that 19 (to) is uniformly bounded and 79 (¢9)1 = 0.
Define

R = —max {The real parts of eigenvalues of Q(t), t € [0, T]}

Then Lemma A.6 implies that ® > 0. In view of Theorem 4.5, it suffices to
show that for all 7 > 0 and for some constant K > 0 independent of ¢y,

In(r,to)] < K exp (—%) | (5.5)
To verify (5.5), note that for any ¢ € [0, 7],
d
ML) _ i 10)QLs0) + (1) QL) — Q)]

Solving this differential equation by treating n(7, £o)[Q(to) — Q(s0)] as the
driving term, we have

n(7,t0) = no(to) exp (Q(s)7)
(5.6)

T / " (s, t0)[Q(t0) — Q<o) exp (Qs0) (7 — <)) .
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In view of (A5.2), for some Ky > 0,

Q(to) — Q(<0)| < Kolto — <ol-
Noting that 79(t9)1 = 0 and that Py(¢) has identical rows, we have
no(to)PQ(t) = 0, for ¢ 2 0.

Thus the equation in (5.6) is equivalent to

n(7,t0) = 10(to)(exp (Q(s0)s) — Po(<o))
+ /OT 1(s, t0)[Q(to) — Q(0)](exp (Q(0) (T — <)) — Polso))ds.

From Lemma A.2, we have

In(r to)| < K exp (—Rr) + Kalto — <ol / In(s. o)) exp (=R(r — 5)) d,
0

for some constants K7 and K3 which may depend on ¢y but are independent
of tg. By Gronwall’s inequality (see Hale [79, p. 306]),

[n(7;t0)| < Ky exp (=(k = Kalto — <[)7), (5.7)

for all o € [0,7] and 7 > 0.
If (5.5) does not hold uniformly, then there exist 7, > 0 and ¢,, € [0, 7]
such that

RTn
st 2 mesp (<752

Since T is finite, we may assume t,, — <o, as n — oo. This contradicts (5.7)
for n large enough satisfying |t, — | < £/(2K3) and K; < n. Thus the
proof is complete. O

Unscaled Occupation Measure

To study the unscaled occupation measure Z¢ (t) in (5.1), we define a related
sequence {2 £(t)} of R™-valued processes with its ith component Zf (t)
given by

250 = | Uty = Pa(s) = 1) (o).

Assume the conditions (A5.1) and (A5.2). We claim that for any § > 0,

lim( sup P(|Z°(t)| > 5)) =0 and (5.8)
e—0 0<t<T

lim( sup E|28(t)|2) = 0. (5.9)
e—0 0<t<T
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Note that (5.8) follows from (5.9) using Tchebyshev’s inequality. The veri-
fication of (5.9), which mainly depends on a mixing property of the under-
lying sequence, is almost the same as the moment estimates in the proof
of asymptotic normality in Lemma 5.13. The details of the verifications of
(5.8) and (5.9) are omitted here.

With (5.9) in hand for any § > 0, to study the asymptotic properties of
Z¢(+), it remains to show that

lim< sup P(|Z°(t)| > 6)) =0 and
e—0 0<t<T

lim| sup E|Z°(t 2)20.
HO(OSth 125(0)

In fact, it is enough to work with each component of Z¢(t). Note that both

Z#(t) and Z¢(t) are bounded. This together with the boundedness of 3(t)
and Lemma 5.1 implies that for each i € M,

sup E|Z;(t)
0<t<T

2
< 2( sup E|Z: () + sup E )
0<t<T 0<t<T

/0 (P(a%(s) = i) — vi(s)) Bu(s)ds

T
< 2( sup E|Z:(t)? —|—/ O(E)ds) — 0,
0

0<t<T

as € — 0, which yields the desired results.
The limit result above is of the law-of-large-numbers type. What has
been obtained is that as ¢ — 0,

t t
/ Iae(s)=iyds — / v;(s)ds  in probability as € — 0,
0 0

for 0 < t < T. In fact, a somewhat stronger result on uniform conver-
gence in terms of the second moment is established. To illustrate, suppose
that a®(t) = a(t/e) such that «(-) is a stationary process with stationary

distribution 7 = (71, ...,7;,). Then via a change of variable ¢ = s/e, we
have

1 [t e t/e

n / Has(s=iyds = § / Hao)=iyds

0 0
c t/e
=7 / Iio()=iyds = 7;  in probability as e — 0,
0

for 0 < t < T. This is exactly the continuous-time version of the law of
large numbers.
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Example 5.3. Let us return to the singularly perturbed Cox process of
Section 3.3. Recall that the compensator of the singularly perturbed Cox
process is given by

m t
GE(t) = GO + ZA ail{oﬁ(s):i}d‘sa
i=1

where a; > 0 for i = 1,...,m. Assume that all the conditions in Lemma 5.1
hold. Then Theorem 4.5 implies that P(a®(t) = i) — v;(t) as ¢ — 0. What
we have discussed thus far implies that for each i € M,

t t
/ ail{qe(s)=iyds — / a;v;i(s)ds  in probability as ¢ — 0 and
0 0

mo et
G*(t) —» G(t) = Go + Z/ a;vi(s)ds  in probability.
i=1"0
Moreover,
lim( sup E|Ge(t) — G(t)|2> =0.
e—0 0<t<T

In the rest of this chapter, we treat suitably scaled occupation measures;
the corresponding results for the Cox process can also be derived.

With the limit results in hand, the next question is this: How fast does the
convergence take place? The rate of convergence issue together with more
detailed asymptotic properties is examined fully in the following sections.

5.2.3 Exponential Bounds

This section is devoted to the derivation of exponential bounds for the
normalized occupation measure (or occupation time) n®(-). Given a deter-
ministic process ((-), we consider the “centered” and “scaled” functional
occupation-time process n®(t,i) defined by

1 t
n(t,i) = — Irpe(o)=iv — vi(s)) Bi(s)ds and
(1) = == [ oy =405)) 8o o

nc(t) = (n°(t,1),...,n°(t,m)) € R?*™,

In view of Lemma 5.1, we have, for 0 < s <t < T,

PEt,s) — Py(t) = O (g +exp (_M» :

€
for some kg > 0. Note that the big O(-) usually depends on T. Let Kr
denote an upper bound of
P=(t,s) — Po(t)
=T oxp(—rolt — 5)/2)
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for 0 < s <t <T. For convenience, we use the notation O1(y) to denote a
function of y such that |Oy(y)|/|y| < 1. The rationale is that Kp represents
the magnitude of the bounding constant and the rest of the bound is in
terms of a function with norm bounded by 1. Using this notation and K,
we write

PE(t,5) — Po(t) = K1O; (5 +exp (—@)) . (5.11)

Let y(t) = (yi;(t)) and z(t) = (2;(¢)) denote a matrix-valued function and
a vector-valued function defined on [0,T], respectively. Their norms are
defined by

lylr = max sup |y;(t)],

w OstsT (5.12)
|z|7 = max sup |z(t)|.

i 0<t<T

For future use, define §(t) = diag(B1(t), ..., Bm(t)). The following theorem
is concerned with the exponential bound of n¢(t) for ¢ sufficiently small.

Theorem 5.4. Assume that (A5.1) and (A5.2) are satisfied. Then there
exist eg > 0 and K > 0 such that for all0 < e < ¢, T > 0, and any bounded
and measurable deterministic function B(-) = diag(B1(:),...,Bm(")), the
following exponential bound holds:

O }
Eexpy ———~ sup |n°(t <K, 5.13
o e e, ) (.19

where O is a constant satisfying
(5.14)

with kg being the exponential constant in Lemma 5.1.

Remark 5.5. Note that the constants ¢y and K are independent of T
This is a convenient feature of the estimate in certain applications. The
result is in terms of a fixed but otherwise arbitrary T, which is particularly
useful for systems in an infinite horizon.

Proof: The proof is divided into several steps.
Step 1. In the first step, we show that (5.13) holds when the “sup” is absent.
Let x°(-) denote the indicator vector of a®(-), that is,

x° (t) = (I{aa(t):1}7 ceey I{aa(t):m}) and
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It is well known (see Elliott [56]) that w®(t) = (w5 (¢),...,ws,(t)), for t > 0,
isac{a®(s) : s < t}-martingale. In view of a result of Kunita and Watanabe
[134] (see also Tkeda and Watanabe [91, p. 55]), one can define a stochastic
integral with respect to w® (t). Moreover, the solution of the linear stochastic
differential equation

dx*(t) = x“ (1)@ (t)dt + dw®(t)
is given by
CO = OP 0+ [ (@ )P )
where P¢(t, s) is the principal matrix solution to the equation
%(tt,s) = %Pa(t, $)Q(t), with P*(s,s)=1

representing the transition probability matrix.
Note that for ¢t > s >0,

X5 () Po(t) = (X (s)Dw(t) = v(t).
Using this and (5.11), we have

X () = w(t)

= O (E0) = Ryt + [ (@ (D[P (t.5) = Ryfe) + Po()

t
= K70, <5+exp< Hs >)

+Kr / (dw* (5))O (E-l—exp( @)) +wt () Py (1)

)
I P e e

The last equality above follows from the observation that
Q(s)Py(t) =0 for all t > s >0,

and
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Recall that §(t) = diag(B1(t),. .., Bm(t)). Then it follows that

/ (x°(5) — (s))B(s)ds

0

= KrO;(e(t +1))

+Ky /Ot /Os(dws(r))Ol (s +exp (-@))ﬂ(s)ds

= KT01 (E(t + 1))

+Kr /Ot(dwg(r)) (/Tt 01 (5 + exp(—@))ﬁ(s)d‘s)

= KrO:1(e(t 4 1))

rettr [ s )0n (6= + - (1- e -0 ) e

= KrO1(e(t+ 1))+ eKr|B|r (T + /@io) /0 (dw® (r))b(r, t),

where b(s,t) is a measurable function and |b(s,t)|] < 1 for all s and ¢.
Dividing both sides by (T + 1), we obtain

1
T+1

/ ((s) - V(S))B(S)dS‘ -

= enig0n(1) + ercalgla (T 0L | | t(dwE(s))b(s,t)\ |

T+1

Therefore, we have

poo{ | e \}

< Fex

{Wﬁ{

In view of the choice of 07, it follows that

be Xp{f 5 ‘/ oo}

T+ )
7\“[ ) {— ' ))b(s,t)'} (5.16)

vt / (60t}

| /\

| /\
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Recall that
w(t) = (wi(t), .., w, (1)),
It suffices to work out the estimate for each component w$(¢). That is, it

is enough to show that for each : =1,...,m,

t

b(s,t)dws(s)
0

Eexp{ } <K, (5.17)

€
T+1

for all measurable functions b(-,-) with [b(s,t)] < 1 and 0 < t < T. For
each tg > 0, let bo(s) = b(s, to).
For any nonnegative random variable &,

oo

Eef = / eSdP

oo

Z / eItiap
=0 Ji<e<i+1}

=Y JHNP(j<E<j+
j 0

:=§:a+1 (E>4)—PE>j+1)

IN

< e+(e—1)ZejP(52j)-
j=1
By virtue of the inequality above, we have

7%fﬁhmmm@}

<et(e—1 Ze@(\/_v (8)] >

To proceed, let us concentrate on the estimate of

S )

Foreachi=1,...,m, let

Eexp{

(5.18)

A%@mm>

@@:Am@mw>

and let ¢;(-) denote the only solution to the following equation (see Elliott
[65, Chapter 13])

Mﬂ=1+QA@@WﬂM%



5.2 The Irreducible Case 153

where @;(s7) is the left-hand limit of ¢; at s and ¢ is a positive constant
to be determined later. In what follows, we suppress the i-dependence and

write p;(+) and g;(+) as p(-) and g(-) whenever there is no confusion.
Note that p(t), for ¢t > 0, is a local martingale. Since

cﬁa@v@@»tzm

is a local martingale, we have Eq(t) < 1 for all ¢ > 0. Moreover, ¢(t) can
be written as follows (see Elliott [55, Chapter 13]):

q(t) = exp ((p(t)) [T (1 + CAB(s)) exp (—¢AB(s)) , (5.19)

s<t
where Ap(s) := p(s) — p(s~), with |Ap(s)| < 1.

Now observe that there exist positive constants {y and x; such that for
0 < ¢ < and for all s >0,

(1+ CAp(s)) exp (—CApP(s)) > exp (—/{1C2) . (5.20)
Combining (5.19) and (5.20), we obtain
q(t) = exp{Cp(t) — w1C*N ()}, for 0< ¢ < o, t >0,

where N (t) is the number of jumps of p(s) in s € [0,¢]. Since N(t) is a
monotonically increasing process, we have

q(t) = exp {¢p(t) — k1CPN(T)}, for 0 < ¢ < (o.

Note also that for each i =1,...,m,

P&%%TA%www@
A CUEE

Consider the first term on the right-hand side of the inequality above. Let
a; = j(T +1)/(8kie). Then

)

IN
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P (o> 22
<P <q(t) > exp {jCT — mézN(T)})

<P <§(t) > exp {W% - mczN(T)} ,N(T) < aj)
+ P(N(T) = a;)

<P (QN(f) > exp (@ - 5142%‘)) + P(N(T) = a;)

< 2exp (—jg‘/ﬁ +r1(%a ) + P(N(T) > a;).

NG

The last inequality follows from the local martingale property (see Elliott
[55, Theorem 4.2]).
Now if we choose ¢ = 44/2//T + 1, then

exp (—% + m1§2aj) =e Y,

In view of the construction of Markov chains in Section 2.4, there exists a
Poisson process No(-) with parameter (i.e., mean) a/e for some a > 0, such
that N(t) < Np(t). Assume a = 1 without loss of generality (otherwise one
may replace ¢ by ea—1). Using the Poisson distribution of Ny(t), we have

P(No(T) > k) < (Tléf)k for k > 0.

In view of Stirling’s formula (see Chow and Teicher [30] or Feller [60]), for
€ small enough,

T/e)las] ] aj—1 .
P(N(T) > a;) < (/E—)'] <2 (ﬂ) = 27y’ 17
La; ]! J
where |a;| is the integer part of a; and

8
Yo = jm (0,1) for jo > max{1,8ex;}.
0
Thus, for j > jo,
t
P (—8 / b w5 (s) > j) <2 % 4 276”71
vI+1Jo

Repeating the same argument for the martingale (—p(+)), we get for j > jo,

dws (s) > j> <2 ¥ 420t

(=)
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Combining the above two inequalities yields that for j > jo,

(£

T+1

bo(s)dws (s)
0

23’) S4(eH 5.

Then by (5.18),
| oo

oo
< Ko+4(e—1) ZeJ 72J+’yaj_1),
j=1

Eexp{

where K is the sum corresponding to those terms with j < jo. Now choose
¢ small enough that e’yé/(gms) < 1/2. Then
NG

Vi / bo (s)du (s)

Since t( is arbitrary, we may take ¢ty = ¢ in the above inequality. Then

VE
T+1

Eexp{ }§K0+4e’yo_1.

t

b(s,t)dws(s)
0

Eexp{

} < Ko + ey .

Combining this inequality with (5.16) leads to

Or

Eexp{m / (x°(5) — 1())B(s)ds

|

<e(Ko+4eyy ') = K.

Step 2. Recall that

1 t
(i) = —= I ale,s)=i} — Vi i d
w(t) = 7= [ Ulatemm = (9) Aits) ds
Then, for each i € M, n®(t,14) is nearly a martingale, i.e., for € small enough,
|E[n®(t,i)|Fs] —n(s,i)] <O(Ve), forallweQand0<s<t<T.

(5.21)

Here O(4/2) is deterministic, i.e., it does not depend on the sample point w.
The reason is that it is obtained from the asymptotic expansions. In fact,
for all ig € M,
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E [/s (Tra(e,ry=iy — vi(r))Bi(r) dr‘a(a, s) =1p
= / (Ell{a(e,r)=iylale, 8) = do] — vi(r))Bi(r) dr
= [1P(ate) = ilale.s) = i0) = i) dr

= / O(e + exp(—ko(r — s)/e) dr = O(e).

So, (5.21) follows.
Step 3. We show that for each a > 0,

Elexp{aln®(t, )|} 7] = exp{aln®(s,i)[}(1 + O(VE)).

First of all, note that ¢(z) = |z| is a convex function. There exists a
vector function ¢g(z) bounded by 1 such that

¢(x) = ¢(a) + ¢o(a) - (z — a),
for all z and a. Noting that O(y/) = —O(y/€), we have

Eln®(t, i) | Fs] = [n*(s,0)| + do(n®(s, ) - E[n=(t,7) — n*(s,1)| ]

Y

[n*(s,9)| + O(v/&).

Moreover, note that e®® is also convex. It follows that
Elexp(a|n®(t,)])|Fs]
> exp(aln®(s, i)|) + aexp{a|n®(s,9)[} E[|n®(t, )| — [n°(s,4)| | ]

> exp(aln(s,9)])(1 + O(VE)).

Step 4. Let 2°(t) = exp(a|n®(t,i)|) for a > 0. Then, for any F; stopping
time 7 < T,

E[a*(T)|F] = 2*(1)(1 + O(Ve)). (5.22)

Note that 2°(t) is continuous. Therefore, it suffices to show the above
inequality when 7 takes values in a countable set {t1,2,...}. To this end,
note that, for each ¢;,

El2*(T)|Fe.] = 2°(t:)(1 + O(Ve)).
For all A € F,, we have AN{7r =t;} € F,. Therefore,

/ +*(T)dP > </ 2°(7) dP) (1+ O(V)).
An{r=t;} An{r=t;}
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Thus
{Afawwz(lﬁﬂﬂﬂﬂﬂ+0®@%

and (5.22) follows.
Step 5. Let a = 6/+/(T + 1)% in Step 3. Then, for ¢ small enough, there
exists K such that

P (Sup 25() > ;v) <K (5.23)

t<T €T

for all z > 0.

In fact, let 7 = inf{t > 0 : 2°(t) > x}. We adopt the convention that
T=o00if {t >0 : 2°(¢t) > 2} = (). Then we have

E[z*(T)] = (E[z*(T A 7)])(1 + O(Ve)),

and write

Ez*(T A7) = El2* (1) [iz<my] + El2*(T){r>1y] 2 Ela® (1) {r<1y].
Moreover, in view of the definition of 7, we have

E[2°(T)I{;<1}| = ®P(r <T) > zP <fl<l¥ x=(t) > x> .

It follows that

K
<=
X

r <sup () > x
t<T

)< Ela(T)]
= 1+ 0o

Thus, (5.23) follows.
Finally, to complete the proof of (5.13), note that, for 0 < k < 1,

/4/9 € N . 15 K
Eexp (TT)?’ fggm (t,z)|> =F {fgg(x (1) } )

It follows that

E [sup(:z:s(t))“] - /Ooo P <sup(a:5(t))“ > x> dz

t<T t<T

IN

1+ /loo P (Sup(wa(t))“ > x) dz

t<T

1 —|—/ P (supxs(t) > x”“) dx
1

t<T

IN

IN

l—l—/ Kz Y5 de < .
1

This completes the proof. 0



158 5. Occupation Measures: Asymptotic Properties and Ramification

Next we give several corollaries to the theorem. Such estimates are use-
ful for establishing exponential bounds of asymptotic optimal hierarchical
controls in manufacturing models (see Sethi and Zhang [192]).

Corollary 5.6. In Theorem 5.4, if Q(t) = Q, a constant matriz, then the

following stronger estimate holds:

Or }
EFexp{ ——— sup [n°(t < K. 5.24
P { VI+T ogth Ol < ( )

Moreover, the constant O = 0 is independent of T for T > 0.

Proof: If Q(t) = @, then ¢1(¢) in Lemma 5.1 is identically 0. Therefore,
the estimate (5.11) can be replaced by

Pe(t.5) = Foft) = K701 (oxp (2=,

€

As a result, the estimate in (5.15) can be replaced by

=eKr01(1)+eKr sup
0<t<T

sup
0<t<T

/ (x°(5) — v(s))B(s)ds / O1 (1) (5)
0 0

The proof of (5.24) follows in essentially the same way as that of Theo-
rem 5.4 (from equation (5.15) on).

To see that 07 in (5.24) is independent of T, it suffices to note that in
(5.11) the constant K7 is independent of 7', which can be seen by examining
closely Example 4.16. O

Corollary 5.7. Under the conditions of Theorem 5.4, there exist constants
K, such that for j =1,2,...,

E sup |n°(t)[* < K;(1+T)%. (5.25)
0<t<T

Moreover, if Q(t) = Q, then for some K; independent of T and

E sup |nf(t)]7 < K;(1+T). (5.26)
0<t<T

Proof: Since (5.26) follows from a similar argument to that of Corollary 5.6,
it suffices to verify (5.25) using Theorem 5.4. Note that foreach j = 1,2,.. .,
there exists KJQ such that for all z, we have %7 < K?ex. Thus,

(e |n8<t>|)2j < Kyesp |

sup |n°(t
T+1)% 0<t<T p, In"(®)

o )
(T +1)% o<t<T '

Taking expectations on both sides of the above inequality yields the desired
estimate. (]
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Corollary 5.8. Under the conditions of Theorem 5.4, for each 0 < § <
1/2, we have

P ( sup /Ot(f{as(s)_i} — vi(s))Bi(s)ds

0<t<T

255‘5)

(5.27)
<K Or
=RV S )i

Moreover, if Q(t) = Q, then Op = 0 is independent of T' and

/(I{QE(S):i}_ vi(s))Bi(s)ds 2555)
’ (5.28)

P ( sup
0<t<T

Proof: Using Theorem 5.4, we obtain

/O Tiae o)y — i(5))Bils)ds

P < sup
0<t<T

_ Or e bre
- P<exp{<T+ DT o2l " (t”} Zexp{\/E(T + 1)3}>

Or
= Kexp{‘m}'

This proves (5.27). Similarly, (5.28) follows from Corollary 5.6. O

5.2.4  Asymptotic Normality
Recall that the ith component of n®(-) is given by

nt (t,i) = %/0 (I{af(s):i} — I/i(S)) ﬁl(s)ds

It is expected that the sequence of centered and scaled occupation measures
will display certain “central limit type” phenomena. The goal here is to
study the asymptotic properties of n(:) as ¢ — 0. To be more specific,
we show that n®(-) converges to a Gaussian process as £ goes to 0. The
following theorem is the main result of this section.

Theorem 5.9. Suppose that (A5.1) is satisfied and Q(-) is twice continu-
ously differentiable in [0, T] with the second derivative being Lipschitz. Then
fort € [0,T], the process n°(-) converges weakly to a Gaussian process n(-)
with independent increments such that

En(t) =0 and E[n'(t)n(t)] = /0 A(s)ds, (5.29)
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where A(t) = (Ai; (t)) with
Aij (t) :ﬂz (t)ﬂj (t) |:I/i (t)/ooqu#ij (T, t)d’l”—l— vy (t)/ooquﬁji (T, t)d’l”:| 5 (530)
and Qo(r,t) = (qo,i;(r,t)).

Remark 5.10. In view of (5.29) and the independent increment property
of n(t), it follows that

min{ty,t2}
B (t)n(ts)] = /O A(s)ds. (5.31)

The form of the covariance matrix (between ¢; and ts) reveals the nonsta-
tionarity of the limit process n(-). Note that the limit covariance of n(t)
given in (5.31) is an integral of the function A(s) defined in (5.30). For
simplicity, with a slight abuse of notation, we shall also call A(t) as the
covariance. This convention will be used throughout the chapter.

Remark 5.11. The additional assumptions on the second derivative of
Q(+) in Theorem 5.9 are required for computing or characterizing the func-
tion A(-). It is not crucial for the convergence of n°(-); see Remark 5.44 in
Section 5.3.3 for details.

Proof of Theorem 5.9: We divide the proof into several steps, which are
presented by a number of lemmas.

Step 1. Show that the limit of the mean of n®(-) is 0.

Lemma 5.12. For each t € [0,T],

lim En®(t) = 0.

e—0

Proof: Using Theorem 4.5 and the boundedness of 3;(-), for ¢t € [0, T,

% /0 (Bl sy — vi($))Bi(5)ds

- %/gt(p(a%s)—i)—m( )Bi(s)

_ %/Ot{o@n()(em( ))}ﬂl

_ O(\/E)—i—%/otO(exp( ”°S> s =0(/2) = 0,

for each 1 € M. O

Step 2. Calculate the limit covariance function.

Enc(t,q)
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Lemma 5.13. For each t € [0,T],

lim E(n / A(s (5.32)

e—0
where A(t) is given by (5.30).

Proof: For each 1,7 € M,

B0 e 1) = L8[ [ Utariomn = w1
<[ e = e
= %EU; /Ot (I{m(c)—z‘,m(m—j} = vi(){as (=3}

() o (eyiy + iS5 ))m( )ﬂj<r>d<dr}

Let

and let

Then it follows that

E[né(t,i zé[//qfcrﬁl ()Bj(r)dsdr
(/Dl /132) (s, 7)Bi(s)Bj (r)dsdr.

Note that if (s,r) € Dy, then ¢ > r and
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Hence, for (s,r) € D; we have
%(,7) = [Plas(s) = ila(r) = j) = wi(s)]P(a”(r) = j)
+vj(r)vi(s) = P(as(¢) = 1)].

Using Theorem 4.5 and Lemma 5.1, for (¢,7) € Dy,

#(cor) = (4 aoa( =0 ) +em( o)+ 06)
() + e+ () + 2l (1) + o)
—vj(r (apl +w0( )—i—awl( >+O(52)>
i (20) o 2)
ofcen(~H1)) s ofuwp(-52)) o]

In the above, ¢} and v} denote the ith components of the vectors ¢, and
1y, respectively. By elementary integration, we have

/Ot(/(:exp (—%)m«) de = /(}exp(—%)dc — 0(?),
E/J(/(jexp(—%)m) ds = Z—z Ot(1 - exp(—g»dg = 0(?),

and

5/0t</0<exp<—@>dr) de = s/ot</0<exp<—%>dr) ds = O(c?).

Thus, it follows that

o 1N

/ °(s,7)Bi (<) B (r)dsdr
Dy

- /Ot (/Og qo.5i (%”) v;(r)Bi()B; (r)dr) ds + O(e?).
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Exchanging the order of integration leads to

/Ot </0C do.5i <%T> Vj(r)ﬂi(g)ﬂj(T)dT) de
B /t (/t 9051 (%7) Vj(r)ﬁi(C)Bj(r)ck) dr
/@ A ( [ %wc_r)&@«}ﬁ

Making a change of variables (via ¢ — r = es) yields

¢ - (t—r) /e
/ qo,ji <—(€ ,7”> Bi(s)ds = E/ qo,5i(s,7)Bi(r + €s)ds.
r 0

We note that 3;(+) is bounded and j3;(r +es) — B;(r) in L! for each r €
[0,T], as € — 0. Since ¢o,j;(-) decays exponentially fast, as in Lemma 5.1,
we have

(t—r)/e oS
/ qo,ji(s,7)Bi(r +es)ds — [31(7")/ qo,5i (s, r)ds.
0 0

Therefore, we obtain

lim — L <I>€(§, 7)5:(s)B; (r)dsdr

e—=0 ¢

N (5.33)
/ Bi(r)B; (r)v;(r) (/ qodi(s,r)ds) dr.
Similarly, we can show that
1 €
Jim ~ <I> (<, 7)Bi(<)B;(r)dsdr
(5.34)
/ ﬁz /3_] 1/7, ) (/ q0,ij (S,'f‘)ds) dr.
Combining (5.33) and (5.34), we obtain
¢
liy B0 (1, )08 9)] = | A (5)ds,
e—0 0
with A(t) = (A4;;(¢)) given by (5.30). O

Step 3. Establish a mixing condition for the sequence {n°(-)}.

Lemma 5.14. For any ¢ > 0 and o{a®(s) : s >t + ¢}-measurable n with
Il <1,

E(mla®(s): s<t)— En‘ < Kexp <—§) w.p.1. (5.35)
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Remark 5.15. It follows from (5.35) that for any o{a®(s) : 0 < s < ¢}-
measurable £ with |£] < 1 and 7 given in Lemma 5.14,

Etn — E{En‘ < Kexp (-%) (5.36)

We will make crucial use of (5.35) and (5.36) in what follows.
Proof of Lemma 5.14: For any
0<s1<s3< - <sp=0t<t+c=tg<t; <<t <00,

let
E,={a®(t) =1, a®(sp-1) =in-1, -..,a%(s1) = i1} and

= {Of(t-‘r() =7, Oé€(t1) =7J1, ...,aa(tl) Zjl}.

Then in view of the Markovian property of a°(-),
P(E|Er) = P(Es|a®(t) = i)

= P(a(t+<) = jlo(t) = i) [p5 ;, (b1, t +<) - 05, j, (b, ti1)].
Similarly, we have

P(Ep) = P(a”(t +<) = )P, (bt +<) - p5_, (s tia)]

We first show that
RS
PENE:) - P(ED)| < Koxp(-2). (5.37)

for some positive constants K and k that are independent of i, 7 € M and
te[0,T].
To verify (5.37), it suffices to show that for any k € M,

2K¢
B0 sy cn| s kew(-25). s

Since Py(-) and Py (-) have identical rows, the asymptotic expansion in (5.3)
implies that pf;(t+(,t) —pj; (t+(, t) is determined by Qo((/e, t). By virtue
of the asymptotic expansion (see Theorem 4.5 and Lemma 5.1), there exist
a K1 > 0 and a kg > 0 such that

Qo <%,t>

t -
< Kjexp <—Hi> , forallt > 0.
€
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Choose N > 0 sufficiently large that K; exp(—xoN) < 1. Then for ¢ > 0
sufficiently small, there is a 0 < p < 1 such that

pi;(t + Ne,t) — pi;(t + Ne,t)| < p.

To proceed, subdivide [t + Ne,t + <] into intervals of length Ne.
In view of the Chapman—Kolmogorov equation,

|pfj(t +2Ne,t) — pj;(t + 2Ne, t)]

> [P, (t + Ne,t) — piy, (t + Ne, t)|pf ;(t + 2Ne, t + Ne)

lp=1

> 5, (t + Net) — piy, (t + Ne, t)]

lp=1

x[pf,;(t + 2Ne,t + Ne) — pf ;(t + 2Ne,t + Ne)]| < Kp?,

for any l; € M. Iterating on the inequality above, we arrive at

pi;(t +koNe,t) —pij(t—l-koNs,t)‘ < Kpho, for ko > 1.

Choose kK = —1/(2N) log p, and note that x > 0. Then for any ¢ satisfying
koNe <¢ < (ko + I)NE,

2K¢
pi;(t+.1) —pij(t+<,t)‘ < KeXP(—?)

Thus (5.37) holds. This implies that a(-) is a mixing process with expo-
nential mixing rate. By virtue of Lemma A.16, (5.35) holds. O

Step 4. Prove that the sequence n®(-) is tight, and any weakly convergent
subsequence of {n°(-)} has continuous paths with probability 1.

Lemma 5.16. The following assertions hold:

(a) {n=(t); t € [0,T]} is tight in D([0,T];R™), where D([0,T];R™) de-
notes the space of functions that are defined on [0,T] and that are
right continuous with left limits.

(b) The limit n(-) of any weakly convergent subsequence of n°(-) has con-
tinuous sample paths with probability 1.

Proof: For i € M, define

ne(t,i) = %‘/0 (I{af(s):i} — P(a®(s) = Z)) Bi(s)ds.
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By virtue of Theorem 4.5,
7= | (Pa%(s) = i) = m(s) Buts)ds = O(2).

Thus n(t,7) = n°(t,4) + O(\/€), and as a result the tightness of {n®(-)} will
follow from the tightness of {n°(:)} (see Kushner [139, Lemma 5, p. 50]).

For the tightness of {n°(-)}, in view of Kushner [139, Theorem 5, p. 32],
it suffices to show that

B|nf(t+¢) —n°(t)|* < K2 (5.39)

To verify this assertion, it is enough to prove that for each i € M, n°(-, )
satisfies the condition.
Fix i € M and for any 0 <t < T, let

H(t) = (I{oﬁ(t):i} — P(Oés(t) = Z)) ﬂz(t)

We have suppressed the ¢ and € dependence in 6(t) for ease of presentation.
Let D = {(s1,82,83,84) : t < 8; <t+¢,i=1,2,34}. It follows that

E[Re (¢ + 5, 1) — Re(t,4)[! (5.40)

1
S 5—2 ‘/D |E9(81)9(82)9(83)9(84)|d81d82d83d84.
Let (i1,42,143,14) denote a permutation of (1,2, 3,4) and
Diyigizis = {(51,52,83,84) ¢ t <55, <83, < 845 <53, <A}
Then it is easy to see that D = UDj,;,isi,- This and (5.40) leads to
Ene(t +¢,i) —n°(t,4)|*

K
S 5—2 |E6‘(81)6‘(82)6‘(83)6‘(84)|d81d82d83d84,
Dy

where DO = D1234.
Note that

|E6(s1)0(s2)0(s3)0(54)
< |E6(51)0(s52)0(53)0(s4) — EO(51)0(s2)EO(53)0(s4)| (5.41)

+[E0(s1)0(s2)[| EO(s3)0(54)-
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By virtue of (5.36) and E0(t) =0, t > 0,

|E9(81)9(82)| = |E6‘(81)6‘(82) — Eﬁ(sl)E9(32)|
K(sg — 51)> .

< Kexp (—
€

Similarly, we have

|E9(S3)9(S4)| = |E6‘(83)6‘(84) — E9(83)E6‘(84)|
k(84 — 53)> .

< Kexp (—
€
Therefore, it follows that

K

= |E0(51)0(s2)| - |EO(s3)0(s4)|ds1dsadszdsy, < K.
Do

167

(5.42)

The elementary inequality (a+ b)l/ 2 < g'/2 +b'/2 for nonnegative numbers

a and b yields that

= (1B0(s1)0(52)0(55)0(s1) - Ee(sl)e(SQ)E9(53)9(s4)|%)2

[N

< |E6(s1)0(s2)0(53)0(s4) — E0(51)0(s52)E0(53)0(s4))

x (1B6(51)0(52)0(5)0(s0)| ¥ + [EO(51)0(52) EO(s3)6(51) | )

In view of (5.36), we obtain

[V

|E9(51)9(82)9(53)9(S4) - E9(51)9(52)E9(53)9(54))|
K(s3 — 32)) -

< Kexp (— o

Similarly, by virtue of (5.35) and the boundedness of 6(s),

[SIES

|E0(51)0(52)0(s3)0(s4)

= |E0(s1)0(s2)6(s3) (E(0(s1) a*(5) : s < 53) — Ef(54))]7

S Kexp (_K/(S42—_83)> ,
£



168 5. Occupation Measures: Asymptotic Properties and Ramification
and
|E0(s51)0(52) EO(s3)0(54)| 2

= [(E0(s1)0(s2) — EO(s1)E0(s2))(E0(s3)0(s4) — EO(s3)E0(s4))|2
< Ko (1020 ) o ()

2e 2e

By virtue of the estimates above, we arrive at

52 |E0(s1)0(s2)0(s3)0(s4)
= (5.43)

—E0(s1)0(s2)E0(s3)0(s4)|ds1dsadszdsy < K2

The estimate (5.39) then follows from (5.42) and (5.43), and so does the
desired tightness of {n°(-)}.

Since {n®(-)} is tight, by Prohorov’s theorem, we extract a convergent
subsequence, and for notational simplicity, we still denote the sequence by
{n=(-)} whose limit is n(-). By virtue of Kushner [139, Theorem 5, p. 32] or
Ethier and Kurtz [59, Proposition 10.3, p. 149], n(-) has continuous paths
with probability 1. O

Remark 5.17. Step 4 implies that both n°(-) and n(-) have continuous
sample paths with probability 1. It follows, in view of Prohorov’s theorem
(see Billingsley [13]), that n®(-) is tight in C([0,T]; R™).

Step 5. Show that the finite-dimensional distributions of n®(-) converge to
that of a Gaussian process with independent increments.

This part of the proof is similar to Khasminskii [112] (see also Friedlin
and Wentzel [67, pp. 224]). Use ¢ to denote the imaginary number (2 = —1.
To prove the convergence of the finite-dimensional distributions, we use the
characteristic function Eexp(t(z,n®(t))), where z € R™ and (-.-) denotes
the usual inner product in R™. Owing to the mixing property and repeated
applications of Remark 5.15, for arbitrary positive real numbers s; and ;
satisfying

0<s0<th)<s1 <t <s93<---< 5, <y,

peso 3 (o (o) (o)

Eexp (L<Zl, (nf(t) — ns(sz))>> ' -0



5.2 The Irreducible Case 169

as ¢ — 0, for z; € R™. This, in turn, implies that the limit process n(-)
has independent increments. Moreover, in view of Lemma 5.16, the limit
process has continuous path with probability 1. In accordance with a re-
sult in Skorohod [197, p. 7], if a process with independent increments has
continuous paths w.p.1, then it must necessarily be a Gaussian process.
This implies that the limits of the finite-dimensional distribution of n(-)
are Gaussian.

Consequently, n(-) is a process having Gaussian finite-dimensional dis-
tributions, with mean zero and covariance fg A(s)ds given by Lemma 5.13.
Moreover, the limit does not depend on the chosen subsequence. Thus n®(+)
converges weakly to the Gaussian process n(-). This completes the proof of
the theorem. O

To illustrate, we give an example in which the covariance function of the
limit process can be calculated explicitly.

Example 5.18. Let a°(t) € M = {1, 2} be a two-state Markov chain with

a generator
_(—ma(t) ()
0=t Zuh)

where p1(t) > 0, p2(t) > 0, and pq(t) + p2(t) > 0 for each t € [0, T]. More-
over, pu1(-) and po(-) are twice continuously differentiable with Lipschitz
continuous second derivatives. It is easy to see that assumptions (A5.1)
and (A5.2) are satisfied. Therefore the desired asymptotic normality fol-
lows.

In this example,

B B ua(t) pa(t)
v(t) = (n(t),v2(t) = (,ul(t)im(t)’ M(t)l—l-ug(t)) '

Moreover,
exp(=(p(to) + pa(to))s)

QO(SvtO) = lul(to) +,U2(t0)

Q(to)-

Thus,

A(t) _ 2/“ (t)p,g (t) (ﬁl (t))2 _ﬁl (t)ﬂ2(t)
(11 (t) + p2()* \ =B1()B2(t)  (B2(t))? '

5.2.5 Extensions

In this section, we generalize our results in the previous sections including
asymptotic expansions, asymptotic normality, and exponential bounds, to
the Markov chain af(-) with generator given by Q°(¢t) = Q(t)/e+ Q(t) with
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weakly irreducible generator Q(t). Recall that the vector of probabilities
pe(t) = (P(af(t) = 1),..., P(a®(t) = m)) satisfies the differential equation

WD — (@7 (1), 1) € B,

p°(0) = p° with p? > 0 for i € M and Zp? =1,

=1

To proceed, the following conditions are needed.

(A5.3) Both Q(t) and Q(t) are generators. For each ¢ € [0,T], Q(t) is
weakly irreducible.

(A5.4) For some positive integer ng, Q(-) is (ng + 1)-times continu-
ously differentiable on [0, 7] and (d™0*! /dt"0T1)Q(-) is Lipschitz.
Moreover, Q(+) is no-times continuously differentiable on [0, 7]
and (d™ /dt™)Q(-) is Lipschitz.

Similarly to Section 4.2 for k = 1,...,n¢ + 1, the outer expansions lead
to equations

el oi()Q() + po()Q(t) = d“’gft)a
(5.44)
¥ or(DQ() + 1 (HQ(t) = d(pkd;tl(t)’

with constraints
m
D w0ty =1
i=1

and

Zsﬁk,i(t) =0, for k> 1.
=1
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The initial-layer correction terms are

0 W0y m00)

) Q0 4
S e she) (R e).
s ) (1000) + (),

where

k i d'O(0 =1 7=10(0

with initial conditions

¥0(0) = p° — ¢0(0), and

1 (0) = —(0) for k > 1.

Theorem 5.19. Suppose that (A5.3) and (A5.4) are satisfied. Then
(a) i) is (no + 1 — i)-times continuously differentiable on [0,T],

(b) for each i, there is a & > 0 such that

(o (EN < K exp (—@> , and
€ €

(c) the approximation error satisfies

sup
t€[0,T]

SORD SERTES SE (3] Y SXEORERT
1=0 =0

The proof of this theorem is similar to those of Theorem 4.5, and is thus
omitted. We also omit the proofs of the following two theorems because
they are similar to that of Theorem 5.4 and Theorem 5.9, respectively.

Theorem 5.20. Suppose (A5.3) and (A5.4) are satisfied withng = 0. Then
there exist positive constants £g and K such that for 0 < e < g, i1 € M,
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and for any deterministic process B;() satisfying |5i(t)] < 1 for all t > 0,
we have

O R }
expy —5 sup |n° (¢ <K,
p{(T—i—l)g 0§t£T| 0l <

where O and n(-) are as defined previously.

Corollary 5.21. Consider Q¢ = Q/e + @ with constant generators @ and
Q such that Q is weakly irreducible. Then (5.25) and (5.27) hold with con-
stants K and K; independent of T'.

Theorem 5.22. Suppose (A5.3) and (A5.4) are satisfied withng = 1. Then
fort € [0,T], the process n°(-) converges weakly to a Gaussian process n(-)
such that

En(t) =0 and E[n'(t)n(t)] —/0 A(s)ds,

where A(t) = (Ai; (t)) with

o0

A5 = 80300 [ st +50) [ anstrtyan]

and Qo(r,t) = (qo,i;(r,t)) satisfying

‘ZQZ—(:’” — Qo(r,HQ(t), 7 >0,

Qo(0,t) =1 — Py(t),

with Py(t) = (V' (1), ...,V ().

Remark 5.23. In view of Theorem 5.22, the asymptotic covariance is de-
termined by the quasi-stationary distribution v(t) and Qo(r,t). Both v(t)
and Qo(r,t) are determined by Q(¢), the dominating term in Q¢(¢). In the
asymptotic normality analysis, it is essential to have the irreducibility con-
dition of Q(t), whereas the role of Q(t) is not as important. If Q(t) is weakly
irreducible, then there exists an g9 > 0 such that Q°(t) = Q(t)/e + @(t)
is weakly irreducible for 0 < € < gg, as shown in Sethi and Zhang [192,
Lemma J.10].

By introducing another generator @(t), we are dealing with a singularly
perturbed Markovian system with fast and slow motions. Nevertheless,
the entire system under consideration is still weakly irreducible. This irre-
ducibility allows us to extend our previous results with minor modifications.
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Although most of the results in this section can be extended to the
case with Q°(t) = Q(t)/e + Q(t), there are some exceptions. For example,
Corollary 5.6 would not go through because even with constant matrix
Q(t) = Q, ¢1(t) in Lemma 5.1 does not equal 0 when Q #0.

One may wonder what happens if Q(¢) in Q°(t) is not weakly irreducible.
In particular, one can consider the case in which Q(¢) consists of several
blocks of irreducible submatrices. Related results of asymptotic normality
and the exponential bounds are treated in subsequent sections.

5.3 Markov Chains with Weak and Strong
Interactions

For brevity, unless otherwise noted, in the rest of the book, whenever
the phrase “weak and strong interaction” is used, it refers to the case of
two-time-scale Markov chains with all states being recurrent. Similar ap-
proaches can be used for the other cases as well. The remainder of the chap-
ter concentrates on exploiting detailed structures of the weak and strong
interactions. In addition, it deals with convergence of the probability dis-
tribution with merely measurable generators.

We continue our investigation of asymptotic properties of the Markov
chain o#(-) generated by Q°(-), with

Q°(t) = é@(t) +Q(t), for t >0, (5.47)

where @(t) = diag(Q'(t),...,Q'(t)) is a block-diagonal matrix such that
Q(t) and Q*(t), for k=1, ... l are themselves generators. The state space
of a®(+) is given by

MZ{811,...,Slml,...,811,...,8177”}.

For each k =1,...,1, let My = {Sk1,. .., Skm, }, representing the group of
states corresponding to @k (t).

The results in Section 5.3.1 reveal the structures of the Markov chains
with weak and strong interactions based on the following observations. In-
tuitively, for small e, the Markov chain o () jumps more frequently within
the states in My, and less frequently from My, to M; for j # k. Therefore,
the states in My, can be aggregated and represented by a single state k
(one may view the state k as a super state). That is, one can approximate
af(+) by an aggregated process, say, @°(-). Furthermore, by examining the
tightness and finite-dimensional distribution of @*(-), it will be shown that
a®(+) converges weakly to a Markov chain @(-) generated by

Q) = diag(v! (1), V' (1)) Q(t)diag (L, -, L, ). (5.48)
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Section 5.3.2 continues the investigation along the line of estimating the
error bounds of the approximation. Our interest lies in finding how closely
one can approximate an unscaled sequence of occupation measures. The
study is through the examination of appropriate exponential-type bounds.
To take a suitable scaled sequence, one first centers the sequence around
the “mean,” and then compares the actual sequence of occupation mea-
sures with this “mean.” In contrast to the results of Section 5.2, in lieu
of taking the difference of the occupation measure with that of a deter-
ministic function, it is compared with a random process. One of the key
points here is the utilization of solutions of linear time-varying stochastic
differential equations, in which the stochastic integration is with respect to
a square-integrable martingale.

In comparison with the central limit theorem obtained in Section 5.2, it
is interesting to know whether these results still hold under the structure
of weak and strong interactions. The answer to this question is in Section
5.3.3, which also contains further study on related scaled sequences of oc-
cupation measures. The approach is quite different from that of Section
5.2. We use the martingale formulation and apply the techniques of per-
turbed test functions. It is interesting to note that the limit process is a
switching diffusion process, which does not have independent increments.
When the generator is weakly irreducible as in Section 5.2, the motion of
jumping around the grouped states disappears and the diffusion becomes
the dominant force.

We have considered only Markov chains with smooth generators up to
now. However, there are cases in certain applications in which the gener-
ators may be merely measurable. Section 5.4 takes care of the scenario in
which the Markov chains are governed by generators that are only mea-
surable. Formulation via weak derivatives is also discussed briefly. Finally
the chapter is concluded with a few more remarks. Among other things,
additional references are given.

5.3.1 Aggregation of Markov Chains

This section deals with an aggregation of a(+). The following assumptions
will be needed:

(A5.5) For cach k =1,...,1 and t € [0,T], Q¥ (t) is weakly irreducible.

(A5.6) Q(:) is differentiable on [0,7] and its derivative is Lipschitz.
Moreover, Q(-) is also Lipschitz.

The assumptions above guarantee the existence of an asymptotic ex-
pansion up to zeroth order. To prepare for the subsequent study, we first
provide the following error estimate. Since only the zeroth-order expan-
sion is needed here, the estimate is confined to such an approximation.
Higher-order terms can be obtained in a similar way.
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Lemma 5.24. Assume (A5.5) and (A5.6). Let P=(t,t9) denote the transi-
tion probability of af(-). Then for some kg > 0,

P=(t,to) = Po(t,to) + O (s + exp (—M» :

g

where
Po(t,to) = 10(t, to)diag(v' (1), ..., (1))

Lo, v ()01 (t,t0), oo LV (8)011(E, to)
(5.49)

]lmll/l (t)1911 (t,to), ... 1y, vl (t)In(t, to)

where vF(t) is the quasi-stationary distribution of Q(t), and O(t,tg) =
(95 (t, t0)) € R is the solution to the following initial value problem:

dO(t,tg) —
- O(t, t0)Q(t), (5.50)

O(to,to) = I.

Proof: The proof is similar to those of Lemma 5.1 and Theorem 4.29, except
that the notation is more involved. O

Define an aggregated process of a(+) on [0,T] by
a®(t) =k if a®(t) € My, (5.51)

The idea to follow is to treat a related Markov chain having only [ states.
The transitions among its states correspond to the jumps from one group
My, to another M, j # k, in the original Markov chain.

Theorem 5.25. Assume (A5.5) and (A5.6). Then, for any i = 1,...,1,

j=1,....,m;, and bounded and measurable deterministic function B;;(-),

E(/OT (1{as<t> —sis} — Vi () (e (1)= l}>ﬂu() )2 =0(e).

Proof: For any i,7 and 0 <t < T, let

2

n°(t)y=FE <‘/0 (I{aa(T) s} — ( )I{QE(T 1}) Bij (r )d ) . (5.52)
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We have suppressed the 4, j dependence of 7°(-) for notational simplicity.
Loosely speaking, the argument used below is a Liapunov stability one,
and 7°(-) can be viewed as a Liapunov function. By differentiating 7°(-),
we have

dn®(t ! i
dt( ) =2 |:(~/0 (I{OLE(T):Sij} Y (T)I{EE(T):i}) Bi (T)d?‘)

% (Ias(=siy = V5O ae=(=) Bis (ﬂ] :

The definition of @°(+) yields that {@°(t) =i} = {a°(t) € M;}. Thus,

dnF (t)
dt

= 2‘/0 <I>5(t,r)6ij(t)6ij(r)dr,

where ®°(t,r) = O5(¢,7) + P5(t, r) with

i(t,r) = P(as(t) = sij,a°(r) = si5)

(5.53)
—V(t)P(af(t) € Mi,a®(r) = ),
and
D5 (t,r) = —V;—(T)P(as (t) = s45,0°(r) € M;)
(5.54)
+vi(r)vi(t)P(as(t) € M;,a%(r) € M;).
Note that the Markov property of «¢(-) implies that for 0 < r <,
P(as(t) = sij, a(r) = s)
= P(a®(t) = sij]ac(r) = si;)P(a®(r) = s45).
In view of the asymptotic expansion, we have
P(af(t) = sila”(r) = si5)
(5.55)

= V()0 (t,r) + O (5 + exp (—M» .

€
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It follows that

P(as(t) € Milas(r) = sij)
= Zuk a(t,r) O(E—l—exp(—@)) (5.56)
Dy (t,7) +O<a+exp<—M>>.

3

Combining (5.55) and (5.56) leads to

(L, r) =o<s+exp(—@>>.

Similarly, we can show that

b5 = 0+ xp - S9)),

by noting that

(I)s(t r)= —I/ ZP = Sij, (T> = Sik)
+vi(r) Z Vi(t)P(af(t) € M, 05 (r) = sik)
k=1
and
P(af(t) = sijla”(r) = sik)
= V; ()94 (t,r)+ O (5 + exp <—@) ) ,
for any kK =1,...,m;. Therefore,
€ t _
dn” (¢) = 2/ O(s + exp (——Ko(t T)>)dr =0(e). (5.57)
dt 0 €
This together with 7°(0) = 0 implies that n°(t) = O(e). O

Theorem 5.25 indicates that v (t) together with @(-) approximates well
the Markov chain a(-) in an appropriate sense. Nevertheless, in general,
{a®(-)} is not tight. The following example provides a simple illustration.
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Example 5.26. Let a°(+) € {1,2} denote a Markov chain generated by
5
e\ —p )’

for some A,y > 0. Then o () is not tight.

Proof: If a©(+) is tight, then there exists a sequence ; — 0 such that a®* ()
converges weakly to a stochastic process a(-) € D(]0,T]; M). In view of the
Skorohod representation (without changing notation for simplicity), Theo-
rem A.11, we may assume o (-) — «(-) w.p.1. It follows from Lemma A.41

that
¢ ¢
/aa"(s)ds—/ a(s)ds
0 0

for all t € [0,T]. Moreover, similarly as in Theorem 5.25, we obtain

t t
/ at*(s)ds — / (v1 + 212)ds
0 0

where (v, 12) is the stationary distribution of a¢(-) and v4 +2v4 is the mean
with respect to the stationary distribution. As a consequence, it follows that
a(t) =v1 + 2wy for all t € [0, 7] w.p.1. Let

2

E — 0,

2

E — 0,

50 = m1n{|1 — (Vl + 2V2)|, |2 — (Vl + 2V2)|} > 0.
Then for t € [0,T],
|O¢€(t) —(n+ 21/2)| > dp.

Hence, under the Skorohod topology
d(aa"(-), v + 21/2) > dp.

This contradicts the fact that a®* () — a(-) = v1 + 22 w.p.1. Therefore,
af(+) cannot be tight. O

Although of(+) is not tight because it fluctuates in My, very rapidly for
small €, its aggregation @ (-) is tight, and converges weakly to @(t), t > 0,
a Markov chain generated by Q(t), t > 0, where Q(t) is defined in (5.48).
The next theorem shows that @®(-) can be further approximated by a(-).

Theorem 5.27. Assume (A5.5) and (A5.6). Then @°(-) converges weakly

toa@(-) in D([0,T); M), as e — 0.

Proof: The proof is divided into two steps. First, we show that @°(-) defined

in (5.51) is tight in D([0,T]; M). The definition of &°(-) implies that

{@ ) =i} ={a°(t) e M;} = {a°(t) = s;; for some j =1,...,m;}.
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Consider the conditional expectation

E[@(t+s) - a(s)

as(s) = sij}

_ B[@(t+5) - ?]a*(5) = ]

= ZE[ (t+s) —l) I{as(tJrs) k}‘ _Sij}
l

=Y (k—i)?’P@ (t+s) = kla*(s) = sy;)

k=1

< PY P@ (t+s) = kla®(s) = ).
ki

Since {a®(t + s) = k} = {a°(t + s) € My}, it follows that

P(@®(t+ s) = kla®(s) = s;5)

my

= Z P(af(t+ s) = Skk, | (8) = si5)
k1=1
ok k Hot
= Z v, (t+8)0.(t + 5,5) + O| € + exp -
k1=1

it + s, ) +O<a—|—exp< H;)).

Therefore, we obtain

E[(@(t+s) - a*(s))”

as(s) = 51’3}
Kot
< 12219119 t+s, s)—i—O(a—i—exp( o ))
€
k#i
Note that lim;_o 9k (t + s,5) = 0 for i # k.

lim (lim E (@ (t+s) —a(s))?|a(s) = sij)> =0.

t—0 \e—0

Thus, the Markov property of o (-) implies

lim (lim E(@(t+s)—a (s)2las(r): r < s)) —0. (5.58)

t—0 \e—0

Recall that @°(-) is bounded. The tightness of @°(-) follows from Kurtz’
tightness criterion (see Lemma A.17).
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To complete the proof, it remains to show that the finite-dimensional
distributions of @°(-) converge to that of @(-). In fact, for any

0<t <ty<--<t,<Tandiy,iog,...,in € M={1,...,1},

we have

P(@ (ty) =in, ..., 0 (t) = 1i1)

I
s}
—~
Q
m
—
~
3
N
|
@
N
3
<
3
o}
m
—
-
=
—
|
@
N
S
<
=
—

Il
e,
—~
R
™
—~
~+
3
~
Il
w
<0
3
<.
3
R
™
—~
~+
1
—
~
Il
w
<
3
|
-
<.
3
|
=
~—

XX P(af(t2) = siygla®(t1) = siy5,) P (t) = siyj)-
In view of Lemma 5.24, for each k, we have

P(O‘E(tk) = Sikjk|as(tk—1) = Sik—ljk—l) - V;: (tk?)'l?ik—lik (tlﬁtk—l)'

Moreover, note that
mik

> Vit = 1.
Jr=1

It follows that
D Pt (tn) = sijula (1) = sin 15, 0)

X oo X P(af(tz) = siyj,|ac(t1) = siyj, ) P(a®(t1) = siyj,)

- Z Vi (tn)0i i (s tn) - V32 (b2) iy ip (2, 1)V (81)D, (1)

= Vi yin (tnstn—1) - Viyiy (L2, t1)0s, (1)

where >, . = Ezzl Sy and U, (t1) denotes the initial distribu-
tion (also known as absolute probability in the literature of Markov chains).

Thus, a°(-) — @(-) in distribution. O

This theorem implies that @°(-) converges to a Markov chain, although
@®(+) itself is not a Markov chain in general. If, however, the generator Q*(t)
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has some specific structure, then @(-) is a Markov chain. The following
example demonstrates this point.

Example 5.28. Let Q(t) = (§;;(¢)) and Q(t) = (7;;(t)) denote generators

with the corresponding state spaces {ai,...,am,} and {1,...,1}, respec-
tively. Consider
. Q) GOy Q)
Q=1 - S I A I CE)
Q) G (O Img -+ Qu(t)Img

where I,,,, is the mg X my identity matrix. In this case
mip; =Mmog = - =1 = My.

Then @°(+) is a Markov chain generated by Q(t). In fact, let

XE (t) = (I{as(t)zsll}, ceey I{as(t)zslmo}, ey I{as(t):sll}a ey I{as(t):'slmo}) .

Note that s;; = (i,a;) for j = 1,...,mp and ¢ = 1,...,l. In view of
Lemma 2.4, we obtain that

%®j4f®@®% (5.60)

is a martingale. Postmultiplying (multiplying from the right) (5.60) by
1 = diag(Lpg, - - - » Lny)
and noting that {a®(t) =i} = {a°(t) € M,} and
X1 = (Igge =1y - - > Lmwe ()=} )

we obtain that
t
(Ia= =1} > - - - » Lgae (=13 —/ X°(5)Q°(s)ds1
0

is still a martingale. In view of the special structure of Q*(¢) in (5.59),

and o o
X“($)Q(s) 1 = (Ig=(5)=1}s - - » Lme=(5)=1y) Q(S)-
Therefore, (5.60) implies that

t
(T =1ys--+- Iae=ny) — /0 (I )=1)s - Twe ()=1y) Q(s)ds

is a martingale. This implies, in view of Lemma 2.4, that @°(-) is a Markov
chain generated by Q(t), t > 0.
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5.3.2 Exponential Bounds

Foreachi =1,...,1,j=1,...,m;, « € M, and t > 0, let 5;;(t) be a
bounded, Borel measurable, deterministic function and let

Consider normalized occupation measures

na(t) = (nil(t)a e animl (t)v s anlal(t)v s 7n‘z:ml (t)) )
where

¢ *L t ii(s,a%(s))ds
nij<t>—ﬁ/owu<, ())ds.

In this section, we establish the exponential error bound for n®(-), a se-
quence of suitably scaled occupation measures for the singularly perturbed
Markov chains with weak and strong interactions.

In view of Theorem 4.29, there exists ko > 0 such that

3

t —
‘Ps(t, s) — Po(t, s)’ = O<a+exp<—u>). (5.62)
Similar to Section 5.3.2, for fixed but otherwise arbitrary 7" > 0, let

KT:max{l, sup ( [P2(t,5) = Polt, o) )} (5.63)

o<s<t<T \ & + exp(—ro(t — s)/€)

We may write (5.62) in terms of K and O1(-) as follows:
. Ko(t — s)
‘P (t,s) — Pyl(t, 5)‘ = KrOq|e+exp ) (5.64)

where |01(y)|/|ly] < 1. The notation of Kt and O;(-) above emphasizes
the separation of the dependence of the constant and a “norm 1” function.
Essentially, K7 serves as a magnitude of the bound indicating the size of
the bounding region, and the rest is absorbed into the function O1(-).

Theorem 5.29. Assume (A5.5) and (A5.6). Then there exist ¢o > 0 and
K > 0 such that for 0 < ¢ < g9, T > 0, and for any bounded, Borel
measurable, and deterministic process [3;;(-),

Eexp < sup |n5(t)|> <K, (5.65)

Or
(T'+1)3 o<i<r
where O is any constant satisfying

min{1, xo}
oT =~ =~ 3
Kr|Blr(1+1Q|r)

(5.66)
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and where | - |7 denotes the matriz norm as defined in (5.12), that is,

|Bl7 = max sup |B;(t)],
ij 0<t<T

similarly for |Q|r.

Remark 5.30. This theorem is a natural extension to Theorem 5.4. Owing
to the existence of the weak and strong interactions, slightly stronger con-
ditions on K7 and fr are made in (5.63) and (5.66). Also the exponential
constant in (5.65) is changed to (T + 1)3.

Proof of Theorem 5.29: Here the proof is again along the lines of Theo-
rem 5.4. Since Steps 2-5 in the proof are similar to those of Theorem 5.4,
we will only give the proof for Step 1.

Let x°(-) denote the vector of indicators corresponding to o (+), that is,

Xs (t) = (I{oﬁ(t):su}a R ’I{Oﬁ(t):ﬁml}’ Ce 7I{a5(t):s”}a Ce 71{045(75):517111}) .

Then we(-) defined by

W () = x°(t) — x°(0) - / ()@ ()ds (5.67)

is an R™-valued martingale. In fact, w®(+) is square integrable on [0, T]. It
then follows from a well-known result (see Elliott [55] or Kunita and Watan-
abe [134]) that a stochastic integral with respect to w®(t) can be defined.
In view of the defining equation (5.67), the linear stochastic differential
equation

dx©(t) = x°()Q° (t)dt + dw*® (t) (5.68)

makes sense. Recall that P°(t,s) is the principal matrix solution of the
matrix differential equation

dy(t)

L =y o). (5.69)

The solution of this stochastic differential equation is
t
) = OP(10) + [ ()P,
0
= XE(O) (Ps(tv O) - PO(ta O))
(5.70)

+ [ (@ (s) (P 4.9 = Pufe.)

+x5(O)P0(t,O)+/O (dw®(s))Po(t, s).
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Use ¥;;(t, s) defined in Lemma 5.24 and write O(t, s) = (9;;(¢,s)). Then it
is easy to check that

Py(t,s) = 16(t, s)diag(v* (1), . .., /(1)) (5.71)
Set
X () = (V' () Lo (ty=1}s - - -+ V' () Lo (=1 ) € R™
and
(1) = (Itge (=1} - - - » Lo (=13 ) € RE.
Then it follows that

(5.72)
X°(t) = X (t)diag(v' (1), ..., V(1))
Moreover, postmultiplying both sides of (5.67) by 1 yields that
~ ~ t ~ ~
X ()1 —x°(0)1 — / X% (8)Q%(s)1ds = w(t)1. (5.73)
0

Here wa()i is also a square-integrable martingale. Note that @(s)i =0
and hence

>
[0}
@
S~—
L)
=
»
S~—
=0
I
>
[0}
@
S~—
=7
o
[oje}
—~
AN
-
—~
»
:./
t&
@
S~—
S~—
Q)
@
S~—
=
I
>
[0}
—
Va)
N—
Q|
@
S~—

We obtain from (5.73) that

EO-TO - [ (60 - CERET+ ) ds = w01
0
Since O(t, s) is the principal matrix solution to

do(t, s)
dt

=0(t,5)Q(t), with O(s,s) =1,

similar to (5.68), solving the stochastic differential equation for x°(-) leads
to the equation:

?@=?®@@®+AMW®®MW) -
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Let us now return to the last two terms in (5.70) and use (5.71), (5.72),
and (5.74) to obtain

CORE0)+ [ (du () Poltr )
= (v OT0.0)+ [ (@ (s)T0.5) ) dngls! (0. (0)
= ()?(O)G)(t,o) + /O t(duf(s)i)@(t,s)) diag(v'(t), ...,V (1))
= (F0 - [0 T QIO s ) dig (1.1

:Yg(t)—/o (X*(5) = X°(5))Q(s)16/(¢, s)diag (v (¢), ...,V (¢))ds

17 () = x°(0) (P*(£,0) — Po(t,0)) + /0 (dw?(s)) (P=(t, 8) = Po(t; s)) -

Note that the matrix P¢(t,s) is invertible but Py(¢, s) is not. The idea is
to approximate the noninvertible matrix Py(t, s) by the invertible P=(, s).
Let

() = / (¢ (5) ~ X (5)D(s) (Polt,s) — PE(t, ) ds  (5.76)

and
P°(t) = (X°(t) =X°(t)) — (n°(t) — mi(2)).

Then ¢°(0) = 0 and ¢°(t) satisfies the following equation:

t
/ ¢°(s)Q(s)P° (¢, s)ds —|—/ (n°(s) — 17 (s))Q(s)P°(t, s)ds = 0.
0
The properties of the principal matrix solution imply that

PE(t,s) = P5(0,5)P*(t,0).
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Set
Q°(t) = P=(t,0)Q(t)P*(0,1),
PE(t) = ¢°(t)P2(0,¢t), and

n5(t) = (1 () = 5 (1) Q) P(0, ).

Owing to the properties of the principal matrix solution, for any ¢ € [0, T,

we have
Pe(0,t)P°(t,0) = P(¢t,t) =1,

1¥=(0) = 0 and ¢*(t) satisfies the equation

¢5(t)+/0 ¢5(S)Q5(s)ds+/0 n5(s)ds = 0.

The solution to this equation is given by
t ~
V() = — / W5 ()&= (1, 5)ds,
0

where ®°(t, s) is the principal matrix solution to

dde(t, s)

T —®(t, 5)Q° (1), with &°(s,s) = I.

Postmultiplying both sides of (5.78) by P(t,0) yields

¢ (t) = ¢ (H)P*(t,0)

t

ng(s)és(t, $)P®(t,0)ds

(n° () = 15 ())Q(s)W* (¢, 5)ds,

/
|

where
Ue(t,s) = P°(0, s)®°(t, s)P*(t,0).

Thus it follows that

XE(t) =X () = n° () = mi(t) — /0 (n° () = 15 () Q(5) = (¢, 5)ds.

(5.77)

(5.78)
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Again using (5.77), we have

(°(t,0)P°(t,0))

:<§2%9)P%ﬂ%HF@m(ﬁ%%Q)

=

— —&°(t,0)Q° (£)P° (¢, 0) + B°(¢,0) P*(£,0)Q° (t)
— —®°(t,0)P*(t,0)Q(t) P*(0,£) P*(t,0) + & (t,0) P*(, 0)Q° (¢)
= —®°(t,0)P(t,0)Q(t) + = (t,0) P=(t, 0)Q° (1)
= &°(L,0)P(,0) (-Q(t) + Q°(1))
= &°(t,0)P*(t,0) G@(t)) :
This implies that U#(¢, s) is the principal matrix solution to the differential

equation

1

AV(5) _ ey ) (;@(t)) , with ¥5(s,s) =1.  (5.80)

dt

Therefore, all entries of ¥¢(t,s) are bounded below from 0 and bounded
above by 1, and these bounds are uniform in 0 < s < t < T. Thus,
[T (t, )| < 1.

Multiplying both sides of (5.79) by the m x m matrix

ﬁ(t) = diag(ﬂll(t% oy Bimy (t)v s 7Bll(t)a i aﬂlmz (t))

from the right and integrating over the interval [0,<], for each ¢ € [0,T7,
we have

S

/O (1) — X (8)B()dt = / n%)ﬁt(t)dt— / (D)t
[ [ 07~ m ) (1 sty
0 0

By changing the order of integration, we write the last term in the above
expression as
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Therefore, it follows that

/ TG () — X)) B0t = / T B0t / LB (5.81)
0 0 0

B0 = 50+ [ QO (s
Moreover, in view of the fact that [U¢(¢,s)|7 < 1, it is easy to see that
Blr < (1+T)|Blr(1+ |Qlr). (5.82)
Note that n®(-) can be written in terms of x°(-) and X°(-) as
1 /s
w0 = 2= [ e - o

By virtue of (5.81), it follows that

()] < —

. A ni(t)g(t)dt‘ |

Note that in view of the definition of n5(-) in (5.76),

|5 (2)] =/OtO(erexp(—@))ds=0(g(t+1)).

Thus, in view of (5.82),

[ <t>§<t>dt\ s

sup
0<<<T

I ni(tﬁ(t)dt} =1l s [ O+ )
0 0

0<¢<T

= |Blr sup O(e(s* +5))
0<e<T (5.83)

= |Blr(T% +T)O(e)
< (1+7)°|Blr(1+|Ql7)0(e).

Thus, in view of (5.63) and (5.66), for some g9 > 0, and all 0 < ¢ < g,

exp<(T i—Tl)S OilclgT /0g ni(f}g(t) dt‘)
< exp(O(\/E) I;{lin{lvﬂo}> (5.84)
T

< exp (0(\/5) min{1, HO}) <K.
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Moreover, using (5.64), as in the proof of Theorem 5.4, we obtain that

/; (m\/g(t))dt’) <K,  (585)

min{1, Ko}
T < — .
Kr|Blr(1+(Qlr)
Finally, combine (5.81), (5.83), and (5.85) to obtain

Eexp(

(T +1)% o<e<T

for

sup [n(t)|

Or
E —_— < K.
P ((T + 1) o<i<r ) -

This completes the proof. O

Remark 5.31. It is easily seen that the error bound so obtained has a
form similar to that of the martingale inequality. If n®(-) were a martin-
gale, the inequality would be obtained much more easily since exp(-) is a
convex function. As in Section 5.2, the error bound is still a measure of
“goodness” of approximation. However, one cannot compare the unscaled
occupation measures with a deterministic function. A sensible alternative
is to use an approximation by the aggregated process that is no longer
deterministic. The exponential bounds obtained tell us exactly how closely
one can carry out the approximation. It should be particularly useful for
many applications in stochastic control problems with Markovian jump
disturbances under discounted cost criteria.

The next two corollaries show that the error bound can be improved
under additional conditions by having smaller exponential constants, e.g.,
(T +1)3/2 or (T +1)%/? instead of (T + 1).

Corollary 5.32. As_sume that the conditions of Theorem 5.29 hold. Let
Q(t) = (gij (1)) and Q(t) = (q;;(t)) denote generators with the correspond-

ing state spaces {a1,...,am,} and {1,..., 1}, respectively. Consider
] Q(t) GO mg - Tu(t)Im,
U] B o T
Qt) Q1) mg -+ Gu(t)Im,

where Ly, is the mo X mg identity matrixz. Then there exist positive con-
stants €9 and K such that for 0 < e <eg, and T >0,

Or )
Eexp| ——— sup |n°(t < K.
P ((T—i— 1)% 0§t£T| 0l <
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Proof: Under the special structure of the generator Q°, it is easy to see
that

Q(s)1 =1Q(s),

where 1 now takes the form
1= diag(Lyng, .- -, Iy )-

Note that under current conditions on the fast-changing part of the gener-

ator Q(t),
v (t) =2 (t) = - = v (t) and diag(v' (t),.... /()1 =1,

where I; denotes the [-dimensional identity matrix. This together with
(5.72) implies that

(X*(5) = X°(5)Q(s)1 =
It follows from (5.71) that

/0 (¢ (5) — X (5)0(s)Polt, s)ds = 0.

Then (5.75) becomes
XE (1) = X°(t) =7 (1)
The rest of the proof follows exactly that of Theorem 5.29. O

Corollary 5.33. Assume the conditions of Theorem 5.29. Suppose Q( )=

Q and Q( ) = Q for some constant matrices Q and Q Then there exist
positive constants eg and K such that for 0 < e <egg, and T > 0,

Eexp( sup |n5(t)|> < K.

(T + 1)% 0<t<T

Remark 5.34. Note that in view of Corollary 4.31, one can show under
the condition Q(t) = @ and Q(t) = @ that there exists a constant K such
that

PE(t,s) — Polt,s) = K(T +1)O; (a +exp (_M» .

3

In this case, f7 can be taken as

0< 0y < min{1, Ko} -
- KT+ D)Blr(1+1Q|r)

That is, compared with the general result, the constant K1 can be further
specified as Kr = K(T + 1).
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Proof of Corollary 5.33: Note that when the generators are time indepen-
dent, the quasi-stationary distribution v*(t) is also independent of time and
is denoted by »*. In this case, the argument from (5.75) to (5.80) can be
replaced by the following. Let

Qo = @idiag(ul, b,
Then it can be shown that
Q1 (@)k diag(vh, ..., V) = (Qo)**?, for k> 0.

This implies that

QPy(t,s) = Qlexp (Q(t — s)) diag(v*,..., ")
= Qo exp(Qo(t — 5))-

Let ¢°(t) = (x°(t) — X°(t)) — n°(t). Then ¢°(-) satisfies the equation

o () + / (6% (5) + 1 ()) Qo exp(Qot — 5))ds = 0.

Solving for ¢°(-), we obtain

55 (1) = / 1 (5)Qods.

Writing x°(¢) — X°(¢) in terms of ¢°(¢) and 7n°(¢) yields,

t
OO =0 - [ 7(5)Quds.
0
The rest of the proof follows that of Theorem 5.29. O

Similar to Section 5.2, we derive estimates that are analogous to Corol-
lary 5.7 and Corollary 5.8. The details are omitted, however.

5.3.3 Asymptotic Distributions

In Section 5.2, we obtained a central limit theorem for a class of Markov
chains generated by Q°(t) = Q(t)/e + Q(t) with a weakly irreducible Q(t).
In this case for sufficiently small ¢ > 0, Q°(¢) is weakly irreducible. What,
if anything, can be said about the weak and strong interaction models,
when Q(t) is not weakly irreducible? Is there a central limit theorem for
the corresponding occupation measure when one has a singularly perturbed
Markov chain with weak and strong interactions? This section deals with
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such an issue; our interest lies in the asymptotic distribution as ¢ — 0.
It is shown that the asymptotic distribution of the corresponding occupa-
tion measure can be obtained. However, the limit distribution is no longer
Gaussian, but a Gaussian mixture, and the proof is quite different from
that of the irreducible case in Section 5.2.

Foreachi=1,...,0,j=1,...,m;, « € M, and t > 0, let §;;(¢) be a
bounded Borel measurable deterministic function. Use W;; (¢, ) defined in
(5.61) and the normalized occupation measure

n®(t) = (n31 (), ..., nim, (t), ..., (t), ... ng, (1))
with

¢ *L t (s, a%(s))ds
nij@)—ﬁ/owum ())ds.

We will show in this section that n®(-) converges weakly to a switching
diffusion modulated by @(-). The procedure is as follows:

(a) Show that (n°(:),@*(-)) is tight;

(b) verify that the limit of a subsequence of (n(-),@°(-)) is a solution to
a martingale problem that has a unique solution;

(c) characterize the solution of the associated martingale problem;

(d) construct a switching diffusion that is also a solution to the martingale
problem and therefore the limit of (n°(-),a(-)).

To accomplish our goal, these steps are realized by proving a series of
lemmas. Recall that 75 = o{a®(s) : 0 < s < t} denotes the filtration
generated by af(-). The lemma below is on the order estimates of the
conditional moments, and is useful for getting the tightness result in what
follows.

Lemma 5.35. Assume (A5.5) and (A5.6). Then for all0 < s <t <T and
e small enough, the following hold:

(2) sup B[n*(t) —n*(s)|75] = O(Ve);
(b) sup 2 [ In() = n°(s)*| 5] = O(t — 5).

Proof: First, note that for any fixed ¢, j,

Bl () = niy(IFE) = = [ EWis (o)
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Moreover, in view of the definition of W;;(¢, &) and the Markov property,
we have, for 0 < s <r,

E[Wij(r,a%(r))| Fs]
E (It (r=si;y = V(M s (memay) 1F5] Big(r)
= (P(a"(r) = 4| FZ) — vi(r)P(a (r) € M| F)) Bij(r)

= (P(a"(r) = sijla’(s)) — vj(r)P(a®(r) € M;|a®(s))) Bi;(r).

In view of Lemma 5.24, in particular, similar to (5.55) and (5.56), for all
iOZ 1,...,[ andjo = 1,...,m1‘0,

P(a(r) = sijla®(s) = sigjo) — Vi (r)P(a®(r) € Myla®(s) = siyj)

o+ em( =Y

Thus owing to Lemma A.42, we have
(P(a®(r) = sijla®(s)) — vj(r)P(a®(r) € M;la®(s))) Bi;(r)
l
= Z Z I{O‘E(S =Sigio } (P( E(T) = Sijlas(s) = Siojo)

—vi(r)P(af(r) € M;la®(s) = Smb))ﬂij (r)

= O<s+exp<—@)).

Note also that

2 [ ofe oS0V ar - o2

This implies (a).
To verify (b), fix and suppress ¢, j and define

—EK/: Wiy (r, of(r))dr>2 }‘]
Then by the definition of n;("),
B (i~ 0)° ] = L. (5.56)
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In accordance with the definition of @°(-), @°(t) = ¢ iff a®(¢) € M,. In what
follows, we use a®(t) € M, and @°(t) = ¢ interchangeably. Set

Vit 1) = Las(n=si o= =sis} = Vi {as(n=sij} {m=)=i}
Wa(t,7) = =V () (@ =iy Tos @=ss} + V5 (0 (D (e )=y T e )=y

Then as in the proof of Theorem 5.25,

dn®(t)
dt

= 2/ E Wt r) + W5 (t, r) | F5] Bij (r) B (t)dr.

Using Lemma 5.24, we obtain

€

B (1.7 (6) = sl = O = +exp( - 2= ),
B3 0.1l (s) = si] = O = +exp - 2= ),

forallig =1,...,land jo = 1,...,m;,. Then from Lemma A.42, we obtain
t—
B[w5(t, )| 7] = 0<s T Xp<_¥>)
5 c ro(t =)
E[\IJ2(t,’I“)|]:S]:O E—f—exp _T )

As a consequence, we have

Integrating both sides over [s,t] and recalling n°(s) = 0 yields

e (t)
=0(t—s).
Y — o)
This completes the proof of the lemma. O

The next lemma is concerned with the tightness of {(n°(-),@"(-))}.

Lemma 5.36. Assume (A5.5) and (A5.6). Then {(n°(-),ac(-))} is tight in
D([0, T];R™ x M).
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Proof: The proof uses Lemma A.17. We first verify that the condition given
in Remark A.18 holds. To this end, note that 0 < @*(t) <! forall ¢t € [0,T].
Moreover, by virtue of Theorem 5.25, for each § > 0 and each rational t > 0,

inf P (|n°(t)] < Ki) = inf[l = P([n*(1)] > Ki)]

€ 2
> e 1 EOF
€ Kt2,6

Kt

>1—
- Kt265

where the last inequality is due to Theorem 5.25. Thus if we choose K; s >

VEKT/6, (A.6) will follow.
It follows from Lemma 5.35 and (5.58) that for all ¢ € [0, 7],

e—0  \0<s<A

iiino{limsup< sup E{E [ |n§;(t+s) —n(t)|F;] })} =0, -

im {limsup< sup E{E[[a°(t+s)—a (t)|*|F;] })} =0.

1
A—=0[ e=0 \0<s<A
Using (5.86) and (5.87), Theorem A.17 yields the desired result. O

The tightness of (n°(-),@°(-)) and Prohorov’s theorem allow one to ex-
tract convergent subsequences. We next show that the limit of such a sub-
sequence is uniquely determined in distribution. An equivalent statement
is that the associated martingale problem has a unique solution. The fol-
lowing lemma is a generalization of Theorem 5.25 and is needed for proving
such a uniqueness property.

Lemma 5.37. Let £(t, ) be a real-valued function that is Lipschitz in (t,x)
€ R™*L. Then

< 2
sup E/ Wii(s,a(s))€(s,n(s))ds| — 0,
0<¢<T 0

where Wij(t, a) = (Ija=s,,3 — V5 () I{aer,})Bij (t) as defined in (5.61).

Remark 5.38. This lemma indicates that the weighted occupation mea-
sure (with weighting function &(t,a°(t))) defined above goes to zero in
mean square uniformly in ¢ € [0,¢]. If £(-) were a bounded and measur-
able deterministic function not depending on «(-) or n(-), this assertion
would follow from Theorem 5.25 easily. In the current situation, it is a
function of n(-) and therefore a function of a®(-), which results in much
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of the difficulty. Intuitively, if we can “separate” the functions Wj;(-) and
&() in the sense treating £(-) as deterministic, then Theorem 5.25 can be
applied to obtain the desired limit. To do so, subdivide the interval [0, <]
into small intervals so that on each of the small intervals, the two func-
tions can be separated. To be more specific, on each partitioned interval,
use a piecewise-constant function to approximate £(-), and show that the
error goes to zero. In this process, the Lipschitz condition of £(¢, z) plays
a crucial role.

Proof of Lemma 5.37: For 0 < § < 1 and 0 < ¢ < T, let N = [¢/e"79]. Use
a partition of [0, <] given by

[to,tl] U [tl,tg) J---u [tNutN-‘rl]

of [0,¢], where t;, = e'=%k for k = 0,1,...,N and ty;1; = . Consider a
piecewise-constant function

£(0,n5(0)), 0 <t <ty
&) = E(tr—1,n"(tp-1)), ift, <t <tgy1, k=2,...N,
{(tN,l,nE(tN,l)), ift:tNJrl.

Let W(t) = Wij(t,a(t)). Then

| [ Wi et )

<24/’ (It ne (1)) — £(1)dt

2

(5.88)

g 2E‘/0§ WE (£)E(t)dt

We now estimate the first term on the second line above. In view of the
Cauchy inequality and the boundedness of W (t), it follows, for 0 < ¢ < T,
that

2

\/’ ()t ne (1)) — &1t

<7E [ (et (0) - )
0
=7 [ Blene ) - €0
0
Note that Theorem 5.25 implies
Eln(t)? < K,

for a positive constant K and for all ¢ € [0,T]. Therefore, in view of the
Lipschitz condition of £(-), we have

N=

Blg(t,n*(1))] < K(1+ Eln(t)]) < K(1 + (Eln“()*)%) = O(1).
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Noting that ty = 26179 = O(£'79), it follows that

/E (t,n°(t)) — £(t))2dt
zz/t Bl e (1) — E1)2dt + O(e1),

k=2

Using the definition of g(t), the Lipschitz property of £(t,x) in (¢, ), the
choice of the partition of [0,¢], and Lemma 5.35, we have

N

> [ Bletnt o) - o)rar

k=2"tk

I
M=

/tkﬂ o0 (1)) = §(te—r, " (tr-1))) dt

tk+1

I /\

t — tk_1)2 + E|7’L5(t) — ns(tk_l))|2) dt

(t —te—1)® 4+ O(t — tp—1)) dt

tk+1
/ 1 5 0(61_5).

Let us estimate the second term on the second line in (5.88). Set

= ([ W)

Then the derivative of 7j°(t) is given by

wDﬂzn MZH Mz

DI
/%

2

=2 [ B (Wi g 08 ds.

For 0 < t < tg, in view of the Lipschitz property and Theorem 5.25, we
obtain

/0 E (W5(s)8s)W5EW) ) ds < / | E (1&(s)]| - (1)) ds
< [ @R e

= O(ty) = O('79).
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Iftp <t <tpyr, for k=2,..., N, then using the same argument gives us
t
| E(Wa@owsmen) s

= Ot —tg1) = O(tgs1 — te_1) = O('9)

and

dﬁ;t(t) - 2/0 - E (WZ(S)E(S)W;‘; (t)g(t)) ds + O('79).

Recall that Ff = o{a®(s) : 0 <s<t}. For s <tp_1 <tx <t <tps,

E (W5 (5)Es)W5 (0E))

= B (W5 (8)&(s) EIW5 (€)1 Fiu )

(5.89)

Moreover, in view of the definition of & () and the proof of Lemma 5.35, we
have for some kg > 0,

E[W5(0E0)|Fry] = EOEWS (1) Fr, ]

000 (= +oxp (-0
= O<5+exp< tk;tk 1)>)

—&0o(e+en(-52) ) =00

Combine this with (5.89) to obtain

B (Wi (5)&)W5 (0E(D) = 0 BIES)EW)] = Of).

Therefore,
dn®(t) 1-5
=0
7 ()
uniformly on [0, T], which implies, together with 7%(0) = 0, that

S [dnt(t
sup 7°(c) = sup / (_77 ()) dt = O(' 7).
0<e<T 0<s<T Jo dt

This completes the proof. O

To characterize the limit of (n°(-),@°(-)), consider the martingale prob-
lem associated with (n°(-),@*(+)). Note that
dn®(t)

1
dt NG

W (t,a(t)) and n®(0) = 0,
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where

W(t,a) = (Wii(t, @), ..., Wim, (t,a), ..., Win(t,a),..., Wi, (t,@)).

Let G¢(t) be the operator

GO ft,x,a) = %f(t, x, ) + %<W(t, ), Vi f(t, x, a)>

+Q€(t)f(t7 Z, -)(Oé),
for all f(-,-,a) € CY!, where V, denotes the gradient with respect to  and

(-,+) denotes the usual inner product in Euclidean space. It is well known
that (see Davis [41, Chapter 2])

¢
f(t,n(t), 0%(t) — / G=(s)f(s,n"(s), a"(s))ds (5.90)
0
is a martingale.
We use the perturbed test function method (see Ethier and Kurtz [59)

and Kushner [139]) to study the limit as ¢ — 0. To begin with, we define a
functional space on R™ x M

C? = {fo(ac, i) : with bounded derivatives up to the

second order such that the second derivative is Lipschitz}.

(5.91)
For any real-valued function f°(-,i) € C%, define
. oz, 1), if o € My,
7(1‘,&) :Zfo(xai)l{ae./\/li} =
=1 oz, D), ifae M,

and consider the function

f(t,z,0) = f(z,a) + Veh(t,z, a), (5.92)

where h(t,z,«) is to be specified later. The main idea is that by appro-
priate choice of h(-), the perturbation is small and results in the desired
cancelation in the calculation. _

In view of the block-diagonal structure of Q(t) and the definition of
f(x, ), it is easy to see that

Q) f(z,-)(a) = 0.
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Applying the operator G%(t) to the function f(-) defined in (5.92) yields
that

Fne(t),0(1) + vEh(t, n*(t), o5 (t))

! 1 5 F(nE 5 £ £
— [ {20V (6.0 (9). 90 (9.0 (5) + VEV (s, 5). 0 4)
0 € e 1 € e
+\/E£h(svn (S)va (S))-f-\/gQ(S)h(S,TL (8)7)(a (8))

L) (Fn(s), )+ VEh(s,m(s), -><aa<s>>}ds

defines a martingale.
The basic premise of the perturbed test function method is to choose the
function h(-) that cancels the “bad” terms of order 1/+/e:

Q(s)h(s,z,")(a) = —<W(s, a), Ve f(z, a)>. (5.93)

Note that as mentioned previously, Q(¢) has rank m — [. Thus the dimen-

sion of the null space is [; that is, N(Q(t)) = . A crucial observation is that
in view of the Fredholm alternative (see Lemma A.37 and Corollary A.38),
a solution of (5.93) exists iff the matrix ((W (s, sij), Vaf(2,s;))) is or-

thogonal to 1,,,,...,1,,,, the span of N(Q(t)) (see Remark 4.23 for the
notation). Moreover, since f°(-,4) is C%, h(-) can be chosen to satisfy the
following properties assuming f3;;(-) to be Lipschitz on [0, T:

(1) h(t,x, ) is uniformly Lipschitz in ¢;
(2) |h(t,z, @) and |V4h(t, x, a)| are bounded,;
(3) Vih(t,z,«) is Lipschitz in (¢, x).

Such an h(-) leads to

F(n(1),0(1)) + VEh(t,n® (1), a% (1))
—/ {<W(s,a5(s)),th(s,ns(s),as(s)»
0 , (5.94)
HVE(gehlenE(6):0%(5)) + QT 51 e )

T VEQ()h(s, " (s), -><of<s>>}ds



5.3 Markov Chains with Weak and Strong Interactions 201

being a martingale. For each s, z, «, define
g(s,z,a) = (W(s,a), Vih(s, z,a)). (5.95)

With f € C%, it is easy to see that g(s,z,«) is Lipschitz in (s, ). This
function will be used in defining the operator for the limit problem later.

Remark 5.39. Note that the choice of h(-) in (5.93) is not unique. If hq(+)
and hy(-) are both solutions to (5.93), then the irreducibility of Q%(s) im-

plies that, for each i =1,...,1,
I’Ll(S,I,Sﬂ) h?(svxvsil)
- = ho(s,x,i)ﬂmi

hi(s,x, Sim,) ha(s,x, Sim,)

for some scalar functions h%(s, z,i). Although the choice of h is not unique,
the resulting function g(s,z,a) is well defined. As in Remark 4.23, the
consistency condition or solvability condition due to Fredholm alternative
is in force. Therefore, if hy and hg are both solutions to (5.93), then

<W(S,Q),Vzh1(S,I,Q)> = <W(S,O&),Vzh2(8,z,04)>,
forae M;andi=1,...,1.

Using ¢(s, z, «) defined above, we obtain

/0<W(s,a8(s)),th(s,na(s),aa(s)»ds
:/ g(s,n°(s),a(s))ds

0
t Lz

l
Z Z I{oﬁ(s):su‘}g(sa n(s), si;)ds

i=1 j=1

t L my
:/0 ZZ(I{QE(S):Sij} —I/;(S)I{as(s):i})g(s,nE(S),Sij)ds

i=1 j=1

t L my
+/0 ZZI{as(s):i}V;(S)g(S,TLE(S),Sij)ds.

i=1 j=1

0

In view of Lemma 5.37, the term in the fourth line above goes to zero in
mean square uniformly in ¢ € [0, 7. Let

m;
g(s,z,i) = Z vi(s)g(s,x,si5)-
j=1
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Then it follows that

/ Zif{as ()=} (s)g(s,n%(5), 815)ds

=1 j=1
+
:/ ZI{HE(S):i}g(Sans(s)vi)ds
0 =1
t
:/ g(s,n°(s),a"(s))ds.
0

Therefore, as € — 0, we have

E/ (W (s,a°(s)), Vzh(s,n®(s), a"(s)))ds
0 t , (5.96)
_/0 g(s,n%(s),a"(s))ds| — 0
uniformly in ¢ € [0, 7.
Furthermore, we have
/ @(s f(n(s),-)(a(s))ds
0 .
:/ ZZI{M (5211 Q(8) F(n(5), ) (545)ds
= S S ey 6 - T 5,
1= 1_] 1

/ S 0 (5) g )y OV F (1 (), ) s

=1 j=1

Again, Lemma 5.37 implies that the third line above goes to 0 in mean
square uniformly in ¢ € [0, 7. The last term above equals

/ Qs) /0 (n(s), )@= (5))ds,

where Q(s) = diag(v}(t), ..., (t))Q(s)1. It follows that as & — 0,

Q)] (n°(5). ) (5))ds

(5.97)
/ Qs)f0(n(5), ) (@(s))ds| — 0

uniformly in ¢ € [0, 7.
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We next examine the function g(s, z, ) closely. Using the block-diagonal
structure of Q(s), we can write (5.93) in terms of each block @7(s). For
ji=1,...,1,

N h(s,z,s1) (W(s,s1), Vaf2z,5))
Q(s) : = : . (5.98)
h(s,x,8jm,) (W (s,85m, ), Vef°(z, 7))

Note that Q7(s) is weakly irreducible so rank(Q7(s)) = m; — 1. As in
Remark 4.9, equation (5.98) has a solution since it is consistent and the
solvability condition in the sense of Fredholm alternative is satisfied. We can
solve (5.98) using exactly the same technique as in Section 4.2 for obtaining
the ¢;(t), that is, replacing one of the rows of the augmented matrix in
(5.98) by (1,1,...,1,0), which represents the equation Y, h(s,z, s;x) =
0. The coefficient matrix of the resulting equation then has full rank; one
readily obtains a solution. Equivalently, the solution may be written as

h(s,x,s;1)

h(s,2,5m,)

<W(S, 551)5 szo(xvj»

) K@‘(s))’(@j(s))] 1(@]‘(8))' ;
]]';nj ﬂ;nj ]]';n] <W(s,sjmj),sz0(x,j)>

0

Note that ‘
I{a:sjk} — Vi(t)I{QGMj} =0if o € ./\/lj.

Recall the notation for the partitioned vector z = (z!, ..., 2!') where 27 is an

m;-dimensional vector and 27 = (7, ... ,xan ). For the partial derivatives,

use the notation
0 9?
ach = — and (’9%1]-2 = .
oz, ' 8x; oz’
1 J2

Then h(s,z,sji) is a functional of 9; 1 f°(x, j),...05m, [°(z, j). It follows
that g(s,x,s;x) is a functional of 9% ; . f(, j), for j1,ja = 1,...,m;, and
so is (s, z, j). Write

mj

_ . 1 , .
g(S,.’L‘,]) = 5 Z aj1j2(873)632’,j1j2f0(x7])7 (5'99)

Ji,j2=1

for some continuous functions a;, j, (s, 7).
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Lemma 5.40. Assume (A5.5) and (A5.6). Suppose (n°(-),a°(+)) converges
weakly to (n(-),a@(-)). Then for f°(-,i) € C%,

Fon(t),a(t)) - /0 (G(s.n(s),a(s)) + Qs) f*(n(s),-)(@(s))) ds
is a martingale.

Proof: Define

HE (1) = (0 (8, 0°(8)) + VER(E, 0 (1), 0 ()
-/ t{<W<s,a€<s>>,vzh<s,n€<s>,a€<s»>
FVEL (s m(s),0(5)) + Q) F(n(5). (0 ()
+VEQUSM(s 1 (6). (e (9) s

The martingale property implies that

E[(H®(t) = H"(s))z1(n" (t1), 2" (t1)) - - - z(n* (tx), @ (¢5))] = 0,

for any 0 < t; < -+ <t < s <t and any bounded and continuous
functions z1(+),. .., 2k (7).
In view of the choice of h(-), it follows that all the three terms

Veh(t,n®(t),a" (1)),

ﬁ(%h(t,ﬁ(t},&(t})), and

VEQ(t)h(t,n (1), ) (af (1)
converge to 0 in mean square. Recall (5.96), (5.97), and
F(n°(t),a%(t)) = fO(n°(t), a(1)).
Denote the weak limit of H*(-) by H(-). We have
E[(H(t) — H(s)) 21(n(tr),a(t1)) - - z(n(t), ate))] =0,

where H(-) is given by
(1) = O(n(t), a(t)
- / (@0, n(r), @) + Q) O (n(r), Y(@(r))) dr.

Thus (n(-),@(-)) is a solution to the martingale problem. O
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Lemma 5.41. Let L denote the operator given by
NI , N ,
£f0($,]) = 5 Z ajljz(svj)agz,jljgfo(xvj) + Q(S)fo(,T, )(])
Ji,j2=1

Then the martingale problem with operator L has a unique solution.

Proof: In view of Lemma A.14, we need only verify the uniqueness in dis-
tribution of (n(t),@(t)) for each ¢t € [0, 7. Let

f(@,7) = exp ({(0, ) + 0o5}) ,
where § € R™, 6y € R, j € M, and ¢ is the pure imaginary number with
2= —1.
For fixed jo, ko, let Fj r,(z, ) = I{j—jo1 f (2, ko). Then
Fioro (n(t),@(t)) = Iia(y=joy f (n(t), ko).

Moreover, note that
l
g(S, n(s), a(s)) = Z I{E(s):j}g(sv n(s), ])

= _ZI{Q(S )=3} Z a]lJZ s j jJ1J2FJ0/€0( ( ) ])
e (5.100)
1 2 a9
= 51{5(5):%} Z g1 ja (SJO)ajO,jlef(n(S)a ko)

Ji,j2=1
1 & ,
=3 > 55 (5.50) (=051 Oios) T a(s)=io} £ (n(5), o))

J1,J2=1

Furthermore, we have
Q(8) oo (n(S% )(al(s))
= Lt @) Eas 0051, 0)

] 1

_Zf{a(s J}ank Fjoko (n(s), k)

= Z Iiw(s)=5} quk(s)l{k:jo}f(n(s)u ko)
Jj=1 k=1

(5.101)

l
= Z Lia(s)=313j, (8) f(n(s), ko)

Z%Jo $)z(s)=5y f (n(s), ko).
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Let
630(t) = E (Iimoyy f(n(0), K)) , for jik=1,...,1
Then in view of (5.100) and (5.101),

Mjo

t
Pjoko (t) - Pjoko (O) _/ { Z Ajy jo (Sajo)(_9j0j1 9j0j2)¢j07€0 (8)
° % J2=t (5.102)

+qu $) ik, (S } =0.

Let
¢(t) = (¢11(t)7 ooy Olmy (t>a s ¢ll(t)7 R ¢lmz (t))

Rewrite (5.102) in terms of ¢(-) as

t
—I—/O o(s)B(s)ds

where ¢(0) = (¢;x(0)) with ¢;1(0) = Elz0)=;3/(0,k), and B(t) is a
matrix-valued function whose entries are defined by the integrand of
(5.102). The equation for ¢(t) is a linear ordinary differential equation.
It is well known that such a differential equation has a unique solution.
Hence, ¢(t) is uniquely determined. In particular,

Eexp ({(0,n(t)) + Ooar(t)})

= Z E (Itay=5y exp ({0, n(t)) + jbo}))

is uniquely determined for all 8, 8y, so is the distribution of (n(t),@(t)) by
virtue of the uniqueness theorem and the inversion formula of the charac-
teristic function (see Chow and Teicher [30]). O

The tightness of (n°(+),@®(-)) together with Lemma 5.40 and Lemma 5.41
implies that (n°(-),a°(-)) converges weakly to (n(-),a(-)). We will show
that n(-) is a switching diffusion, i.e., a diffusion process modulated by
a Markov process such that the covariance of the diffusion depends on
the Markov jump process. Precisely, owing to the presence of the jump
Markov chains, the limit process does not possess the independent incre-
ment property shared by many processes. A moment of reflection reveals
that, necessarily, the coefficients in g(s,z,4) must consist of a symmetric
nonnegative definite matrix serving as a covariance matrix. The following
lemma verifies this assertion.
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Lemma 5.42. For s € [0,T] and j = 1,...,1, the matriz
A(S,j) - (aj1j2(57j))
is symmetric and nonnegative definite.
Proof: Let 7/ = (nj1,...,njm,) and @7 = (x;1,...,@;m,)". Define

5@ =3 (7))’

Then the corresponding g(-) defined in (5.99) has the following form:

_ ) 1 . N
g(s,x,j) = 577”/1(8,])773-

Moreover, let f;(z, k) = fj(x), independent of k. Then for all k =1,...,1,

Q(s)f;(n*(s),-)(k) = 0.
To verify the nonnegativity of A(s, j), it suffices to show that

t
/ ! A(r, j)nd dr > 0,
for all 0 < s <¢ <T. Recall that f;(z) is a quadratic function. In view of
(5.94) and the proof of Lemma 5.40, it then follows that
1

3 A dr = lim (B (0 (0) = BA(9)-

We are in a position to show that the limit is nonnegative. Let

ns’j(t) = (n?l(t), e ,njmj (1)).
Then

E(fj(n°(t)) = f;(n°(s)))
= LB () - ().
For ¢t > s > 0, using

(0,027 () = (', 0™ (s)) + (0,0 () =™ (s)),

we have
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We next show that the last term goes to 0 as € — 0. In fact, in view of (a)
in Lemma 5.35, it follows that

E[n™(t) = n®(s)|F;] = O(v/e),
and hence
E | (0’ ,n™(t) — ns’j(5)>‘f§}
= (i, E[(n™(t) = n™7(5))|F]) = O(Ve).
Using (b) in Lemma 5.35, we derive the following inequalities

E(i,n™(5))” < P PE[n® (5)]2 < |07 2O(s).

The Cauchy—-Schwarz inequality then leads to

N )
< (B i)’ < . {W—,ns,j(t) _ei(s)) f§]2> :

1

- (E<77j,n€’j(s)>2) : O(Ve) =0, ase— 0.

As a result for some K > 0, we have
B (7 2 @) E (o ne90) o) 7] ) = =Kl lsvE 0.

as ¢ — 0. The nonnegativity of A(s, j) follows.
To show that A(s,j) is symmetric, consider

figui (@) = @45, 245, for ji,ja =1,...,m;.

Then, we have

1/t ) . ; ; 1/t )
3 | (s s = im i 0 (0) = 5 [ e (i), (5.109)

for all t € [0,T]. Thus, A(s, ) is symmetric. O
Next, we derive an explicit representation of the nonnegative definite

matrix A(s,j) similar to that of Theorem 5.9. Recall that given a function
f°(-), one can find k() as in (5.93). Using this h(-), one defines f(-) as in
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(5.95) which leads to g(-) given in (5.99). In view of the result in Theo-

rem 5.9 for a single block of the irreducible matrix Q7 (¢) together with the
computations of g(s, x, ), it follows that A(s,j) = 2A°(s, j), where

20(0.3) = Bha®) (V) [ Qulrt
([ Qo) ) By 0,

with
Bhiag(t) = diag(Bj1(t), .. ., Bjm, (t)),
Viiag(t) = diag(¥] (t), ..., v, (1),
and _
v (t) N
Qo(r,t,j) = (I — : exp (Qj(t)r) .
VI (t)

Applying Lemma 5.42 to the case of @(s) a single block irreducible matrix
Qi (s), it follows that A%(s, j) is symmetric and nonnegative definite. Hence,
standard results in linear algebra yield that there exists an m; x m; matrix
09(s,7) such that

0°(s,7)0% (s,5) = A°(s, 7). (5.104)
Note that the definition of §(s,, ) is independent of Q(t), so for deter-

N

mining A°(s, ), we may consider Q(¢) = 0. Note also that

Q(t) = diag(Q'(t),0,...,0) + - - - + diag(0, ..., 0, Q'(t)).

The foregoing statements suggest that in view of (5.104), the desired co-
variance matrix is given by

Om1 Xmi

0m2 Xmo

7*(5,4) (5.105)

Oml><ml
— diag(Oleml,OmZsz, ceey go(s,j) ey 07m><mz)7

where Oy, xm, is the my X my zero matrix. That is, it is a matrix with the
jth block-diagonal submatrix equal to 0%(s, j) and the rest of its elements
equal to zero.
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Theorem 5.43. Assume that (A5.5) holds. Suppose Q(-) is twice
differentiable with Lipschitz continuous second derivative and Cj() 18
differentiable with Lipschitz continuous derivative. Let (3;;(-) be bounded
and Lipschitz continuous deterministic functions. Then nf(-) converges
weakly to a switching diffusion n(-), where

/

n(t) = (/Ota(s,a(s))dw(s))

and w(-) is a standard m-dimensional Brownian motion.
Proof: Let .
/!
A(t) = (/ a(s,a(s))dw(s))
0

and @(-) be a Markov chain generated by Q(t). Then for all f°(-,i) € C%,

Fo@(t),a(t) - /0 (G(s,7(s),a(s)) + Q) [ (Als), ) (@(s))) ds

is a martingale. This and the uniqueness of the martingale problem in
Lemma 5.41 yields that (n(-),@(-)) has the same probability distribution
as (n(-),a(-)). This proves the theorem. O

Remark 5.44. Note that the Lipschitz condition on f;;(-) is not required
in analyzing the asymptotic normality in Section 5.3.3. It is needed in
this section because the perturbed test function method typically requires
smoothness conditions of the associated processes.

It appears that the conditions in (A5.5) and (A5.6) together with the
Lipschitz property of f;;(-) are sufficient for the convergence of n°(-) to a
switching diffusion n(-). The additional assumptions on further derivatives
of Q(-) and Q(-) are needed for computing the covariance of the limit
process n(-).

Remark 5.45. If @(-) were a deterministic function, n(-) above would be
a diffusion process in the usual sense. However since the limit @(-) is a
Markov chain, the diffusion process is modulated by this jump process; the
resulting distribution has the features of the “continuous” diffusion process
and the “discrete” Markov chain limit.

In this section, we use the perturbed test function method, which is quite
different from the approach of Section 5.2. The method used in that section,
which might be called a direct approach, is interesting in its own right and
makes a close connection between asymptotic expansion and asymptotic
normality. It is effective whenever it can be applied. One of the main ingre-
dients is that the direct approach makes use of the mixing properties of the
scaled occupation measures heavily. In fact, using asymptotic expansion,
it was shown that the scaled sequence of occupation measures is a mixing
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process with exponential mixing rate. For the weak and strong interaction
cases presented, the mixing condition, and even approximate mixing con-
ditions, no longer hold. To illustrate, consider Example 4.20 with constant
jump rates and calculate

En®'(s)(n*(t) — n°(s))].

By virtue of the proof of Theorem 5.25, a straightforward but tedious cal-
culation shows that

E[n=(s)(n(t) —n(s))] /0 ase— 0

for the weak and strong interaction models because E[n®’(s)(n®(t)—n=(s))]
depends on P;(t,s), generally a nonzero function. A direct consequence is
that the limit process does not have independent increments in general. It
is thus difficult to characterize the limit process via the direct approach.
The perturbed test function method, on the other hand, can be considered
as a combined approach. It uses enlarged or augmented states by treating
the scaled occupation measure n°(-) and the Markov chain o () together.
That is, one considers a new state variable with two components (z, ).
This allows us to bypass the verification of mixing-like properties such
that the limit process is characterized by means of solutions of appropri-
ate martingale problems via perturbed test functions, which underlies the
rationale and essence of the approach. As a consequence, the limit process
is characterized via the limit of the underlying sequence of operators.

Note that if Q(t) itself is weakly irreducible (i.e., Q(t) consists of only
one block), then the covariance matrix is given by (5.30). In this case, since
there is only one group of recurrent states, the jump behavior due to the
limit process @(-) will disappear. Moreover, owing to the fast transition rate
@(t) /e, the singularly perturbed Markov chain rapidly reaches its quasi-
stationary regime. As a result, the jump behavior does not appear in the
asymptotic distribution, and the diffusion becomes the dominant factor.
Although the method employed in this chapter is different from that of
Section 5.2, the result coincides with that of Section 5.2 under irreducibility.
We state this in the following corollary.

Corollary 5.46. Assume that the conditions of Theorem 5.43 are fulfilled
with | =1 (i.e., Q(t) has only one block). Then n®(-) converges weakly to

the diffusion process
t ’
n(t) = (/0 U(s)dw(s)) ,

where w(+) is an m-dimensional standard Brownian motion with covariance

given by (5.30).
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To further illustrate, consider the following example. This problem is
concerned with a singularly perturbed Markov chain with four states di-
vided into two groups. It has been used in modeling production planning
problems with failure-prone machines. As was mentioned, from a modeling
point of view, it may be used to depict the situation that two machines op-
erate in tandem, in which the operating conditions (the machine capacity)
of one of the machines change much faster than the other; see also related
discussions in Chapters 7 and 8.

Example 5.47. Let a°(-) be a Markov chain generated by

=A1(t)  A(t) 0 0

cop Ll om®) —m@) 0 0
CO=21 " 0 —M) M)
0 0 pa(t)  —pa(t)

0 —x®) 0 A
w0 -t 0
0 om0 —pm()

Then
@(t) _ —A2 (t) A2 (t) )
pa(t)  —pa(t)
Let @(-) be a Markov chain generated by Q(t), t > 0. In this example,

0 _ (s) 2 Br1(s
0(8’1)_2<()\1 +u15 ( [312
< Bo1(s
—Baa(

)

o)
M) (s) )1(%15‘5; §
0

N|=

»n ~—

N

00(5’2)_2(0\1 +u1 s))3
ols1) =2 (w )+ ()

1)
!

cooo oo

and

[N

_ A1(s)p(s)
ols:2) =2 (w EYNE)E )

o O O O
o O OO
™

N
[
—
S~—
o O O O
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The limit of n°(-) is given by

ntt) = ([ otomteints)

where w(+) is a standard Brownian motion taking values in R*.

5.4 Measurable Generators

In Section 4.2, we considered the asymptotic expansions of probability dis-
tributions. A natural requirement of such expansions is that the generator
Q¢ (t) be smooth enough to establish the desired error bounds. It would
be interesting to consider the case in which the generator Q°(¢), t > 0, is
merely measurable. The method used in this section is very useful in some
manufacturing problems; see Sethi and Zhang [192]. Moreover, the results
are used in Section 8.6 to deal with a control problem under relaxed con-
trol formulation. Given only the measurability of Q(t), there seems to be
little hope to obtain an asymptotic expansion. Instead of constructing an
asymptotic series of the corresponding probability distribution, we consider
the convergence of P(a®(t) = s;;) under the framework of convergence of

T
/O P(af(t) = si,)f(t)dt for f(-) € L2[0,T]: R).

Since the phrase “weak convergence” is reserved throughout the book for
the convergence of probability measures, to avoid confusion, we refer to
the convergence above as convergence in the weak sense on L2([0, T; R) or
convergence under the weak topology of L?([0,T7]; R).

Case I: Weakly Irreducible Q(t)
Let a(-) € M ={1,...,m} denote the Markov chain generated by

where both Q(t) and Q(t) are generators.
We assume the following conditions in this subsection.

(A5.7) Q(t) and Q(t) are bounded and Borel measurable. Moreover,

Q(t) is weakly irreducible.

Remark 5.48. In fact, both the boundedness and the Borel measurabil-
ity in (A5.7) are redundant. Recall that our definition of generators (see
Definition 2.2) uses the g-Property, which includes both the Borel measura-
bility and the boundedness. Thus, (A5.7) requires only weak irreducibility.
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Nevertheless, we retain both boundedness and measurability for those who
read only this section. Similar comments apply to assumption (A5.8) in
what follows.

Define the probability distribution vector
p(t) = (P(a“(t) = 1),..., P(a"(t) = m))
and the transition matrix
Pe(t,s) = (pi;(t, ) = (P(a”(t) = jla®(s) = 1))

Then using the martingale property in Lemma 2.4, we have

f@:f@+/pwwwwr (5.106)

and
Pe(t,s) =1 —|—/ Pe(r, 8)Q% (r)dr. (5.107)

The next two lemmas are concerned with the asymptotic properties of p®(t)
and P<(t, s).

Lemma 5.49. Assume (A5.7). Then for each i, j, and T > 0, P(ac(t) = 1)
and P(af(t) = i|a®(s) = j) both converge weakly to v;(t) on L*([0,T];R)
and L*([s, T);R), respectively, that is, as ¢ — 0,

/0 Y P () = 1) — m(Of () — 0 (5.108)
and "
[ 1Py = la(s) = ) - w0t (5.109)
for all £(-) € L2([0,T); R) and L2([s, T]: R), respectively.

Proof: We only verify (5.108); the proof of (5.109) is similar. Recall that

(1) = (5 (1), .. Pu(0)) = (P(a"() = 1),...., P(a®() = m)).

Since p*(-) € L%([0,T]; R™) (space of square-integrable functions on [0, 7]
taking values in R™), for each subsequence of ¢ — 0 there exists (see
Lemma A.36) a further subsequence of ¢ — 0 (still denoted by e for sim-
plicity), and for such ¢, the corresponding {p°(-)} converges (in the weak
sense on L2([0, TJ; R™)) to some p(-) = (p1()s- - -» pm(-)) € L2([0, T, R™),
that is,

T T
/ps(r)(fl(TL.--,fm(r))’dr—>/ p(r)(f1(r),.., fm(r)) dr,
0 0
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for any (f1(*), ..., fm(:))" € L?([0,T]; R™). Moreover,
0<p(M) <1 and piB)+-+pal)=1  (5.110)

almost everywhere. Since Q(-) € L2([0, T]; R™*™), we have for 0 < s < ¢ <
T,

¢ B ¢ B
| F 06w~ [ o
Thus, using (5.106) we obtain

t ~

/ p(Q(r)dr = tim | p*(r)@(r)dr

e—=0 /g

— i (<7 - 7o) < | tpff(r)@(r)dr) 0.

e—0

Since s and ¢ are arbitrary, it follows immediately that
p()Q(t) =0 a.e. in t.

By virtue of (5.110), the irreducibility of Q(¢) implies p(t) = v(t) almost ev-
erywhere. Thus the limit is independent of the chosen subsequence. There-
fore, p(-) — v(-) in the weak sense on L2([0, T]; R™). O

Theorem 5.50. Assume (A5.7). Then for any bounded deterministic func-
tion B;(-) and for each i € M and t >0,

2

t
E '/0 (Tas (s)=iy — vi(s))Bi(s)ds| — 0 as e — 0. (5.111)

Proof: Let )

n() = B } [ o = mtssieras

Then as in the proof of Theorem 5.25, we can show that
n(t) = 2(m(t) +n2(t)),
where
mt) = / / () [P(0F (s) = i) — wi(s)|a(s)Bi(r)drds,
ma(t) = / / T Paf(r) = DP(a(s) = il (r) = 1) — wils)]

X B:(8)Bi(r)drds.
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By virtue of Lemma 5.49, P(a®(s) = i) — v;(s) in the weak sense on
L?([0,T];R) and therefore as ¢ — 0,

m(t) = [ 1P = 5615 ([ o) ds o
Similarly, in view of the convergence of
P(a(s) = ila®(r) = i) = vi(s)
under the weak topology of L?([r,t];R), we have

wt) = [ ] [ 1P = o) =) (o501

xP(af(r) =14)B;(r)dr — 0.

This concludes the proof of the theorem. O

Case II: Q(t) = diag(Q(t),...,Q'(t))

This subsection extends the preceding result to the cases in which @(t)
is a block-diagonal matrix with irreducible blocks. We make the following
assumptions:

(A5.8) @(t) and Q'(t), for i =1,...,1, are bounded and Borel measur-
able. Moreover, Q(t), i = 1,...,1, are weakly irreducible.

Lemma 5.51. Assume (A5.8). Then the following assertions hold:

(a) For eachi=1,...,0 and j =1,...,m;, P(a®(t) = si;) converges in
the weak sense to vj(t)9*(t) on L*([0,T];R), that is,

T
/O [P(a* (1) = s55) — V(O (D) (£)dt — 0, (5.112)
for all f(-) € L?([0,T); R), where
(W' (t),...,0'(t)) = pol + / (0*(s),...,9'(s))Q(s)ds
0

(b) Foreachi,j, i1, j1, P(a®(t) = sij|la®(s) = s;,5,) converges in the weak
sense to Vi(t)0y(t,s) on L*([s,T];R), that is,

T
/ [P(0F () = sij]a®(s) = si,5,)— VA (08, )] f()dt — 0, (5.113)

for all f(-) € L?([s,T);R), where ¥;;(t,s) is defined in Lemma 5.24
(see (5.50)).
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Proof: We only derive (5.112); the proof of (5.113) is similar. Let

PE() = (Pia (1), - D, (8), -, PR (E), - P, (1))

where p;(t) = P(a®(t) = si;). Since p°(:) € L*([0,T];R™), there ex-
ists (see Lemma A.36) a subsequence of ¢ — 0 (still denoted by e for
simplicity), such that corresponding to this &, p®(t) converges to some
p(-) € L?([0, T); R™) under the weak topology. Let

p(t) = (pll(t)a <oy Pimy (t>a i apll(t)v <oy Plmy (t)) :

Then 0 < p;;(t) < Land >, ; pi;(t)
the proof of Lemma 5.49, for 0

almost everywhere. Similarly as in

IA

-

IA
N~

The irreducibility of @k (t), k=1,...,1, implies that

p(t) = WD), ..., 0 () diag( (1), ..., (1)), (5.114)

for some functions 9*(¢), ..., 9 ().
In view of (5.106), we have

ps(t)i = pol + /Ot p°(s) (é@(s) + @(s)) 1ds.

Since Q(s)1 = 0, it follows that

Pg(t)izpoi—i—/o pS(S)@(S)]lds.

Owing to the convergence of p°(t) — p(t) under the weak topology of
L2([0,T];R™), we have

t

P01 = pol+ [ p()Q(s)Tds
Using (5.114) and noting that
diag(v* (1), ...,/ (1)1 =1,
we have
W (1), ..., 0" (1) = poll + /Ot(ﬁl(s), . 9(9))Q(s)ds.

The uniqueness of the solution then yields the lemma. 0
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Theorem 5.52. Assume (A5.8). Then for anyi=1,...,1, j=1,...,my,
and bounded deterministic function B3;;(t), t >0,

T 2
E(/ (I{Ots(t):Si]‘} — V; (t)I{EE(t):i}) Bij (t)dt) — 0, ase — 0.
0

Proof: Let n(t) be defined as in (5.52). Then we can show similarly as in
the proof of Theorem 5.25 that

T t
’I](T) = 2/0 A (I)E(t, T)ﬂij (t)ﬂlﬂ (’I”)d’l”dt,

where ®¢(t,r) = ®5(¢,7) + P5(¢,r) with ®5(¢,r) and P5(¢,r) defined by
(5.53) and (5.54), respectively.
Note that by changing the order of integration,

T rt
/0 /0 D5 (¢, 7)Bi; () Bi; (r)drdt
: T
_/0 P(as(r) = Sij)ﬁij(T){/r [P(aS(t) = sijlas(r) = si;)
0P (1) € Mila®(r) = sl (1)t

Since the B;;(+) are bounded uniformly on [0,7], 3;;(-) € L*([0,T];R). As
a result, Lemma 5.51 implies that

T
/ [P(af(t) = sijla®(r) = si5)
—vj(t)P(a”(t) € Mila®(r) = si5)]Bi;(t)dt — 0.

Hence as € — 0,

T t
| [ #senasws,ei o

Similarly,

T
/ / 5 (t,7)Bi; (t)Bij (r)drdt — 0, as e — 0.
o Jo

The proof is complete. O

Theorem 5.53. Assume (A5.8). Then @°(-) converges weakly to a(-) on

D([0,T]; M), as € — 0.
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Proof: Recall that x¢(t) denotes the vector of indicator functions

(I{as(t):su}, oo Ttas@y=simy 1o Lfas () =sn s - - 7I{a€(t):slml}) ;
and let

X(t) = (W (0, X5 (1) = X" (D)1
Then X5(t) = I{Ei(t):i} fori=1,...,1
We show that X°(-) is tight in D'[0, T first. Let Ff = o{a(r) : r < t}.
Then in view of the martingale property associated with a®(-), we have,
for 0 < s <t,

Ek@—f@—[ﬁ@ymm

f:] =0.

Right multiplying both sides of the equation by 1 and noting that Q (r)i =
0, we obtain

E {?(t) —X(s) — /t X°(r)Q(r)1dr }'j] =0. (5.115)
Note that .
/ Xa(r)@(r)idr =O0(t —s).
It follows from (5.115) t;at
E [Iige )=} |F5] = Ifa=(s)=iy + O(t — 5). (5.116)

Note also that (14)? = I4 for any set A. We have, in view of (5.116),

2
E [(I{afu)—z‘} — Iiae(s)=i}) ‘f}

=F [I{w(t)—i} = 2l y=iy (@@= (s)=i} T L{a=(s)=i} fi}

=k [I{m(t)—i} Fs } Ie (9)=iy + Lo (9)=1)

= I{af(s):i} +O(t—s)
=2 (Iige(s)=iy + Ot = 8)) L= (5)=i} + L{w= ()=}
=0(t —s),

for each ¢ = 1,...,[. Hence,

t—se—0

7]} =g

- 2
lim lim £ {E [(I{aa(t)_i} — Ime(s)=i})
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Therefore, by Lemma A.17, Y°(+) is tight.

The tightness of X°(-) implies that for any sequence g — 0, there exists
a subsequence of {e;} (still denoted by {e}) such that X°*(-) converges
weakly. We next show that the limit of such a subsequence is uniquely
determined by Q(-) := diag(v'(-),..., v (:))Q(-)1.

Note that

[ eeawiar = [ xwar
+ / (X (r) — X° (r)diag(W' (r), . . ., V1 (r))) Q(r) Tdr-.
In view of Theorem 5.52, we have, as ¢ — 0,

E —0.  (5.117)

/ [X5(r) — X° (r)diag(v* (r), ..., v} (r))] Q(r)1dr

Now by virtue of (5.115),

5| (v- / QT ) (% (1) 5 (X (1) =0
for 0 <t < - < t; <

z21(4)y oy 25 ().

Let X(-) denote the limit in distribution of x*#(-). Then in view of (5.117)

and the continuity of f n(r)Q(r)dr with respect to 1(-) (see Lemma A.40),
we have X°(-) = X(-) as e, — 0, and X(-) satisfies

s < t and bounded and continuous functions

B[ (70 -x06 - [ x0@0ar) a5 x)] <o

It is easy to see that X(-) = (x1(-),...,X;(-)) is an [-valued measurable
process having sample paths in D![0, 7] and satisfying X;(t) = 0 or 1 and

l

a(t) = il =1},

or in an expanded form,

I, ifx;(t)=0, fori<l—1, x,(t) =1.
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Then @(-) is a process with sample paths in D([0,T]; M) and
Y(t) = (I{E(t):l}a ey I{E(t):l}) w.p.1.

Therefore, @(-) is a Markov chain generated by Q(-). As a result, its dis-

tribution is uniquely determined by Q(-). It follows that @°(-) converges
weakly to @(-). O

Remark 5.54. Note that Theorem 5.53 gives the same result as The-
orem 5.27 under weaker conditions. The proofs are quite different. The
proof of Theorem 5.53 is based on martingale properties associated with
the Markov chain, whereas the proof of Theorem 5.27 follows the tra-
ditional approach, i.e., after the tightness is verified, the convergence of
finite-dimensional distributions is proved.

Remark 5.55. In view of the development in Chapter 4, apart from the
smoothness conditions, one of the main ingredients is the use of the Fred-
holm alternative. One hopes that this will carry over (under suitable condi-
tions) to the measurable generators. A possible approach is the utilization
of the formulation of weak derivatives initiated in the study of partial dif-
ferential equations (see Hutson and Pym [90]).

Following the tactics of the weak sense formulation, for some T < oo
and for given g(-) € L([0,T];R), a function f(-) € L*([0,T];R) is a weak
solution of (d/dt)f = g if

tATﬂw(%§Q>ﬁ-3Amewwﬁ

for any C°°-functions on [0,77] vanishing on the boundary together with
their derivatives (denoted by ¢ € C5°([0,T];R)). Write the weak solution
as (d/dt)f = g.

Recall that L2 _ is the set of functions that lie in L?(S;R) for every closed

loc

and bounded set S C (0,7). A function f(-) € L2 _ has a jth-order weak

loc
derivative if there is a function g(-) € L such that

: ey [ @0
| stotaran = -1y [ s e

for all ¢ € C§°([0,T];R). The function g(-) above is called the jth-order
weak derivative of f(-), and is denoted by D7 f = g.
To proceed, define the space of functions H™ as

H" = {fon[0,T]; for 0 <j<mn, DIf exist and are in L*([0,T];R)}.
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Equip H™ with an inner product and a norm as

(f,9) D’ fDgdt,
g<n/

==Y [ 10 P

i<n

One can then work under such a framework and proceed to obtain the
asymptotic expansion of the probability distribution. It seems that the
conditions required are not much different from those in the case of smooth
generators; we will not pursue this issue further.

5.5  Remarks on Inclusion of Transient and
Absorbing States

So far, the development in this chapter has focused on Markov chains with
only recurrent states (either a single weakly irreducible class or a number
of weakly irreducible classes). This section extends the results obtained to
the case that a transient class or a group of absorbing states is included.

5.5.1 Inclusion of Transient States

Consider the Markov chain af(-) € M, where its generator is still given by
(5.47) and the state space of a°(t) is given by

M=MUMyU- UM UM,, (5.118)

with M; = {81, .., Sim, } and M, = {s.1,..., Sem, }- In what follows, we
present results concerning the asymptotic distributions of scaled occupation
measures and properties of measurable generators. While main assumptions
and results are provided, the full proofs are omitted. The interested reader
can derive the results using the ideas presented in the previous sections.
To proceed, assume that Q(t) is a generator of a Markov chain satisfying

Q) = _ (5.119)

QLY -+ QL) Q.(t)

such that for each t € [0,7] and each i =1,...,1, @( t) is a generator with
dimension m; X m;, Q.(t) is an m, X m, matrix, Qi(t) € R™Xmi and
mi +mso + -+ -+ my +m, = m. We impose the following conditions.
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(A5.9) For all t € [0,T], and i = 1,...,1, Q'(t) are weakly irreducible,
and Q. (t) is Hurwitz (i.e., all of its eigenvalues have negative real
parts). Moreover, Q(-) is differentiable on [0, T'] and its derivative
is Lipschitz; Q(-) is Lipschitz continuous on [0, T.

Use the partition

Q% () Q*(t)
where
@11(t) € ROm—ma)x(m=m.) @12@ € ROm—ma)xm.
Q¥ (t) e R™-*(m=m) and Q¥(t) € R™ ™,
and write

Q.(t) = diag(v' (1), ..,/ (O)(Q" (DT + Q" (1) (@, (1), - -, am, (£)))
@(t) = dlag(@* (t)7 Om* Xm*)u

(5.120)
where _
1=diag(Ln,, ..., Ly,), L, = (1,...,1) € R™ ",

and _ _

am,; (t) = —Q; QL ()1, fori=1,...,1. (5.121)
In what follows, if a,,,(t) is time independent, we will simply write it as
am,. The requirement on Q.(t) in (A5.9) implies that the correspond-
ing states are transient. The Hurwitzian property also has the follow-
ing interesting implication: For each ¢t € [0,T], and each i = 1,...,l,
Am; (1) = (@m; 1 (1), oy Qmyom, (t))" € R™<*1 Then

l

U, j(6) >0 and Y am, (1) =1 (5.122)

i=1
for each j = 1,...,m.. That is, for each t € [0,T] and each j = 1,...,1,
(@my,j(t), ..., am,,;(t)) can be considered a probability row vector. To see

this, note that
/ exp(Q. (t)s)ds = —Q: (1),
0

which has nonnegative components. It follows from the definition that
A, (t) > 0. Furthermore,

l l
Zami (t) = —Q:'(t) Z@i(t)ﬂmi = (=7 (M) (—Q+(t) Ly, = L.
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Thus (5.122) follows. Similar to the development in the section for the case
of weak and strong interactions, we can derive the following results.

Theorem 5.56. Define

t
5 A (I{oﬁ(s):sij} - V;(S)I{QE(S)EMZ'}) dS, fOT 1= 1, ceey l,
Xij(t) =

t

/ Has (9)=s.,}45, fori =+,

0
(5.123)
and assume (A5.9). Then for each j =1,...,m;,
O(), fori=1,...,1

su E ft 2_{ ? . ) Y 5.124
by PN E= 1 0(2), fori = (5.124)

Next, for each fixed t € [0,T], let & be a random variable uniformly
distributed on [0, 1] that is independent of a°(+). For each j = 1,...,m.,
define an integer-valued random variable ;(t) by

&) = Ttoce<am, ;1) + 2 {am, ;(0)<€<am, 5 () tam, 5(1)}
+ -+ ZI{aml,j(t)+"'+aml—1*j(t)<£§1}'

Now redefine the aggregated process @°(-) by

7, if a®(t) € M;,
ac(t) = (5.125)

&), it af(t) = su;().

Note that the state space of a°(t) is M = {1,...,1}, and that @*(-) €

D([0,T); M). Similar to the weak and strong interaction case, but with
more effort, we can obtain the following result.

Theorem 5.57. Under conditions (A5.9), @°(-) converges weakly to a(-),
a Markov chain generated by Q,(+) given by (5.120).

Next, for t > 0, and o € M, let 5;;(t) be bounded Borel measurable
deterministic functions, and let

(I{azsi].} — y;(t)I{OLGMi})/Bij(t)7 ifi=1,...,0, j=1,...,my,
Wij(t,a):

I{a:s*j}ﬂij(t); if’i:*, j:l,...,m*.
(5.126)
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Consider the normalized occupation measure

n(t) = (n51(8), -5, (85 niy (8, (1)),

where .
1
n:(t) = — Wii(s,af(s))ds.
50 = = [ Wits.a*)
We can then proceed to obtain the asymptotic distribution.

Theorem 5.58. Assume (A5.9), and suppose Q(-) is twice differentiable
with Lipschitz continuous second derivative. Moreover, @() is differen-
tiable with Lipschitz continuous derivative. Let B;;(-) (for i = 1,...,1,
j = 1,...,m;) be bounded and Lipschitz continuous deterministic func-
tions. Then n®(-) converges weakly to a switching diffusion n(-), where

t /
n(t) = (/ a(s,a(s))dw(s)) , (5.127)
0
where o(s,1) is similar to (5.105) with the following modifications:

o(s,1) = diag(0m, xmys - 0°(58,4), -+, Oy cmys O s, ) (5.128)
and w(-) is a standard m-dimensional Brownian motion.

Finally, we confirm that the case of the generators being merely measur-
able can be treated as well. We state this as the following theorem.

Theorem 5.59. Assume the generator is given by (5.47) with Q(-) given

by (5.120) such that Q and Q are measurable and bounded and that Q'(t) is
weakly irreducible for each i =1,...,1. Then the following assertions hold:

o Foranyi=1,...,1,7=1,...,m;, and bounded deterministic func-
tion ﬂij(t); t Z O,
T ) 2
E(/O (I{oﬁ(t):sij} - V; (t)I{EE(t):i}) ﬂij (t)dt) — 0, ase — 0.

o a°(-) converges weakly to a(-), a Markov chain generated by Q. ().

5.5.2 Inclusion of Absorbing States

Consider the Markov chain a®(-) € M, where the generator of a(-) is still
given by (5.47) with

Q(t) = diag(Q" (t), ..., Q"(t), Omyxm, ), (5.129)
where 0., xm, 18 the m, X m, zero matrix, the state space of o (t) is given
by

M=M;UMaU---UM;UM,, (5.130)
with M; = {si1,. .+, Sim,; } and Mg = {Sa1, .- -, Sam, }» and my +mao+-- -+
my + mg = m. Assume the following conditions.
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(A5.10) For all t € [0,T] and i = 1,...,1, Q'(t) is weakly irreducible.
Furthermore, Q(+) is differentiable on [0, 7] and its derivative is
Lipschitz. Moreover, Q(-) is Lipschitz continuous on [0, T7.

Define

1=diag(ly,,...,Ly,) and 1, = diag(T, In,)
(5.131)

o~ o~

Q(t) = diag(v (1), V2 (1), ..., v (t), In, )Q(t)1,.

Assume that the conditions in (A5.10) are satisfied. Then we can prove the
following:

(a) Ase — 0,

pE(t) = (9(t),9%(t))diag(v (1), ...,V (t), In, )+ O (e + exp(—rot/e)),

where
I(t) = (9(t),...,0't)) € R™! and
V(L) = (V1(t),..., 05, (1) € RIxma
satisfying

w = (0(t), 0°(£))Q(t), (9(0),9°(0)) = p(0)1,

where Q(t) is given in (5.131) and p*(0) = (p=1(0),...,p>!(0), p>%(0))
with ps,i( ) c Rlei and ps,a(o) c Rlxma.

(b) For the transition probability P¢(t,tg), we have
PE(t,tg) = P°(t, o) + O (e + exp(—ko(t — to)/€))) (5.132)
for some k¢ > 0, where

PO(t,to) = 1,0(t, to)diag(v' (), ..., V' (), In,),

and 101t 10)
tt —
— g =0tL1)Q(), Ofto,to) = 1.
To proceed, we aggregate the states in M; for ¢ = 1,...,] as one state

leading to the definition of the following process:

(i ifaf(h) e M,
a(t) = {aa(t), if 0 (t) € M. (5.133)
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For each j = 1,...,m;, we also define a sequence of centered occupation

measures by

ij (t) = t
/0 (I{OLE(S):SQJ'} — 19?(8))(18.

For t > 0 and o € M, let

9

t
/0 (I{OLE(S):Si]‘} — I/;(S)I{Es(s):i}) dS, for i = 1, ceey l,

(5.134)

Wij(t,a) _ {I{a—sij} - Vg(t)l{ae./\/li}a for ¢ = 1,...,[, j = 1,...,mi,

{a=sa;} — V5 (1), for j=1,...,mg.
(5.135)
Consider the normalized occupation measure
ng(t) = (nil(t)v e 7n§m1 (t)7 e 7”?1@)? e 7nl8ml (t)v nil(t)v e 7nima(t))7
where
1t
—/ Wii(s,a%(s))Bij(s)ds, i =1,...,0, j=1,...,my,
()= Ve
/ Wa;(s,a5(s))Baj(s)ds, 7 =1,...,mq.
0
Note that
1
dn®(t) —ewr(t,of(t)), for af(t) e M1 U--- UM,
dt Wa(t,af(t)),  for as(t) € My,
n°(0) =0,
where

W (t,a) = (Wit(t, @)y oo, Wi, (8, @)y oo, Wi (t, @), oo, Wi, (8, @),

Wet,a) = War(t, @), ..., Wam, (t,«)), and

W(t,a) = (W"(t,a), We(t, ).

Ma

(W% (1,0)), V21, 0)) = 3 by (0,0) 20 ().

j=1 a,j

We can obtain the following results.

Theorem 5.60. Assume (A5.10). Then the following assertions hold.
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(a) Foralli=1,...,l and j =1,...,m;, corresponding to the recurrent
states, sup,c(o 7 E|O5;(1)]* = O(e).

(b) @ (-) converges weakly to a(-), a Markov chain generated by Q(-).
(c) Define the generator L by

Ma

1
Lfw0) =5 37 ap(s,0)08 55 (2,0)

Ji,J2=1
+ Za bj(87 a)aa,jfo(xv @) + @(S)fo(xv )(a)
j=1

Then the sequence Y¢(-) = (n°(+),a°(+)) converges weakly to Y (-) =
(n(-),@(-)) that is a solution of the martingale problem with operator

Neat, assume that Q(-) and @() are bounded and measurable and Q'(t)
foreachi=1,...,1 is weakly irreducible. Then

P°(t) = (P11 (®)s - DI (D)5 P ()5 -+ o s Pl (0 PE1 ()5 -+ -3 P, (1))

converges in the weak topology of L2([0, T]; R™) (with m = Zézl m; +mq)

to

p(t) = (Vi (L), ..., v ($)d(t), p™"),
where p%® is the subvector in the initial data p° corresponding the absorbing
state.

Note that in deriving the asymptotic distribution of the scaled occupa-
tion measures, we need to compute the asymptotic covariance of the limit
process. That is, we need to evaluate the limit of

- / ( (W' (s, <s>>>'> (ﬁmma(s)), Wa(S,QE(S)OdS

W“ (s,a%(s)))
(i e
W) We(r) )
(5.136)
where
W (r) = 1 / OV o D e
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It can be shown that
WIT(t) — W' (t), WI(t) — 0, Wo(t) — 0, and W2%(t) — W* (),
as e — 0, where for i =1,...,1, W (t) = W' (t,i) = fot W7 (s,i)ds with
W (s,4) = diag(Om, xmys- - 0(5,8), - - Oy ey ) (5.137)

with o(s,4) the m; x m; matrix such that o(s,i)o’(s,i) = A(s,i) for i =
1,...,1, and

W () = (W (t) with W, () = /0 (0195 (s) — 95 (s)93(s)) ds,
(5.138)

where 0, = 1if j = k, §;; = 0if j # k. The detailed proof of Theorem 5.60
can be found in Yin, Zhang, and Badowski [241].

5.6 Remarks on a Stability Problem

So far, our study has been devoted to systems with two time scales in
a finite interval. In many problems arising in networked control systems,
stability is often a main concern. A related problem along this line is in
Badowski and Yin [5].

It is interesting to note that intuitive ideas sometimes are not necessarily
true for systems with switching, for example, if one put together two stable
systems by using, for instance, Markovian switching. Our intuition may
lead to the conclusion that the combined systems should also be stable.
Nevertheless, this is, in fact, not true. Such an idea was illustrated in Wang,
Khargonekar, and Beydoun [212] for deterministically switched systems; see
also Chapter 1 of this book concerning this matter.

As a variation of the system in [212], we consider the following example.
Suppose that a(-) is a continuous-time Markov chain with state space

-1 1
M ={1,2} and generator Q° = Q /e, where Q = . Consider

1 -1

a controlled system
& = A(a®(t))z + B(a"(t))u(t),

with state feedback u(t) = K(af(t))z(t). Then we obtain the equivalent
representation

& = [A(af () — B(a® (t)) K (a5 (t)))z. (5.139)
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Suppose that

Gy =aw) -smrm = 10 2 |
200 —100
G(2) = A(2) - BQ)K(2) = —100- 200
20 —100

Note that both matrices are Hurwitz (i.e., their eigenvalues have negative
real parts). A question of interest is this: Is system (5.139) stable? The key
to understanding the system is to examine

#°(t) = G(as())2° (¢), (5.140)

where both G(1) and G(2) are stable matrices.

Since @ is irreducible, the stationary distribution associated with @ is
given by (1/2,1/2). As a result, as ¢ — 0, using our weak convergence
result, z°(-) converges weakly to z(-), which is a solution of the system

i(t) = Gz(t), where

- (5.141)
5:%(G(1)+G(2)): 100- 110

110 —100

In addition, for any T < oo, using the large deviations result obtained in
He, Yin, and Zhang [84], we can show that for any § > 0, there is a ¢; > 0
such that

P(po,r(af(t),z(t)) > 6) < exp(—ci1/e), (5.142)

where po7(7,y) = supg<,<r |2(t) — y(t)|.

Note that G is an unstable matrix with eigenvalues —210 and 10. Thus
for (5.141), the critical point (0,0)’ is a saddle point. But why should the
stability of the averaged system dominate that of the original system? To
see this, from a result of differential equations, there is a nonsingular matrix
H such that HGH ! = A = diag(—210, 10). Clearly, the stability of (5.141)
is equivalent to that of

2
§(t) = Ay(t) = H> v;G(i)H 'y(t) = diag(—210,10)y(t), ~ (5.143)
i=1

where y = Hz = (y1,y2)’. The stability of (5.141) is equivalent to that of
(5.143), which is completely decoupled and y;(t) = exp(—210t)y1(0) — 0
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and y2(t) = exp(10t)y2(0) — oo. To see how the original system (5.140)
behaves, we apply the same transformation to get

2

P = HY o=y G H 'y (1), (5.144)
=1

For the transformed system (5.143), by choosing V (y) = y3/2, we obtain
V(y(t)) = 10y3 > 0 for all y, # 0. Define Lez(t) = limgso E5[2(t + ) —
z(t)]/0 for a real-valued function z(t) that is continuously differentiable,
where E§ denotes the conditioning on the Ff = o{a®(s) : s < t}. With
V(y) = y3/2, we have

2

LV (y" (1)) = 10(y5(£)* + V, (y* (D) H D _[L{ae =y — vilG(i)H "y (1),
i=1

where V/(y) = (0,12) € R'*2, Using perturbed Liapunov function tech-
niques as done in Badowski and Yin [5], define a perturbation

00 2
Vi(y.1) = EF / VIS e oy—sy — ]G H Ny,

t i=1
It can be shown that Vi (y,t) = O(e)V (y). In addition,

LVs (y= (1), t) = =Vy(y° () H Z[I{oﬁ(t):i} — ]G H™ Yy (1)

Define
VE(y,t) = V(y) + V5 (y,1).

Evaluate LEVe(y=(t),t). Upon cancelation, for sufficiently small e, we can
make

OV (¥ (1) = —(y5(1))*.
It then follows that

LEVE(y  (t),t) =10(y5(1))* + O(e)V (y°(1))

Taking expectation of the left- and right-hand sides above leads to

d
Bl = 9Blys (),
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which in turn yields that
B(y5(t)? > E(y5(0))% exp(9t) — 0o as t — oo.

Similar to the previous development, choose V (y) = y7/2, define

o 2
Vi(y,t) = Ets/ e VI H Y [Hias (o= — vi]G(i)H 'y,
t i=1

and redefine
Vi(y,t).

Ve (y7 ) V(y) + 1
(y5(t))? this time and calculating

Using the upper bound O(e)V (y°(t)) <
LEVE(ye(t),t), we obtain

d
EElyf(lﬁ)l2 < —209E[yi (1),

which in turn yields that
E(y5(t)* < BE(y5(0))? exp(—209t) — 0 as t — oo.

This yields that (5.144) and hence (5.140) are unstable in probability (see
Yin and Zhu [244, p. 220] for a definition). In fact, it can be seen that the
trivial solution of the original system is also a saddle.

In the same spirit of the last example, consider a system given by

#°(t) = G(af (1))2°(t), o (t) ~ Q/e, where
0 (5.145)

7 )
0 1 -1 -3

where @ is as in the last example. Then it can be shown that () converges
weakly to z(-) that is a solution of the following system

i(t) = Ga(t),
B 4 (5.146)
G = 3
4 4
3

Neither G(1) nor G(2) is a stable matrix, but the system (5.146) is a stable
one. The stability analysis is again carried out using perturbed Liapunov
function methods. Here exactly the same kind of argument as in [5] can
be applied. Using the techniques of perturbed Liapunov functions, we can
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show that the stability of the averaged system “implies” that of the original
system.

These two examples illustrate that one can combine two stable systems
using Markovian switching to produce an unstable limit system. Likewise,
one can combine two unstable systems to produce a limit stable systems.
More importantly, using our weak convergence result of this chapter and
the large deviations results in He, Yin, and Zhang [84], combined with the
perturbed Liapunov function argument, we can give the reason why such
a thing can happen.

5.7 Notes

This chapter concerns sequences of functional occupation measures. It
includes convergence of an unscaled sequence (in probability) and central-
limit-type results for suitably scaled sequences. For a general introduction
to central limit theorems, we refer to the book by Chow and Teicher [30]
and the references therein. In the stationary case, that is, Q(t) = @, a con-
stant matrix, the central limit theorem may be obtained as in Friedlin and
Wentzell [67]. Some results of central limit type for discrete Markov chains
are in Dobrushin [50] (see also the work of Linnik on time-inhomogeneous
Markov chains [147]). Work in the context of random evolution, with pri-
mary concern the central limit theorem involving a singularly perturbed
Markov chain, is in Pinsky [176]; see also Kurtz [135, 137] for related dis-
cussions and the martingale problem formulation. Exponential bounds for
Markov processes are quite useful in analyzing the behavior of the underly-
ing stochastic processes. Some results in connection with diffusions can be
found in Kallianpur [102]. Corollary 5.8 can be viewed as a large deviations
result. For extensive treatment of large deviations, see Varadhan [207].
The central theme here is limit results of unscaled as well as scaled
sequences of occupation measures, which include the law of large numbers
for an unscaled sequence, exponential upper bounds, and asymptotic distri-
bution of a suitably scaled sequence of occupation times. Results in Section
5.2 are based on the paper of Zhang and Yin [252]; however, a somewhat
different approach to the central limit theorem was used in [252]. Some of
the results in Section 5.3 are based on Zhang and Yin [253]. The result on
exponential error bound in Section 5.3 is a natural extension for the irre-
ducible generators. Such result holds uniformly in ¢ € [0, T for fixed but
otherwise arbitrary T > 0. The main motivation for treating 7" as a parame-
ter stems from various control and optimization problems with discounted
cost over the infinite horizon. In such a situation, the magnitude of the
bound counts. Thus detailed information on the bounding constant is help-
ful for dealing with the near optimality of the underlying problem. Section
5.3 also presents a characterization of the limit process using martingale
problem formulations. Much of the foundation of this useful approach is
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in the work of Stroock and Varadhan [203]. Using perturbed operators to
study limit behavior may be traced back to Kurtz [135]. The general idea
of perturbed test functions was used in Blankenship and Papanicolaou [16],
and Papanicolaou, Stroock, and Varadhan [168]. It was further developed
and extended by Kushner [139] for various stochastic systems, and singu-
larly perturbed systems in Kushner [140]; see also Kushner and Yin [145]
for related stochastic approximation problems, and Ethier and Kurtz [59]
and Kurtz [137] for related work in stochastic processes. The results of this
section have benefited from the discussion with Thomas Kurtz, who sug-
gested treating the pair of processes (n°(-),ac(-)) together, which led to
the current version. Earlier treatment of a pair of processes may be found
in the work of Kesten and Papanicolaou [110] for stochastic acceleration.

The results on asymptotic properties for the inclusion of transient states
can be found in Yin, Zhang, and Badowski [239]; the results for the case
of generators being measurable can be found in the work of Yin, Zhang,
and Badowski [240]; the results on asymptotic properties of occupation
measures with absorbing states can be found in Yin, Zhang, and Bad-
owski [241].
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Asymptotic Expansions of Solutions
for Backward Equations

6.1 Introduction

In Chapter 4, we focused on obtaining an approximation to the solutions of
Kolmogorov forward equations; the emphasis was on the associated proba-
bility distribution vectors. However, in many applications, instead of treat-
ing the forward equations, we need to deal with the backward equations.
In this chapter, we take a dual point of view by examining the associated
backward equations.

An important question to answer is this: Is it possible to construct
asymptotic expansions? In this chapter, we answer this question using an-
alytic techniques. We aim to obtain asymptotic expansions of solutions
of backward equations. Using matched asymptotic expansions, we con-
struct approximations to the solutions of backward equations, show that
the asymptotic expansions are valid, and obtain uniform asymptotic error
bounds.

The rest of this chapter is arranged as follows. The precise formulation is
given next. Then Section 6.3 proceeds with the constructions of the formal
asymptotic expansions. Section 6.4 validates the asymptotic expansions
by providing uniform error bounds. In this chapter, we consider finite-
state Markov chains either including only recurrent states, or containing
transient states in addition to recurrent states. Section 6.5 takes up the issue
of inclusion of transient states. Section 6.6 provides additional remarks.
Finally, the chapter is concluded with the end-of-chapter notes.

G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications, 235
Stochastic Modelling 37, DOI 10.1007/978-1-4614-4346-9_6,
© Springer Science+Business Media, LLC 2013
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6.2 Problem Formulation

We first present a result needed in the subsequent development, which is
the key for the construction of asymptotic expansions. Then we give the
formulation of the problem we wish to study.

6.2.1 A Preliminary Lemma

We use v/ to denote the transpose of v € R"*%2 with i, and iy > 1.
For subsequent use, we state a lemma. Part (i) of the lemma is more or less
a Fredholm alternative. Part (ii) is based on the observation that any solu-
tion of an inhomogeneous algebraic system is the sum of a general solution
of the corresponding homogeneous equation and a particular solution of
the inhomogeneous equation. A key point is this: Owing to the Markovian
structure, among the infinitely many particular solutions, there is only one
that satisfies the orthogonality condition (i.e., it is orthogonal to the sta-
tionary distribution of the Markov chain); see Yin [223] for further details.

Lemma 6.1. Suppose that a constant matriz @ € R™*™ s a generator
of a continuous-time Markov chain and that Q is weakly irreducible.

(i) Then for any b € R™, the equation
QC=b (6.1)

has a solution if and only if vb = 0, where v = (v1,...,Vm) is the
quasi-stationary distribution associated with Q. Moreover, suppose
that (1 and (a are two solutions of (6.1). Then (1 — (o = col,, for
some cg € R.

(ii) Any solution of (6.1) can be written as ¢ = col,, + &, where ¢ € R is
an arbitrary constant and & is the unique solution of (6.1) satisfying

vE = 0.

Proof: The proof of part (i) is standard in linear algebra. We proceed to
prove part (ii). By part (i) of Lemma 6.1, since (6.1) has a solution, vb = 0.
Consequently, the solution of (6.1) consists of two parts, an arbitrary solu-
tion of the homogeneous equation and a particular solution of (6.1).

Since @ is a generator, the null space of @ is spanned by 1,,. Thus,
the solution of the homogeneous equation can be written as col,, for an
arbitrary constant ¢y € R. It remains only to show that there is a unique
solution £ of (6.1) satisfying v€ = 0.

Set b = (b1,...,by) € R™ and € = (&,...,&,) € R™. Consider the
following system:

Q¢ =0,
vE =0.

(6.2)
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There are m + 1 equations and m unknowns. Recall that @ is weakly
irreducible. The null space of @) is one-dimensional and the dimension of
range(Q) is (m—1), so the rank of @) is also m—1. Thus we can replace one of
the first m equations in (6.1) by the last equation, and the resulting system
of equations is uniquely solvable. A shortcut is to define an augmented

y b
matrix Q = @ € Rm+Dxm and a new vector B = € Rm+L,
v 0
Then (6.2) can be written as
Q¢ = B. (6.3)
Note that Q'Q has full rank m due to the weak virrveducivbility of Q. Thus
the solution of (6.3) can be represented by & = (Q'Q)~*Q’'B. O

6.2.2 Formulation

To reduce complexity, we focus on a finite-state Markov chain with a large
state space M. We deal with time-inhomogeneous Markov chains. The gen-
erator of the Markov chain is time-dependent. Let us introduce a small pa-
rameter € > 0, and suppose that a°(-) is a continuous-time Markov chain
with state space M and is time-inhomogeneous with generator

Q(t)

e

Q(t) = +Q(1), (6.4)

where both Q(t) and Q(t) are generators of some continuous-time Markov
chains (the same model as (4.39)).

Note that Q(t)/ec represents the fast-changing part, whereas Q(t)
delineates the slowly varying part. For the fast-changing part, we con-
sider two cases. Note that in a finite-state Markov chain, there is at least
one recurrent state, and not all states can be transient; either all states are
recurrent, or in addition to recurrent states, there is a group of transient
states. In the first case, the states belong to [ weakly irreducible classes
(all states are “recurrent”):

Qt) = diag(Q'(t), ..., Q'(1)), (6.5)

whereas in the second case, the transient states are included,
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In both (6.5) and (6.6), we assume that Q¥(t) is weakly irreducible for
each i = 1,...,1. In (6.6), we also assume that @i(t), 1 =1,...,1, are
of proper dimensions and Q,(t) is Hurwitz. If Q(t) were missing or had
the same kind of structure as that of @(t), the resulting chain would be
completely decomposable into [ “weakly irreducible” classes. Nevertheless,
the presence of the matrix Q(t) makes the corresponding Markov chain only
nearly decomposable. In view of the form (6.5) and (6.6), the decomposition
of the state space is carried out in accordance with the structure of the
generator Q(t). That is, we write the space M as

M=MUMsU---UM; (6.7)
for a chain with Q(t) given by (6.5), and write the state space as
M=MUMyU---UM; UM, (6.8)

for a chain with Cj(t) given by (6.6), where for i =1,...,1,

./\/li = {Si17 ey Simi}a M* = {S*)l, ey S*)m*}. (69)

In this chapter, we focus on the system of backward equations (see Chi-
ang [27, p. 402))

dt (6.10)
u®(T) = uy,

for some 0 < T < oo, where u®(t) € R™*!. Equation (6.10) is known
as the backward Kolomogrov equation. In the next two sections, we focus
on the case that the generator is of the form (6.5). Then in Section 6.5,
we treat the case of Q(t) given by (6.6). Note that in the above, if ug =
(ug, ..., uf") satisfies uf > 0 and Y, uf = 1, then u®(t) represents a
probability vector; otherwise in general u®(+) is not a probability vector.

6.3 Construction of Asymptotic Expansions

This section constructs the formal asymptotic expansions of the solution
u®(-) for the case that all states are recurrent using (6.7) with 22:1 mE=m.
To carry out the needed analysis, we use the following conditions. The first
one concerns the weak irreducibility of Q*(¢) for each ¢, and the second one
deals with the smoothness of the generators. It follows from (A6.2) that
the (n+ 1)st derivatives of Q(-) and Q(-) are Lipschitz continuous. Slightly
weaker conditions are possible, but for most applications, the smoothness
condition given here poses little restriction.
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(A6.1) For each i = 1,...,1 and each t € [0,T], Q'(t) is weakly irre-
ducible, and its quasi-stationary distribution is denoted by v/*(t).

(A6.2) For some positive integer n, Q(-) and Q(-) are (n + 2)-times
continuously differentiable.

Following the methods of matched asymptotic expansions, we aim to
approximate u¢(t), the solution of the Cauchy problem (6.10), by

w0+ (1)),

where

o5 (1) =Y pilt),
i=0 (6.11)

W (r) = 3 e (r),
1=0

and 7 = (T —t)/e. Here 7 is known as a stretched variable that magnifies
the details of the solution near the terminal time 7T'. Using the terminology
of singular perturbations, the ;(¢) are the outer expansion terms, and
the 1;(7) are the so-called terminal-layer (or boundary-layer) correction
terms. Similar to the approximation to the solutions of forward equations
in Chapter 4, the idea is that away from a terminal layer of thickness O(e),
the solution ®¢(¢) is a good approximation to the solution of (6.10), but
this solution generally fails to satisfy the terminal condition. Thus to get a
good approximation with reasonable accuracy, one has to add a correction
term to take care of the approximation in a neighborhood of T

In constructing the asymptotic expansions, to get the desired error esti-
mates, we need to compute a few more terms. Thus, we need to compute
®5(t) for ¢ < n+ 1. Substituting ®5(¢) for ¢ = 0,...,n+ 1 into (6.10) and
equating coefficients of like powers of €7, we obtain:

Q(t)po(t) =0,
- d

Qt)p1(t) = —Ewo(t) — Qt)po(t),
(6.12)

Q@%H@:_%%@—Q@%@,hﬂﬂwwn

Likewise, substituting ¥;(7) for i < n + 1 into (6.10), we obtain

d [~ . LA _ R
e (; a”/h‘(T)) = ; " (1) (—Q(T —e7) —eQ(T — 57’)) . (6.13)
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It is easily seen that the differential equations for v;(7) involve a term with
time-varying coefficient matrix Q(T — e7), which is complicated to deal
with. To overcome the difficulty, we use Taylor expansions of Q(-) and Q(-)
about the terminal time 7" to obtain

- Eoou(r L

ar—er) =3 LD ery 1 Riger

: J:
7=0
i—1
————¢e(—er)! + eR;_1(eT),

where QU)(T) = (& /di")Q(8)|i—r, u(t) = O(E+1), and Ry 1(t) = O(F).
Equating coefficients of like powers of % in (6.13) for i < n + 1 and using
the Taylor expansions above, we obtain

o) _ G (),
W) _ G yn(r) + (@ (@) + QD)) o).
(- (6.14)
WD) Gyt + 7.,
Z_;)(( vy (i—j—l)!)wﬂ( )
i=2,...,n+1.

To satisfy the terminal conditions, we demand that
0o(T) + 1o(0) = up and ;(T) +4;(0) =0, fori=1,...,n+1. (6.15)

Solving (6.14) together with terminal conditions (6.15), we obtain

Yo(T) = exp(Q(T)7)(uo — ¢o(T)),
i(1) = exp(Q(T)7)(—ps(T)) + /OT exp(Q(T)(7 — s))ri(s)ds, for i > 0.
(6.16)

Set ~
1= diag(1,,,,...,1yn,)

and
P = Ww(T) = diag(Lp, v (T), . .., 1y, /' (T)). (6.17)

Before proceeding further, we present a lemma.
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Lemma 6.2. There exist positive constants k and C' such that
|exp(Q(T)7) — P| < Cexp(—kT), for 7> 0.
Proof: Note that exp(Q*(T)t) is a solution of the initial value problem

dPk(t)
dt

= QMT)PH(t), PH(0) = I,

where I,,,, is the my, x my, identity matrix. Moreover, in view of Lemma A.2,
there are C, and ki > 0 for Kk =1,...,[ such that

| exp(Q"(T)7) = L v*(T)| < Cr exp(—riyT)-

We thus have

| exp(Q(T)7) — P

diag(exp(@l(T)T) A, W N(T), ..., exp(QL(T)7) — Ilmlul(T))‘

< Cexp(—kT),
where
Kk =min(k1,...,k) and C =max(Cy,...,C).
The desired estimate thus follows. O

6.3.1 Leading Term ¢q(t) and Zero-Order Terminal-Layer
Term 1o(T)

We may write ¢qg(t) in a partitioned form as
pot) = ((po(®))'; -+ (o (1)),

where @i (t) € R™*L. Since Q(t)po(t) = 0, Q'(t)@(t) = 0 for cach i =
1,...,1. Then @ (t) is in the null space of Q'(t) spanned by 1,,,. We can
thus write ) (t) as ¢} (t) = B5(t) 1, for a smooth function B§(t) € R to be
determined later. As a result, ¢o(t) must be of the form

wo(t) = 1Bo(t) (6.18)
with
Bo(t) = (By(1),...,By(t)) € R,

1= diag(Ly,, ..., Ly,).

(6.19)
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For a suitable function f(t), set f(t) = df(t)/dt. Then

o(t) = 15o(1).
So
Q1)1 (t) = —1Bo(t) — Q(t)1Bo(t). (6.20)
Define
v(t) = diag(v'(t),..., v (1)) (6.21)

Then v(t)Q(t) = 0 and v(t)1 = I; € R™!, the [ x [ identity matrix. Using
(6.21) and multiplying both sides of equation (6.20) from the left by v(t),
we obtain

Bo(t) = —Q(t)Bo(t), (6.22)

where

-~

Q) = v(HQM)T. (6.23)

Note that Q(t) is the average of @(t) with respect to the quasi-stationary
measures associated with the Q¥(t). In view of (6.16),

Yo(1) = exp(Q(T)7)(uo — ¢o(T))- (6.24)

We demand that 1(7) — 0 as 7 — oo. Letting 7 — oo in (6.24) and noting
that exp(Q(T)7) — P with P given in (6.17), we obtain

P (0) = 0. (6.25)

Using (6.21) and multiplying both sides of the above equation from the left
by v(T'), we obtain the following equivalent equation

v(T)ho(0) = 0. (6.26)
In addition,

v(T)o(0) = v(T)(uo — ¢o(T))
(6.27)

= V(T)’U,O — ﬁQ(T)
Thus,

As aresult, y(t) can be uniquely determined from the differential equation
(6.22) and the terminal condition (6.28).
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6.3.2 Higher-Order Terms

For future use, we state a lemma. The proof uses elementary row operations
of matrices.

Lemma 6.3. Define Q,(t) = @) . Under condition (A6.1), for
v(t)

each t € (0,7,

rank(Q,(t)) =m and rank(Q. (t)Q.(t)) = m.

Proof: Interchanging rows, we can show that

Cdine ((Q'®OY (@) Q')
Qy(t) = Q.(t) = diag << A ) Lo ) Lo .
Since elementary row operations do not change the rank of a matrix,
rank(Q,(t)) = rank(Q.(t)). Note that for each i = 1,...,l, the matrix

(C’V?Z ((f)) ) has rank m; owing to the weak irreducibility of Q(¢). This yields
that

1 ~ 1
rank(Q.(t)) = Z rank <§Z((tt))> = Z m; =m.

The lemma is thus proved. O
To proceed, for i > 0, we construct ¢;(t) and 1;(7) by induction. Suppose
that the terms ¢;(¢) and 9;(7) for j < i have been constructed such that
for each j < i, 9;(7) decays exponentially fast and ¢, (¢) is smooth. We next
construct o;(t) and ¥;(7).
Using (6.12), we have
~ , A def 5
Qt)pi(t) = —pi-1(t) — Q(t)pi-1(t) = bi—1(t). (6.29)
The right-hand side above, namely b1 is a known function since wi—1(t)
has been constructed. Using the partitioned form of the vector

i) = (P (1), (£i(1))),
by part (ii) of Lemma 6.1, the ith block of the solution of (6.29) is given by
pilt) = 16i(t) + i), (6.:30)

where iﬁi(t) is an arbitrary solution to the homogeneous equation and @;(t)
the unique solution of the inhomogeneous equation satisfying v* (£)b¥ | = 0,
where b¥ | (t) denotes the kth partitioned vector of b;_1(t).
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Define Q,(t) as in Lemma 6.3 and 31-_1 = . Then

Qu(t)pi(t) = <§((tt))%((tt))> %

Lemma 6.3 together with Lemma 6.1 implies
Gi(t) = (Qy(1)Qu(1) Q1)1 (6.31)
Using (6.12), we obtain

~ ~

Q(t)piv1(t) = —@i(t) — Q(t)pi(t).

Multiplying both sides by v(t) from the left, noting (6.30) and the fact
v(t)p;(t) = 0, we deduce

Bi(t) = =Q(1)Bi(t) — v(T)@;(b), (6.32)

where Q(t) is given in (6.23). Equation (6.32) is uniquely solvable if the
terminal condition is specified. We need to use the terminal-layer term to
determine the terminal condition. In view of (6.16),

Wi(r) = exp(Q(T)7)ei(0) + /OT exp(Q(T) (7 — 8))ri(s)ds. (6.33)

We demand that ¢;(7) — 0 as 7 — oo. Letting 7 — oo in (6.33) and noting
that exp(Q(T)7) — P with P given in (6.17), we obtain

P (0) + /000 Pri(s)ds = 0. (6.34)

Using (6.21) and multiplying both sides of the above equation from the left
by v(T'), we obtain the following equivalent equation

v(T)y:(0) + /OO v(T)ri(s)ds = 0. (6.35)
0
We have
WT)i0)+ [ o(Tr(s)ds
= —v(T)pi(T) +/ v(T)ri(s)ds
0 (6.36)

= (B(T) + UD)B(T)) + / T U(T)ri(s)ds

=—3(T)+ /000 v(T)r;(s)ds.
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Note that the integral involving r;(s) is well defined since |r;(s)] < Ce™"*
a consequence of r;(-) being a linear combination of ¢;(-) for j <i—1, and
the 9;(-) decay exponentially fast by the induction hypothesis. By virtue
of (6.35) and (6.36),

Bi(T) = /000 v(T)r;(s)ds. (6.37)

Moreover, when j3;(T') satisfies (6.37), ¥;(1) — 0 as 7 — oo as desired. The
terminal condition for §;(¢) has thus been found. Then

pi(t) = 1B:(1) + Bilt) = 18:(t) + (Qu() Qu(£) ' Qu(t) i1, (6.38)

with §;(t) determined uniquely by the differential equation (6.32) and the
terminal condition (6.37).

Proposition 6.4. For each i =0,...,n+ 1, ¢;(-) € C"27¢((0,T)).

Proof: We prove this by induction. First note that (6.22) implies that
Bo(-) € C™T1([0,T]). Therefore, po(-) € C™2([0,T7]). Assume that ¢;(-) €

~

CN”HZJ'([O,T]) for any j < i. Then b;_1(-) € C""27¢([0,T]). Set Q:(t) =
(Q(t) 1). Then
V(t)Ql(t) = (Ol><m Il)'

Moreover, using the weak irreducibility of @k (t) for k =1,...,1, similarly
to Lemma 6.3, we can show that rank(Q1(¢)Q}(t)) = m. As aresult, v(t) =
(Orsem 1) QL (1) (Q1(1)Q (1)) L. Thus v(t) € C™2([0,T)). As a result, (6.38)
implies ;(-) € C"T27¢([0, 7). O

Proposition 6.5. For 0 < i < n + 1, there exist constants C' and 0 <
Kk; < Kk such that

[0i(7)| < Cexp(—kiT) for 7>0.

Proof: We prove this by induction. First, by Lemma 6.2 and (6.25),

[o(T)| = [Pto(0) + (exp(Q(T)7) — P)bo (0)
= | exp(Q(T)T) = P|l¢0(0)]
< Cexp(—k7) for some > 0.

Assume that for all j < i,

[ (1)] < Cexp(—k;7) for some 0 < k; < K.
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Then for some 0 < k < k;_1,
[ri(s)] < Cexp(—ks) for s > 0.

We proceed to show that ¢;(7) also decays exponentially fast. In fact,
[6:(7)| = |(exp(@(T)7) = P)uss(0)
+ /T(exp(@(T)(T —5)) — P)ri(s)ds + /00 —Pr;(s)ds
0 T
< Cexp(—krT) + C/ exp(—k (T — s)) exp(—Ks)ds
0

—|—C/ exp(—ks)ds

Thus |¢;(7)| < Cexp(—k;7) for some 0 < k; < k < Kk as desired. O

6.4 Error Estimates

Consider

Lof = aj—*’; +(Q(t) + Q1) f. (6.39)

Lemma 6.6. Suppose that £ (t) is a solution of LEE*(t)
0 such that |L€5(t)] < CeFtl for a positive integer 1

supye (o7 €5 ()| = O(er).
Proof: Consider the solution of the following Cauchy problem for s > t,

=0 with &(T) =
< k < n. Then

OZ°(5:) _ _oerpyse(s
PRl - Qi (s,0) o0

(s, 8) = 1.

Because the equation is linear, there is a unique solution. Owing to the
well-known setup for Markov chains and the associated backward differen-
tial equations (see, e.g., [27, pp. 398-403]), ¥°(s,¢) is the solution of the
backward equations together with the terminal condition being an iden-
tity matrix, so it is a transition matrix. As a result, X°(s,t) is bounded
uniformly.

To proceed, let us examine the following terminal value problem

LEE(t) = (1),
¢° ()] = O("*),
€(T) = 0.
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The solution is given by

T
£ == / B (5, 1) (s)ds,

where 3¢(s,t) is the principal matrix solution (i.e., the solution of (6.40))
that is bounded. Thus

T
€5 (1)) < g/ ehtlds < Ce*.
t

Furthermore, taking sup,c 7, the lemma is proved. 1

Proposition 6.7. Let u(t) be the solution of (6.10) and let ®<(t) and
Ve (1) be given by (6.11), as constructed in the last section. Under the
conditions (A6.1) and (A6.2), there exists a C > 0 such that

Tt
sup |uf(t) — @5 (t) — U ( ) ‘ = et
t€[0,T) €

Proof: Put

T-—1
€

SR () = us(t) — ®5(t) — U5, < ) , k<n+1.

Since u®(t) is a solution of (6.10), L5u®(t) = 0. For k <n + 1,

LoeE(t) = —LB5 (1) — LU (T - t) |

€

Moreover, recall that Q(t)po(t) = 0. It follows that

k K K
LEB(t) = () + Y SQMwi(t) + Y T Q()wi(t)

i=0 i=0 i=0

K k
=y e (=Qt)pin (t) — Qt)pi(1)) + > £'Q(t)pi(t)
i=0 1=0
k
+> M Q(t)pi(t)
i=0

= —e"1Q()pr1(t) + Q(t)pol(t)
= —e"1Q() g1 ().

The smoothness of ¢;(t) then yields

|L505(1)| < CeTE) vt e [0,T7.
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Furthermore, the bound holds uniformly in ¢ € [0,7]. Now using the defi-
nition 7 = (T — t) /e,

() = g
which yields
LEVG(T)
k d koo k
=> —e' () + D QW) + Y TR ()
=0 1= 1=0
k k k
= = (QUT)Yilr) +1:(7)) + D EQEN(T) + > T Q(t)wi(7),
1=0 1=0 1=0
where
k .
Zsln(T)
z:1k71 k ;
— &l i Q(l_J)(T) et(— i—j—1 Q(Z_]_l)(T) P
_j_Oi_;_l( ( ) (Z—])' ( ) (Z—j—l)'> ]()
k=1 k -
7 1—J Q(lij)(T)
B §=0i=j+1 (E = (i = 35)!
€J+l i—j—1 Q(Z_j_l)(T) (T
o ~(+) (t—1) <Z:g’)—1>!)¢]()
_ . — 7 7 1Qj+1 (T) i+1 gQJ(T) .
=3 X (e )
Therefore,
LEWL(T)
k koo k
=Y = QD)) +7i(7)) + Y QUPi(r) + Y _ e QE)i(r)
i=0 i=0 i=0
k-1
= (QW) - Q) ) wnlr) + 3 (A1) - QD)
1=0
k—i—1 ~i
; Q(J+1)(T) _
- (t — T)i+ ) )1/;1(7)
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Moreover, the Taylor expansion implies that

Qt) - Q)| < CIT 1] = Cer,

i o
Q0 -Qn) - 3 -7y Q((;ff)jf N <o@- o,
= CeFigh™
Q) ~ ki(t -1y @(j?,(T) <O(T =) = Cehirh
p J:

As a result,

|L°W5(7)| < Ce*rexp(—rT)

k—1
+ Z Cer k=t exp(—kyT)
i=0
k—1
+Cer ! 4 Z Cef k=t exp(—ky7)
i=0
< Ol

Piecing this together with the estimates on L£°®%(¢), we have shown that
|L5e (t)| < CeF+L. Note the terminal condition ef (T') = 0. Thus Lemma 6.6
implies sup,¢ (o 77 |ef. ()] = O(e*). Taking k = n + 1, we obtain

sup les, ()] = O(e"™™).
te[0,7)

Finally, note that
erp1(t) = en(t) + " onpa(t) + " i (7). (6.41)

The continuity of ¢,+1(-) and the exponential decay properties of 1,41 (7)
yield that

sup |e" on i (t) + " 1 (T — 1) /2)| = O™ ).
t€[0,T]

Substituting this into (6.41), we obtain

sup g, ()] = O(e" ™).
te[0,7)

The proposition is proved. O
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Next, we summarize what has been obtained so far in the following the-
orem. It provides a detailed construction of the asymptotic series as well
as the error bounds.

Theorem 6.8. Assume (A6.1) and (A6.2). Then asymptotic expansions
®E (t) + C=((T —t)/e) can be constructed as follows:

o o(t) is obtained from (6.18), (6.22), and (6.28), and ¥o((T —1t)/e)
is obtained from the first equation in (6.16);

o ©y(t) is obtained from (6.32), (6.37), and (6.38), and (T —1t)/e)
is obtained from the second equation in (6.16);

* wi() € C"TER([0, T));

o U ((T —t)/e) decays exponentially fast in that
[r(T —t)/e)| < Cexp(—ro(T —t)/e);

e the following error bound holds:

sup [u®(t) — @°(t) — (T — t)/e)| = O(" ™).
te[0,T

6.5 Asymptotic Expansions Including Transient
States

This section concerns the asymptotic expansions of solutions of (6.10) when
the generator is given by (6.6). We only outline the differences and state
the main results. We describe in some detail how to get the terms g (%)
and g (7), and then present the results for higher-order terms. In addition
to (A6.1) and (A6.2), we assume (A6.3).
(A6.3) For each ¢ € [0, 7], Q.(t) is Hurwitz (i.e., all of its eigenvalues
have negative real parts).

We construct the formal expansions as in Section 6.3, and obtain in (6.12)
the outer expansion terms. Then we take Taylor expansions about 7' for
both Q(t) and Q(t) as in Section 6.3, which lead to (6.14). To proceed, we
denote @ (t) and ¥ (t) in a partitioned form by

(6.42)
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whenever it is convenient. In the above, ¢} (t), 9% () € R™*! with i =
1,...,0,*%. Then in the zeroth-order expansion, we have

Qb)) =0, i=1,...,1,

1 (6.43)
D QL)eh(t) + Qulb)pp(t) = 0.
i=1
As in the previous section,
ob(t) = By, i=1,...,1, (6.44)

with B8(t) to be determined and By(t) = (B}(t),...,B4(t))" € R™1L. Since
Q. (t) is nonsingular owing to (A6.3), it is readily seen that

l l

P5(t) ==Y By (M)Q (), = Y Bi(H)ai(t), (6.45)
i1 i=1
where
ai(t) = —Q7 ()QL(t)1,,, € R™> ™ for i=1,...,1. (6.46)
Thus,

l
@O(t) = (ﬁé (t>]1m1a s 7ﬁ(l3(t)]lml ) Zﬂé(t)al(t)> . (647)

Denote m, = mqy + - -+ 4+ m; + m,, and
1, (6.48)

Note that

i=1 i=1
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Then Q(t)1,(t) = 0 for each ¢ € [0, T]. Define also

Vl (t) 01><m* N
vilt) = ((8) 01, = . .| erv,

I/l (t) 01 XM s
]lmlyl(T) Om1><m*

]llel(T) Olem*

a(Tyv!(T) ... a(T)V"(T) O, xm,
(6.49)
where v(t) = diag(v!(t), ..., (t)). Define
Q.(t) = (t)Q()1.(t) € R, (6.50)
Following similar arguments to those of Section 6.3, we obtain
Q)1 (1) = ~1.(B)Bo(t) — Q)L (1)Bo 1),
Then v, ()Q(t) = 0 and v, (£)1,(t) = I, lead to
Bo(t) = —Q.(1)Bo(t), (6.51)
where 8y(T) is yet to be chosen.
Lemma 6.9. Consider the system of equations
d ~
2-9(1) = Q(T)y(7), y(0) =1yo
-
where y(7) = (y'(7),...,v"(7),y*(1))" € R™ > satisfy v'(T)ys = 0 for
each i =1,...,1. Then there exist positive constants k and C such that

ly'(7)| < Cexp(—riT), i =1,...,1,
ly*(7)| < Cexp(—kT) for 7> 0.

Proof: Using the partitioned vector notation, we obtain
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As a consequence of the above orthogonality condition,

L, v (T)yo
P.yo = L(T)vu(T)yo = ]1’”1”' '('T)yé =0,
Z al yo + O, Xm*yo
since v*(T) is orthogonal to yj. Thus
[y ()] = [ exp(Q(T)7)yp|
= [exp(@(T)7) = Dot (Dl + D (T (6:52)

< Cexp(—k;7) for some x; > 0.

As for y*(7), we obtain
() = exp(@.(T)7 )i + Z [} ew(@.) @D

Since Q. (T) has all of its eigenvalues on the left-hand side of the complex
plane, it follows that

|exp(Q.(T)7)| < Cexp(—k.7) for some k, > 0.

As a result,
ly™(7)|
< | exp(Q+(T)7)| |5 +§/OT | exp(Qu(T) (1 — 9))||QL(T)|y" (s)lds
< Cexp(rar) + czl: /OT exp(—kin (T — 5)) exp(—rss)ds
< Cexp(—r7) for some # < minfra, ks :i=1,...,1}.

Hence the lemma follows. O

Choosing 10(0) 4+ ¢o(T) = ug, we obtain

bo(7) = [exp(Q(T)T) — P.](uo — ¢o(T)) + Pu(ug — po(T)).  (6:53)
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In view of (6.53), we choose 90(0) such that v*(T)yf = 0 or equivalently,
P.1)o(0) = 0. Since

Ppo(0) = L (T)v(T) (o — ¢o(T)),
multiplying from the left by v, (T') yields that

Bo(T) = vi(T)uo (6.54)
Partition 1o (7) so that

w(r) = (W), @o(r), (W5 (7))

Then we have
Ui (1) = exp(Q*(T)T)1h(0), i:L ol
5 (7) = exp(Q. (T)7)15 (0 +Z / exp(Q«(T) (T — 8))Qu(T)0 (s)ds.

Then using Lemma 6.9, for some x > 0,

[i(7)| < Cexp(—kT), i=1,...,1,

|15 (T)] < Cexp(—kT).

Once the leading expansion terms are obtained, we proceed to obtain
higher-order expansion terms. We summarize the result as follows.

Theorem 6.10. Under conditions (A6.1)—(A6.3), the asymptotic expan-
sions ¢ (t) + U5 (1) (with 7 = (T —t)/e) can be constructed as follows:

e o(t) is obtained from

wo(t) = 1(t)Bo(t)
Bo(t) = —Q()Bo(t), Bo(T) = v(T)ug;

o y(t) is obtained from

to(r) = exp(Q(T)7)(uo = ¢o(T));
o i (t) is obtained from
() = 1(0)Bo (1) + (@, (DQu (1)~ Q% ()b
() = =QOA(0. AlT) = [ vTine(e)is
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where
Q. = @V
v(t)
by = b1 . with by = —@r_1(t) — Q)1 (t);

0

o y(T) is obtained from

wu7>=emeavTx—qu»+1ATam«xTxT—s»mxada

where

k-1 O—3) _ Qk—i-1)
rp(t) = jgo <(_T)k_]Q(kfj()j;) + (—T)k—g—l H) ¥ (T);

* wi() € CMHR([0, T));

o (7)) decays exponentially fast, whereby |y (7)| < Cexp(—koT) for
some kg > 0;

e the following error bound holds:

sup_[u®(t) — (1) — (T —t)/e)| = O(e" ).
te[0,T]

6.6 Remarks

This section provides several further remarks. In the first part, it considers
Markov chains that are weakly irreducible. The second part deals with
fully degenerate switching diffusions with the diffusion coefficients being
identically 0. Although many details are omitted, an interesting problem is
outlined. Finally, a few further remarks are made at the end.

Example 6.11. We have derived asymptotic expansions of Markov chains
with fast and slow motions. The asymptotic expansions obtained can be
used in deriving so-called reduced systems. The rationale is that reduction
of complexity will be achieved by appropriate aggregation. This is partic-
ularly pronounced when the dominating force is an irreducible generator.
To illustrate, let the generator Q¢(¢) be given by

~

Q1) = 2Qo(1) + Q1)



256 6. Asymptotic Expansions of Solutions for Backward Equations

where Qq(t) € R™*™ is weakly irreducible for cach ¢ € [0,T] and Q(t) €
R™*™ is a generator of another Markov chain. Moreover, Qo(-), and Q(-)
satisfy (A6.2). Again, let u®(t) be the solution of the corresponding systems
of backward equations with u®(T") = ug such that ug is a probability vector
(i.e., upl = 1). Denote the quasi-stationary distribution associated with
Qo(t) by vo(t). Then our results in the last section indicates that

u®(t) = v, (t) + O(e + exp(— (ko (T — 1)) /e).

6.6.1 Related Problems

In this section, we consider a variation of the systems of backward equa-
tions considered in the previous sections. The system is a hybrid system
with both continuous dynamics and discrete events included, which is rep-
resented by a two-component process (X (¢), a®(t)). These two processes are
intertwined. We have to treat the joint pair as an entity in lieu of treating
them separately. Aiming at obtaining asymptotic expansions of solutions
of certain systems of differential equations and with the main interest of
getting uniform asymptotic expansions, we let the continuous component
be in a compact set. For simplicity, we consider the compact set to be
[0, 1]. Extension to more general sets is possible; see Khasminskii and Yin
[118] and also related work in Khasminskii and Yin [117]. Let us begin
by examining an ordinary differential equation with random switching of
the form

X(t) = b(X (1), a*(t)), (6.55)
where b(-,) : [0,1] x M — R. Associated with (6.55), there is an operator
defined by

£ (r0) = b i) o ) + QEOF )G, (656)
for each i € M and any f(-,4) that is continuously differentiable. The
process associated with the operator can be thought of as a special case
of switching diffusions with diffusion part identically 0, which is the fully
degenerate case. Thus, we also have the associated system of backward
equations

- %us(x,t,i) = L (x,t,1), u(z,T,i) = g(z,q). (6.57)

To approximate the solution of (6.57), we can construct asymptotic expan-
sions of the form

Zakwk(:zr,t) + Zskwk(:zr,ﬂ, ie M,
k=0 k=0
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where

ok, t) = (er(2,,1), ., oz, t,m)),

(2, t) = (i (2,8, 1), .. (2, t,m)),
T—t

T= .
€

The developments are similar to the previous case. For example, we obtain

Q(t)po(x,t,-)(i) =0, ie M.

Thus, the leading term is given by ¢o(z,t) = iﬁo(x, t), where similarly to
Section 6.3, Bo(x,t) can be determined. In this process, we have to work
with the terminal-layer terms v (x,7) as before. Since the techniques are
similar to the previous case, we omit the details.

It should be noted that the use of compact set for the values of X (t) is
crucial to get the desired uniform error bounds. A more general setup is to
assume b(-,-) : K. x M +— K,, where K, C R" is a compact subset of R".
We refer the reader to [118] for such a setup. Note that the error bound
will be in the sense of using the sup-norm over (x,t) € [0,1] x [0,T].

6.7 Notes

Because of modeling requirements and other practical considerations,
numerous problems arising in the physical sciences, biological sciences,
and engineering involve continuous-time Markov chains that are large and
complex. To overcome the difficulty, one uses partition and aggregation for
dynamic systems motivated by the work of Simon and Ando [196] (see also
Courtois [35]) for nearly completely decomposable systems.

Complementing the results presented in Chapter 4, in which we used a
singular perturbation approach to treat forward equations for two-time-
scale Markov chains, this chapter demonstrated that such an approach
can be employed to treat asymptotic expansions of backward equations for
Markov chains with two time scales. The result of this chapter is based on
Yin and Nguyen [226]. Our approach is constructive leading to practically
useful approximation schemes. A worthwhile future research direction is to
consider the case that the generator of the switching process depends not
only on ¢t but also on the continuous state x, that is, Q(z,t). Such a case
may also be handled by similar techniques as presented in this work.
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7

Markov Decision Problems

7.1 Introduction

Continuing the central themes of this book, as an application of the
asymptotic properties of two-time-scale Markov chains, this chapter focuses
on a class of Markov decision processes (MDPs). Our main attention is on
finite-state continuous-time Markov decision processes having weak and
strong interactions.

Markov decision processes have received much attention lately owing to
their ability to deal with a large class of problems under uncertainty. Many
problems in applied mathematics such as inventory planning, resource al-
location, queueing, and machine replacement, fit well in the framework of
(or can be recast to) Markov decision processes. For a complete treatment
of discrete-time MDP models, we refer the reader to the books of Derman
[46], Ross [184], and White [218]. For a comprehensive study of continuous-
time Markov decision processes as well as some recent progress, we refer
the reader to Guo and Herndndez-Lerma [78].

Many systems in real life are large and complex, so it is necessary to treat
them in a hierarchical fashion. Using hierarchical control to deal with large-
dimensional systems, a typical approach is to derive a limit control problem
by replacing the fast-changing processes with their “average” in terms of
the corresponding quasi-stationary distributions together with appropriate
modification of the objective function. The limit control problem is much
simpler to handle than the original one. Based on an optimal decision for
the limit problem, one can make a decision for the original problem so as

G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications, 261
Stochastic Modelling 37, DOI 10.1007/978-1-4614-4346-9_7,
© Springer Science+Business Media, LLC 2013
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to achieve its asymptotic optimality. For related literature on hierarchical
control in the context of manufacturing, we refer the reader to the books
by Gershwin [71] and Sethi and Zhang [192].

A common practice in dealing with optimization of stochastic dynamical
systems is the method of dynamic programming. To find the optimal
decisions, one solves a set of associated dynamic programming (DP) equa-
tions. However, such an approach is only computationally feasible when
the dimension of the underlying system is not very large. For large-scale
systems, one has to resort to approximate optimal schemes. The hierar-
chical control approach provides a powerful tool for dealing with large
and complex systems and for finding approximate optimal solutions. An
approximate optimal solution is often more desirable than an exact opti-
mal solution because it can usually be obtained by working with relatively
simpler models with reduced dimensionality. This is especially the case
when the effort of working with a simpler model is substantially less than
that of a large-dimensional model (see Simon and Ando [196]).

In this chapter, we devote our attention to the Markov decision processes
with weak and strong interactions such that the states of the process can be
divided into several groups and that transitions among the states within
each group occur much more frequently than the transitions among the
states belonging to different groups. Both discounted cost and long-run
average cost criteria are considered. By aggregating the states in each group
as a single state, we derive a limit problem. Using an optimal solution of the
limit problem, we then construct a solution for the original problem that is
asymptotically optimal. Estimates of the error bounds for the constructed
controls are also derived.

Concentrating on controlled Markov chains and considering a relative
simpler model, we are able to deal with hierarchical controls avoiding the
use of hard-to-verify conditions, e.g., the Lipschitz continuity of an opti-
mal control for the limit problem (see Sethi and Zhang [192, Chapter 5]
and Chapter 8 of this book for related problem); obtain much better con-
vergence rates of value functions and error bounds of constructed controls
than that of problems considered in Section 8.5; incorporate a long-run
average cost criterion. The method used in dealing with long-run average
cost models is quite different from that for models with discounted costs,
however.

Our results provide a rigorous justification for hierarchical controls of
complex systems, elicit insights of the design of hierarchies, and suggest
nearly optimal procedures of hierarchical decision making in a general set-
ting. By establishing a criterion for determining the quality of hierarchical
solutions, the results provide guidance for a systematic approach for the
design of hierarchical structures within an organization.

The plan of the chapter is as follows. We formulate the MDP model
in Section 7.2, derive a limit problem in Section 7.3, give a method for
constructing asymptotically optimal decisions of the original problem using
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the optimal solution of the limit problem in Section 7.4, and obtain the
estimate of the deviation of the constructed decisions from optimality in
Section 7.5. Particular attention is paid to the rate of convergence of the
value functions and error bounds of constructed controls. Sections 7.2-7.5
are mainly concerned with discounted costs, whereas long-run average costs
are dealt with in Section 7.6, in which the main difficulty is to verify the
irreducibility of the limit Markov decision process. Finally, some related
computational methods are discussed in Section 7.7.

7.2 Problem Formulation

Consider a real-valued Markov decision process z°(-) = {z°(¢) : ¢t > 0}
and a feedback control u(-) = {u(t) = u(a=(t)) : t > 0} such that u(t) € T,
t > 0, where I" is a compact subset of an Euclidean space. Let Q°(u(t)) =
(¢5;(u(t))), t > 0, denote the generator of z°(-) such that

Q°(w) = 2Q(u) + O(u). (7.1)

3

where

Qu) = diag (Q"(w), -, Q'(w)) . Q*(w) = (@ (W) xm

with GJ5(u) > 0 for j # i and > 5 (u) =0, Qu) = (@i (W) mxm with
m=mq+ - +my, g;(u) >0 for j #iand }>;gij(u) =0, and e > 0 is
a small parameter. For k = 1,...,1, denote by My = {sk1,...,Skm, } the
substate space of x(-) corresponding to @k (u). The entire state space of
x°(+) is given by

M =M U---UM,

- {5117-"751m175217-"752m27"'7Sl17-"75lml}-

Let u = u(i) denote a function such that u(z) € T for all i € M. We call u an
admissible control and use Ay to denote the collection of all such functions.
For each u = u(z) € Ay, the Markov process generated by Q°(u(z=(t)))
can be constructed as in Section 2.4.

Consider the cost functional J¢(i,u) defined on M x Ay by

J(i,u) = E /0 T e Gt (1), u(at (0))dt,

where ¢ = 2°(0) is the initial value of 2°(-), G(z, u) is the cost-to-go func-
tion, and p > 0 is the discount factor. Our objective is to find a function
u(+) € Ay that minimizes J°(i, u).
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The original problem, termed as P¢, takes the form

minimize: J€(i,u) = E/OOO e PP G (2 (t), u(z(t)))dt,

subject to: z°(t) ~ Q°(u(x=(t))), t > 0,
P (7.2)

z5(0) =14, u € Ay,

value function: v®(i) = inf{ Je (1, u),
UCAf

where 2°(t) ~ Q°(u(x®(t))) means that 2°(-) is a Markov chain generated
by Q%(u(z*(t))), t = 0.
For each ¢ € M, the associated DP equation is

pue(i) = min { (i w) + Q*(wo ()(i) }. (7.3)

where

Q (v (V@) = Y a5 () (v (j) — v° (@)

J#i

As a continuous-time analog of Ross [184], it can be shown that v®(i) is
the unique solution to the above DP equation as in Theorem A.30 with-
out using differential equations. Moreover, for each i € M, let u.-(i) de-
note the minimizer of G(i,u) + Q%(u)v®(-)(¢). Then following the proof of
Theorem A.31, it can be shown that u.. = u..(2%(t)) is optimal, that is,
Je(i,use) = v°(i). To further our understanding and to provide a better
picture of the underlying problem, let us consider the following example.

Example 7.1. Consider a manufacturing system consisting of two failure-
prone machines in a flowshop configuration. Each of the two machines has
two states, up (denoted by 1) and down (denoted by 0). Then the system
has four states, represented by {(1,1), (0,1),(1,0), (0,0)}. Let

s11 = (1,1), s12 =(0,1), s21 = (1,0), and s = (0,0).

The function u(-) is the rate of preventive maintenance used to reduce the
failure rate of machines and to improve the productivity of the system.
Our objective is to choose u(-) to keep the average machine capacity at a
reasonable level and, in the meantime, to avoid excessive costly preventive
maintenance.

Suppose that the state of the first machine is changing more rapidly than
the second one. A typical way of modeling the machine state process is to
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formulate the process as a Markov chain with the following generator

“A(u)  A(w) 0 0
€ _ 1 H1 (u) —H1 (u) 0 0
@ = 2 0 0 M) A
0 0 pi(u)  —pa(w)
—)\2 (u) 0 /\2 (U) 0
+ 0 —)\2 (U) 0 )\2 (’U,)
pr2(u) 0 —p2(u) 0
0 pr2(u) 0 —pi2(u)

The breakdown and repair rates are Aj(u)/e and pi(u)/e for the first
machine, and Az(u) and ps(u) for the second machine, respectively. The
quantity e represents the frequency of transitions of z°(-) between s11 and
$12 Or S91 and Sag. For small g, the transition of ¢ (-) within either {s11, s12}
or {s21, 822} is much more frequent than that between the two groups
{511, 812} and {s21, s22}. In this example,

My = {811, 812}, My = {821, 822},

and
Qu) = diag (Q" (w), @*(w))
with
Ol (w) = 02(u) — A1) Ai(u) an
@)=t < () —u1<u>> ‘
—/\g(u) 0 )\g(u) 0
Ao — 0 —Xfu) 0 Ao ()
Q=1 w0 @ o
0 p2(u) 0 —pa(u)

The matrix Q(u) governs the fast transition of 2¢(-) within each group My,
k = 1,2, and the matrix Q(u) dictates the slow transition of 2°(-) between
My and Ma. For small €, the MDP z°(-) has strong interactions within
each group My, k = 1,2, and weak interactions between the groups M
and M.

7.3 Limit Problem

This section is devoted to the derivation of the corresponding limit control
problem. In view of Example 7.1, the Markov process 2°(-) can be regarded
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as a process with a fast-changing component and a slowly varying one. The
fast-changing process is governed by Q(u)/e, while the slowly changing pro-
cess is governed by Q(u) and the quasi-stationary distributions of Q¥ (u),
k=1,...,1. As ¢ — 0, the fast-changing process is averaged out. Con-
sequently, the Markov process z°(-) converges to a process Z(-) in which
the states within each group corresponding to @k(u) are aggregated into a
single state.

To proceed, define the control set for the limit problem. For each k =
1,...,1, let

Ty = {Uk = (ukl,...,ukmk) . such that u* e T, j= 1,...,mk}.
The control set for the limit problem is defined as T =T x --- x I'j;
F:{U:(Ul,...,Ul):(ull,...,ulml,...,ull,...,ulml):
such that U* € Ty, k = 1,...,1}.

Define matrices @’5, @0, and @E as follows. For each U = (U!,...,U") €
T, let

QE(U*) = @ ™), for k=1,...,land i =1,...,my,

and
Qo(U) = (@;(V)),
where
Gij(u'), if1 <i<my,
Gij (=), if my <i < my+mo,

f]}j(ul(i’erml)), ifm—m; <i<m,

with m =mq; +--- +my, and

b

1. ~ ~ ~
Q' (U) = =diag (QH(U™)...., QHU") + Qu(V). (7.4)
Writing it more compactly, for £k =1,...,1,
_ k—1 k
Q%(U) = inj(u]”) for Zmr <i< Zmr.
r=1 r=1
This definition reveals the dependence of QQ(U ) on the controls.

Denoting U € T as an m-vector U = (u',...,u™), Q (U) is obtained
from Q¢ (u) by replacing the control variable u in the ith row with u’.
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Remark 7.2. For each u € Ay, define

U= (wt, .. ut™ ot al™)), with u® = u(s45)-

3

Let 2°(-) denote the Markov chain generated by Q% (u(z®(t))), t = 0, and
() denote the Markov chain generated by Q°(U). Since

Q*(u())f()(E) = @ (T)F()(i)

for any function f on M, it is easy to see that z°(-) and Z°(-) have the
same probability distribution (see Section 2.4).

We make the following assumptions on the generator Q°(u) and the
cost-to-go function G(z,u).

(A7.1) Q°(u) is a continuous function of u. Moreover, for each U* € T',
and k = 1,...,1, Qk(U*) is weakly irreducible. Furthermore,
there exists a Uy = (Ud,...,Ut) € T such that QF(U}) is irre-
ducible, for k =1,...,1.

(A7.2) For each x € M, G(z,u) is a continuous function on I

For each U* € Ty, let v*(U*) denote the quasi-stationary distribution of
QE(U¥) for k=1,...,1. Define

v(U) = diag(v'(U),...,v'(U"))
and recall that 1 = diag(1L,,,,. .., oy Ln,) with 1, = (1,...,1)" € R™*. Using
v(U) and 1, define another matrlx Q(U) as a function of Uel

Q) = v(U)Qo(U)1L. (7.5)
Note that the ith row of Q(U) depends only on U? and that
@(U) = (qij(Uz))lxl-
With a slight abuse of notation, write
QUM F()k) = T (UF)(f(K) = [ (k)
K £k

instead of Q(U)f(-)(k), for a function f(-) defined on {1,...,l}. Thus the
process Z(+) generated by Q(U) can be viewed as a Markov chain generated
by Q(U(Z(t))), t > 0.

We proceed to define the limit problem. For k = 1,...,l and UF € Iy,
define the average of G(z,u) with respect to the quasi-stationary distribu-
tion as

Gk, U*) = Zu (UMG(spj,uk), k=1,...,1,
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where v*(U*) = (vF(U*),... vk (U*)) is the quasi-stationary distribution
of @g(U’“) Let A° denote a class of functions U = U(k) € Ty, k=1,...,L.
For convenience, call U = (U(1),...,U(l)) € A° an admissible control for

the limit problem, termed as P°.
The limit problem P° is

minimize: JO(k,U) = E/OO e P'G(T(t), U(z(t)))dt,
0

P i S subject to: T(t) ~ QU(Z(L))), T(0) =k, U € A°, (7.6)

value function: v(k) = inf JO(k,U),

UcA°
where Z(t) ~ Q(U(z(t))) means that T(-) is a Markov chain generated by
QU (z(t))), t > 0. As in the proof of Theorem A.30, it can be shown that
v(k) is the unique solution to the following DP equation

I b kN L (TR (.
pu(k) = min {G(k,US) + QU ()(K) . (7.7)
where Q(U*)v(-)(k) = Dokt T (UF) (v(K") — v(k)). Moreover, let U, =
(UL,...,UL) €T denote a minimizer of the right-hand side of (7.7). Then
following the proof of Theorem A.31, it can be shown that U, € A° is
optimal for PP,

Remark 7.3. Note that the number of the DP equations for P¢ is equal
to m = mq + - - - + my, while the number of that for P° is only {. For each
k=1,...,1, mg > 2, so it follows that m — [ > [. The difference between
m and [ could be very large for either large [ or a large my for some k.
As is well known (see Hillier and Lieberman [86]), the computation effort
in solving the DP equations depends largely on the number of equations
involved. Thus the effort in solving the DP equations for P? is substantially
less than that of P¢ if m — [ is large (i.e., m > 1).

Example 7.4. In Example 7.1, with

JyUt) = ( —h(eh) () ) and

pr(u'?) —pa(u'?)

Q(U?) = ( al ) 23) )

() —pa(u

c

the quasi-stationary distributions of Qv(l)(U 1) and @%(U %) are given by

UL = Ml(U12) )\1(“11)
)= (Al(u”) @) G m(uu))
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and

L2(U2?) = Ml(“22) )\1(“21)
U= (Al(um) 0 (22) A () +u1(u22)> /

respectively. The generator Q(U) is given by

<—771(U) 771(U) >
772(U) —772(U) 7

where
() (uth) + A (u) A (u'?)
771(U) - A1 (ull) + ul(u12)
and
ne(U) = ﬂl(u22)#2(u21) + /\1(u21)u2(u22).

A (u?t) + pn (u??)

7.4 Asymptotic Optimality

This section is devoted to the convergence of the sequence of value functions
v® to v and the construction of asymptotic optimal controls for P=.

Lemma 7.5. Fori € My, k = 1,...,1, if there exists a subsequence of
e — 0 (still denoted by e for simplicity) such that v¢(i) — v(i), then the
limit function v(i) depends only on k (i.e., v(i) = v(k)).

Proof: Let 2°(0) =i = s3; € My for some k=1,...,land j =1,...,my.
In view of (A7.1), there exists UF = (uf’, ..., uf™) € Ty such that Q5 (U¥)
is irreducible. Let Uy = (U4, ..., U}). Then the DP equation in (7.3) implies

o (sk7) < Glskgyug’) +Q (Uo)v* () (g ).
Multiplying both sides by € and sending € — 0 lead to

v(sk1)
Q6 (Us) ; >0,
U(Skmk)
for k =1,...,1. Now, the irreducibility of @g(Ué“) and Lemma A.39 imply
v(sp1) = vlsk2) =+ = v(skmy) (= v(k)). (7.8)

This proves the lemma. O
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Theorem 7.6. For each i € My,

C e

;g%v (i) = v(k).
Proof: Since M is a set containing finitely many elements, it is easy to show
that v®(¢) is uniformly bounded. Thus, there exist a subsequence of ¢ — 0
(denoted by ¢) and (in view of Lemma 7.5) a v(k), with i (= s;) € My
such that v®(i) — v(k). It will be shown that v(k) is a solution to (7.7).
Since the DP equation (7.7) has a unique solution, one concludes that
v (i) = v(k).

Since v (7) is a solution to (7.3), foreach j =1,... ,my, k=1,...,1, and

Uk e T,

po° (i) < Glsig, u™) + Q7 (W) () (sky).

Use v*(U*) = (v (U*), ..., vk (U*)) to denote the quasi-stationary distri-
bution of Qk(U*). It follows that

my

k k kj
pg Vi (U%)v® (k) g 1/ G(skj,u™)
i=1

+Zvf(U’“)QE(ukﬂ')vE(-)(skj).

Jj=1

Letting e — 0 and in view of the definition of Q(U) in (7.5) and Lemma 7.5,
po(k) < min {Glk,U) + QU () (k) }.

UkGFk

To derive the reverse inequality, let U.. = (UL,...,Ul.) € T denote the
minimizer of the right-hand side of (7.3). Then

pv (sij) = G(skj, ull) + Q° (uf)v® () (sy),
forj=1,...,mpand k=1,...,[. Thus we have

b
pZV Y0 (Skj) ZV G(skj,usl)

+Zu (A" () (say).

Note that T is a bounded set. As ¢ — 0, there exists a subsequence of €
(still denoted by e for simplicity) such that U.. — U € I'. Hence,

po(k) = Gk, T*) +QU*)u(-)(k)

Y

min {a(k, U*) +@(Uk)v(-)(k)}.

Ukel'y

This completes the proof. 0
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Next, our task is to construct asymptotic optimal control policies for P¢.
Let us begin with the optimal control U, = (U},...,U!) € A° for the limit
problem PV which is obtained by minimizing the right-hand side of (7.7),
that is,

Gk, US) + QUE)() (k)

(7.9)
: ral kN | ATk
= min {G(k.U") +QW () (k) |
Construct a control u. as
I myg ‘
e = ue(x) = 3 > Tppegy,yuld. (7.10)

k=1 j=1

It is clear that u. € Ay. We show next that u. is nearly optimal. To verify
this, the following lemma, based on the asymptotic expansion in Section
4.3, is needed.

Lemma 7.7. Given U € T, let 2°(+) denote the Markov chain generated by
Q" (U) defined by (7.4). Then there exist positive constants K and ko > 0
(both independent of € and t) such that

P(2°(t) = si5) — uf(Uk)fk(t)‘ < K(a(t +1) + exp (—%‘)t» (7.11)
where fi(t) satisfies

SR F0) = (R, AW, (1.12)

with (f1(0),..., fi(0)) = (P(z(0) € My),..., P(2°(0) € M;)). Moreover,
let Z(t) denote the Markov chain generated by Q(U). Then

fr(t) = P(z(t) = k).
Proof: It follows from Corollary 4.31 by identifying @k and @ with @g(U )
and Qo(U), respectively. O

Theorem 7.8. The control u. = uc(x) constructed in (7.10) is asymptoti-
cally optimal in that

lim |J® (4, u.) — v°(i)| = 0.

e—0

Proof: In view of the convergence of v°(i), it suffices to show that for
2%(0) =i € My,

lim J* (i, u.) = v(k).

e—0
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Let 2°(-) denote the Markov chain generated by Q°(uc(x=(t))), t > 0,
U given in (7.10). Then in view of Remark 7.2, Q¢ (u.(z*(t))) and Q"
generate Markov chains with identical probability distribution.

Using the definition of u.(z), we have

with
(Us)

Je(i,ue) = E/OOO e PG (2% (t), uc(x®(t)))dt

I myg [e'e]
EZZ/O eiptG(Skj,ufj)I{zs(t):SM}dt (7.13)

k=1j=1

I myg o
- efpt St ukj .IE = Sp. )
= ZZ/O G(skj, u? ) P(af(t) = sp;)dt

k=1 j=1

Let Z(-) denote a Markov chain generated by Q(U,). Then in view of
Lemma 7.7, the definition of G(k,U), and (7.13), we have

|2 (i, ue) — v(k)| = | J=(i, ue) — JO(k, U.)

I my 0o
oy

<
k=1 j=1
x |P(af(t) = sij) — vE(UF)P(@(t) = k)| dt (7.14)
I my 0o
< Z Z/ e P G (51, uld)
k=1j=1"0
Hot
xK(s(t +1)+ exp(—?>)dt = O(e).
This proves the theorem. ([

Remark 7.9. The inequality in Lemma 7.7 is only valid for a discounted
cost problem. It does not work for long-run average cost problems, since
the upper bound in (7.11) depends on time .

7.5 Convergence Rate and Error Bound

It is interesting from a computational point of view to estimate the conver-
gence rate of v° to v and to obtain the error bound of the control u. = u.(z)
constructed in (7.10). The next theorem shows that such convergence rate
and error bound are of the order ¢.
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Theorem 7.10. Assume that the control set I contains finitely many ele-
ments. Then for all i € My,

and

JE(i,uc) — 0% (1) = O(e).
Proof: In view of (7.14) and the triangle inequality,

[T (8 ue) = v (@) < [J7(6 ue) —v(k)[ +[v° (@) — v(k)].
It suffices to show v°(i) — v(k) = O(e). Note that the inequality (7.14)
implies that for i € My
v7(0) — v(k) < J5(i,ue) — v(k) < O(E).

To derive the reverse inequality, let u..(x) denote an optimal control for
P¢ and let

U= (UL,...,UL) €T,
where

UE = (uFh ™) i= (e (S1)5 -+ Une (Skimy, ))-
The control set I' contains finitely many elements by the hypothesis, so
does T. Suppose I' = {71, ...,71} for some positive integer L. Define
Ei={e€(0,1): Usc =,}

Then {€;} consists of a class of disjoint sets such that (0,1) =& U---U&r.
Moreover, for each j =1,..., L,

lim U*s = Y-

e€&j,e—0

For fixed j and € € &;, consider z°(-) generated by Q (75)- Then in view
of (7.14) and the optimality of u.., we have

v (1) = J (i, use) = JO(k, ;) + O(e) > v(k) + O(e).
Thus for 0 <e < 1,
ve(i) > v(k) + O(e).
This completes the proof. (Il

Remark 7.11. The use of O(e) allows us to simplify the notation and to
suppress various constants. We will also keep this practice in the following
section. Working with a production-planning model of manufacturing sys-
tem described by differential equations having random machine capacity, it
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is shown in Sethi and Zhang [192, Chapter 5] (via an example) that the best
possible convergence rate of the value function for the original problem to
that of the limit problem is of the order /. In this section, we are able to
obtain much better estimates, because in the current model the dynamics
are driven by a Markov chain rather than a governing differential equation.

7.6 Long-Run Average Cost

Sections 7.2-7.5 concentrated on the MDP with a discounted cost criterion.
This section is concerned with the corresponding MDP with a long-run
average cost. Replace (A7.1) and (A7.2) with the following assumptions
throughout this section.

(A7.3) For each U € T and k = 1,....1 QKUY is irreducible; for
sufficiently small & > 0, Q" (U) is irreducible, where Q" (U) is
defined in (7.4).

(A7.4) T is a set containing finitely many elements.

Remark 7.12. Assumption (A7.3) is not restrictive. In Example 7.1, this
assumption is satisfied when the jump rates Ay (u), p1(u), A2(u), and pz(u)
are strictly positive.

Consider the following problem

T
minimize: J¢(u) = lim sup lE G(2=(t), u(z*(t)))dt,

T—o00 0

Pav i subject to: 25 (t) ~ Q% (u(t)), 25(0) =i € M, u € Ay,

value function: \* = inf J%(u).
u€ Ay

Note that for any given U € T, Q (U) is irreducible. Thus the corre-
sponding Markov chain 2°(-) has a stationary distribution. Consequently,
the average cost function is independent of the initial condition z*(0) = i,
so is the value function.

The DP equation for Pg, is

X = min {G(i,u) + Q°(w)h* (i)}, (7.15)
where h°(i) is a function to be determined later. The next theorem gives

necessary and sufficient conditions for optimality. The proof of the theorem
is standard and can be found in Ross [184].
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Theorem 7.13. The following assertions hold:

(a) For each fized e > 0, there exists a pair (A%, h®(i)) that satisfies the
DP equation (7.15).

(b) The DP equation (7.15) has a unique solution in the sense that if
(A%, h#(3)) is another solution to (7.15), A* = A\° and for some con-
stant Ko, h®(i) = h=(i) + Ko, fori e M.

(¢) Let uye = use(i) € T denote a minimizer of the right-hand side of
(7.15). Then u..(i) € Ay is optimal and

T (use) = M.

As an analog to the discounted cost case, the limit problem with the
long-run average cost is given as follows:

T
minimize: J(U) = lim sup lE G(z(t), U(z(t)))dt,

T—o00 0

Pav i subject to: Z(t) ~ QU E(E))), T(0) = k, U € A,

value function: \° = inf JO(U).
Ue A

The next lemma is concerned with the irreducibility of Q(U), for any U € T,
which is required to guarantee the existence of the corresponding stationary
distribution.

Lemma 7.14. The generator Q(U) is irreducible for each U € T.

Proof: The following proof is along the line of the Gaussian elimination
procedure in which elementary row operations do not alter the rank of
a matrix. It proceeds in two steps. The first step derives the weak irre-
ducibility of Q(U) and the second step shows that it is also (strongly)
irreducible. For simplicity, the control variable U will be suppressed in the
proof whenever no confusion arises.

Step 1. rank(Q) =1 — 1.

Write @0 = (@”) as the blocks of submatrices such that @Z—j has
dimension m; x m;. Then @ = (qij)lxl with q;; = Viéjijllmj, where
vi = vi(UY), Qij = Qij(UY), and 1,,, = (1,...,1)". Since v* > 0 and
L, > 0, it follows that Q;; = 0 if g;; = 0 for i # j. It is not difficult to
see that the irreducibility of @ implies g, < 0 for k =1,..., 1. Multiply
the first row of @ by —q.;/¢1; and add to the kth row, k = 2,...,1, to

make the first component of that row 0. Let G(l) = (6531)) denote the
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resulting matrix. Then it follows immediately that

—(1 — .
Q§J)ZQ1J7]:17717

3 =0, k=21

q&gg(),k:?,... and qu)*

We claim that q,(jk) <O0fork=2,...,l. For k=2, if 6&12 £ 0, then it must
be equal to 0. Thus,

_ _ q. _ _
(Q237-'-7QQl)+ (_—ﬂ>(QI37"'7QI7‘) =0. (7-16)

Recall that G, # 0. One must have g,; > 0 since gy; = 0 implies Gy, =

ﬁglz) = 0, which contradicts the fact that g, < 0 for £ = 1,...,l. Thus,
—qo1/T11 > 0. It follows that both vectors in (7.16) must be equal to 0,
that is,

(@23, --»G2) = 0 and (Gy3,---,Gy,) = 0.

Consequently, one must have @1k =0 and Q\Qk =0 for k =3,...,l. This
implies that @~ cannot be irreducible since a state in (M;UMy) (the com-

plement of M; U Mas) is not accessible from a state in My U Ms. The
contradiction implies that 6512) < 0. Similarly, we can show q,(:k) < 0 for
k=3,...,1L

Repeat this procedure. Multiply the second row of Q by ~Qps () /Gglz for

k=3,...,1,and add to the kth row. Let Q (qEJ)) denote the resulting
matrix. Then

q§f>_q§;>, i=1,2,j=1,...,1

qﬁjgo,k::&,... and qu*

Similarly, we can show ﬁ,(fk) <0fork=3,...,1
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(=1

Continue this procedure and transform Q — @(1) - = Q with

G(lil) = (q(-l-fl)) such that

)

Y =0i>j
7V <0 k=1,...,1—1,
1
S Al — o, and g~

j=1

Note that the prescribed transformation does not change the rank of the
original matrix. Thus,

rank(@) = rank(@(l)) == rank(@(lil)) =[-1.

By virtue of Lemma A.5, Q is weakly irreducible.
Step 2. @ is irreducible (i.e., (71,...,7;) > 0).

Suppose that this is not true. Without loss of generality, we may assume
v1 >0, ..., Vg >0, and Ugy+1 = 0, ..., Uy = 0, for some ko. Note that
(71,...,71)Q = 0 implies that g;; = 0 fori =1,... ko and j = ko+1,...,1,
which in turn implies that Q;; = 0 for i = 1,...,ko and j = ko +1,...,1.
Again, Q" is not irreducible since the process 2%(+) cannot jump from a
state in M U--- UMy, to a state in Mpo+1U---UM;. The contradiction
yields the irreducibility of Q. O

To proceed, consider the DP equation for P2,
A’ = min {E(k,U’f) +@(U’“)h0(-)(k)}, (7.17)

for some function h°(k). Next we give the verification theorem on the limit
problem. Again, the proof of the following theorem is standard and can be
found in Ross [184].

Theorem 7.15. The following assertions hold:
(a) There exists a pair (\°, h°(k)) that satisfies the DP equation (7.17).

(b) Any two solutions of the DP equation (7.17) differ by a constant, that
is, if (A0, hO(k)) and (A°,h0(k)) are solutions of (7.17), then \* = \°

and for some constant Ko, h°(k) = h°(k) + Ko, for k=1,...,1.

(c) Let U, €T denote a minimizer of the right-hand side of (7.17). Then
U, € A° is optimal, and J°(U,) = \°.
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_ We next show that the quasi-stationary distribution corresponding to
Q" (U) can be approximated by the quasi-stationary distributions corre-
sponding to Q(U) and Q*(U*), k=1,...,1l.

Lemma 7.16. For any U € T, let v.(U) denote the quasi-stationary dis-
tribution of Q°(U). Then

ve(U) = wo(U) + O(e),

where
v(U) = @M UYT(U), ..., /" (UYD(U))

with vE(U*) being the quasi-stationary distribution of @k(Uk), k=1,...,1,
and (71 (U), ..., 7, (U)) the quasi-stationary distribution of Q(U).

Proof: For simplicity, we suppress the dependence of U. Note that v, is
a bounded vector-valued function. It follows that for each sequence of
e — 0, there exists a further subsequence of ¢ (still denoted by ¢) such that
ve = 19 = (1,...,1}). Sending ¢ — 0 in 1/8@5 =0, We have v @k =0
for k = 1,...,1. In view of the irreducibility of Q vk = akuk for some
§calar ap > O with a1 + --- 4+ a; = 1. Note also that VEQ 1= 0, where
1 = diag(Lpn,, ..., Ln,). Thus VEQ]I = 0. This implies vyQ1 = 0, that is,
(ai,...,a;)Q = 0. The irreducibility of Q implies that (ay,.. al) is equal
to the quasi-stationary distribution (7y,...,7;) of Q.
Since @5 is irreducible, we can always write the solution v. to

Vsaa =0,

Y-t
0,J
as (see Remark 4.10)

ve= (L0 Q) [@R)(EQ)]

which is a rational function of €, where 1%/ denotes the jth component of
v} for each i. Therefore, the rate of convergence of v. — 1y must be at least
linear, i.e., v. = vy + O(e). O

Theorem 7.17. Let U, € A° denote an optimal control for P2, and con-
struct u. € Ay as in (7.10). Then u. is asymptotically optimal with an
g-order error bound, that is,
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Proof: Let z°(t) and Z(t) denote the Markov chains generated bl@E(U*)
and Q(U.,), respectively. Recall the irreducibility of Q (U,) and Q(U,). It
follows that as t — oo
P(af(t) = s45) = vI(UD), j=1,...,mi, i=1,...,1, and
PE(t)=14) - 7;(Us), i=1,....,L

Therefore, we obtain

T
Je(uc.) = limsup lE/O G(z°(t), uc(t)dt

T—o0
: e i
= limsup /0 ;G(Sipu!)l’(:v“‘(t) = sij)dt (7.18)

ZGSU, YU

and
N0 = J0U) =Y Gsijyul )y (UDwi(U.). (7.19)
In view of Lemma 7.16, we have
w2 (UL) = vi(UDTi(Us)| = O(e).

It follows that

J(ue) — A% = O(e). (7.20)
Note that (7.18)—(7.20) imply the inequality
A< AY +0(e). (7.21)
Let u.. € Ay denote an optimal control for P and let
Use = (e (811), -+ s Une (S1my )y« - oy U (S11)5 -+ 5 Use (Simy ))-
Since T is a set containing finitely many elements, so is I’ = {7, -7}

As in the proof of Theorem 7.10, we let &, = {e € (0,1) : Uxc = 4, }, for
i1=1,...,L. Then for € € &;,, U.. = v;, (:= U.;, ) (independent of ¢) and

Ne= T (ue) = Y Glsig,ul W (UL)

ZG 31]7 ( izl)_( *11) +O( )

= J%U.iy) +0(e) > A\ + O(e).
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Therefore,
2> A%+ 0(e). (7.22)
Combining (7.21) and (7.22), we have

A=A+ 0(e). (7.23)
Finally, in view of (7.20), we obtain
J(ue) — A° = O(e).
This completes the proof. O

Remark 7.18. Note that (7.21) and (7.22) mean that there are some
positive constants K7 > 0 and K5 > 0 such that

A <N+ Kie and X >\ — Kae.

We can certainly select a single K > 0 such that both inequalities hold;
see also Remark 7.11 for the use of O(e). If Q(u) is irreducible, we can
show J¢(u.) = A = X° by using (7.18), (7.19), and the fact that v (UY) is
independent of € and j.

7.7 Computational Procedures

Owing to Theorems 7.8 and 7.17, to find a nearly optimal solution for P¢
and PZ,, one need only solve the limit problems P° and PY, , respectively,
which requires that the solution of the associated DP equations be found.
Although an optimal control policy can be obtained as in (7.10), an ana-
lytic solution to the DP equations is usually not obtainable except in some
simple cases. To apply our results to real-life problems, one has to resort
to numerical methods. In this section, we discuss computational methods

for solving the DP equations associated with continuous-time models.

Discounted Cost Problems

Let us begin with the problem having discounted costs. The DP equation
(7.7) for PO can be written as

polt) = ppin {G0,0%) + 3 0 00K) — o) .
k' £k

We next show that this equation is equivalent to a DP equation of a
discrete-time Markov decision problem.
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In fact, for each U € T,

Note that
Z T (U0 (k) = (G4 (U)o (k).
k' 2k

Since p > 0, the inequality (7.24) is equivalent to

v(k) < M + Z qkk’—(Uk)U(k/)_

= ot @00 T ot @)
It follows that
el o (U*
v(k) < min {—G(_’U )k + —qkk_ w )k U(k/)}-
Ukel, ( p+ |qkk(U )l K2k p+ |Qkk(U )|

The equality holds if and only if U is equal to the minimizer U, of the
right-hand side of (7.7). Thus, the DP equation (7.7) is equivalent to

ral k = k
v(k) = mnrlk{M +> LU))'U(/{')}. (7.25)

vkers | p+ (G (U*)] pzk P T (@pr, (U*

To show that (7.25) is equivalent to a DP equation of a discrete-time
Markov decision problem, let

~ G(k,U")
G(kv Uk) = _,—a
P+ T, (UF)|
— k
I max [Tk (U")]

k=1,..,ueT P+ [T (UF)]

and

- G (U") / -
Dk = — for k" # k and pgx = 0.
@(p + [T (UF)])
Then 0 < w < 1, >, prw (U*) = 1. The corresponding discrete-time
version of the DP equation is

v(k) = min {é(k,Uk) +WZ}~)kk/(Uk)’U(k/)}.
Y

Ukely

There are a number of methods available for solving discrete-time DP
equations. For example, the methods of successive approximation, policy
improvement, and linear programming can be used. We refer the reader to
Ross [184] for discussions on these methods.
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Long-Run Average Cost Problems

Similar to the case of discounted costs, we can write the discrete-time
version of the DP equation corresponding to (7.17) for P2, as

A0+ h0(k) = min {é(k, U*) + Zﬁkk/(Uk)BO(k’)},
™

Ukely,
where
- A0
A0 = max —_—,
k=1,...,UcT |G (U¥)]
~ G(k,U*) - A
Gk, UF)y = 22 4 X0 - =
(T (U] (o1, (UF)]
hO(k) = h°(k),
and

. ey _ G (UF) / - ky
pkk/(U ) == 7R\ for k 75 k ) and pkk(U ) =0.
(@i (UF)]|
One may also design algorithms for solving the discrete-time version DP
equations with long-run average costs. A typical method uses the idea of
linear programming (see Ross [184]); see also Kushner and Dupuis [141,
Chapter 6] for more details on computational methods.

7.8 Notes

This chapter is based on the results obtained in Zhang [249]. For related
results with discounted costs, we refer the reader to the papers of Dele-
becque and Quadrat [44] and Phillips and Kokotovic [175].

The hierarchical control approach in this chapter is concerned with
reduction of dimensionality of a class of stochastic dynamic systems.
In conjunction with solving DP equations, where the number of equations
is the main factor that affects the computational effort (see Hillier and
Lieberman [86]), our results pave the way to a substantial reduction of
complexity. The recent book of Guo and Herndndez-Lerma [78] collects
a number of new results on continuous-time Markov decision processes,
which includes the so-called advanced (bias, overtaking, sensitive discount,
and Blackwell) criteria in addition to the usual discounted cost and average
cost per unit time problems.

Note that the main results in this chapter are obtained under assumptions
that the state space and the control space are finite. It would be in-
teresting to extend these results to more general models without such
finite-dimensionality restrictions (see Sethi and Zhang [193]). Recently,
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Costa and Dufour formulated and treated piecewise deterministic Markov
processes under singular perturbation [33] and singularly perturbed dis-
counted Markov control processes in a general state space in [34]. From
another angle, it is also interesting to consider problems with robust cost
criteria such as risk-sensitive cost; see Zhang [248] for discounted cost,
and Fleming and Zhang [66] for long-run average cost criteria in this
connection.






8

Stochastic Control of Dynamical
Systems

8.1 Introduction

While Chapter 7 deals with Markov decision processes, this chapter is con-
cerned with stochastic dynamical systems with the state z°(t) € R™ and
the control u(t) € I' € R™ satisfying

dz®(t

O _ {0,070, u(0), 270) =2, 1 20, (s.1)

where ¢ > 0 is a small parameter, and a(t), t > 0, is a Markov chain
defined on a probability space (2, F, P) taking values in
M — {8117"';Slm17"';Sl17"';slml}'

Let u(-) = {u(t) € T' : ¢t > 0}. Assuming that a®(0) = a, p > 0 is the
discount factor, and G(z, a,u) is the cost-to-go function. The problems of
interest are: Subject to the constraint (8.1),

(1) find a control process u(t) as a function of z°(s),a®(s), s < t to
minimize a discounted cost function

JE(x, o, u(t)) = E/OOO e PG (25 (t), (1), u(t))dt, (8.2)

over the infinite horizon [0, c0), and

G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications, 285
Stochastic Modelling 37, DOI 10.1007/978-1-4614-4346-9_8,
© Springer Science+Business Media, LLC 2013
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(2) find a control process u(t) as a function of z°(s),a®(s), s < t to
minimize a finite horizon cost function

T
J(z,0u(t)) = E/o Gz (t), o (t),u(t))dt (8.3)

over [0, T for a given T satisfying 0 < T < cc.

As was demonstrated previously, singularly perturbed Markovian models
typically arise from either systems displaying multiple-time scales such as
Example 4.20, or from large-scale systems naturally leading to hierarchical
decomposition as illustrated in Chapters 1 and 3. One introduces a small
parameter € > 0 to account for the time-scale separation and to achieve
the goal of dimensionality reduction.

Consider the case that the process a®(t) has weak and strong interac-
tions among different group of states as discussed in_Chapters 4 and 5;
assume the generator is given by Q¢(t) = Q(t)/e + Q(¢), where Q(t) =
diag(Q(),...,QY(t)) is a block diagonal matrix such that Q(¢) and Q" (t)
for k =1,...,l, are themselves generators of appropriate dimensions. More-
over, for each k = 1,...,l, the block Q¥(t) corresponds to My = {sp1, ...,
Skm, }- As in Chapter 7, the focus of this chapter is on @(t) corresponding
to a number of groups with recurrent states.

The control systems given above belong to the category of piecewise-
deterministic processes (see Davis [41] for the terminology). They ade-
quately describe interconnections and transformations that occur within
the subsystems, and are suited for various applications in manufacturing,
queueing networks, etc. The random process o (t) and the weak and strong
interactions among its states are difficult to deal with, however. One can-
not obtain closed-form solutions except in some special cases. The compu-
tational problem is even more acute if the state space of ac(¢) is large. It
is thus vital to reduce the complexity of the underlying problem. Keeping
these points in mind, our effort is devoted to obtaining asymptotic optimal
and nearly optimal controls.

The rationale of our approach is that, when ¢ is small, one may ignore
some of the details of the process a®(t) at each time ¢ and obtain an aver-
aged model in which the stochastic process af(t) is aggregated so that the
states in My, can be replaced by a single state. The limit of the aggregated
problem is much simpler than the original one and is easier to analyze.

In the first five sections, we consider the generator of a(t) having the
form

Q° = é@ +Q, (8.4)

with time independent @ and CA) Our suggestion is to obtain the optimality
and to derive the feedback control for the limit problem first, then, using
this feedback control, to construct a control for the original problem, and
to show that the control so constructed is asymptotically optimal. To use
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the dynamic programming approach for the problems, and to study the
asymptotic properties of the underlying system for sufficiently small €, the
viscosity solution method is employed to verify the convergence of the value
function, which allows us to obtain the convergence in a general setting and
helps us to characterize the structure of the limit system. Then in Section
8.6, we switch gears and present an alternative approach, namely, the weak
convergence approach via the use of relaxed control representation. In lieu
of the Hamilton-Jacobi-Bellman (HJB) equations, the investigation is on
the corresponding probability measures.

The detailed arrangement of the rest of the chapter is as follows. Sec-
tion 8.2 presents the formulation and the assumptions of the system under
consideration. Section 8.3 discusses the dynamic properties of the original
problem P¢. It is shown that the value function v® is continuous and is
the only viscosity solution to the associated HJB equation. Then we in-
troduce a limit control problem P° and show that P¢ — PY as ¢ — 0 in
terms of the convergence of their value functions. Section 8.4 constructs
feedback controls for the original problem P¢ using the optimal control of
PY; it is shown that the controls so constructed are asymptotically optimal.
Section 8.5 gives an estimate of the convergence rate of the value function
under assumptions such as linear system equations and irreducibility of Q.
The convergence rate is shown to be the order of /¢, which turns out to
be the best rate possible. To demonstrate the versatility of the asymptotic
properties, the weak convergence approach to the near optimality is given in
Section 8.6, which enables us to obtain asymptotic optimality under milder
conditions. Finally, Section 8.7 concludes the chapter with additional notes.

8.2 Problem Formulation

To begin, let us make the following assumptions.

(A8.1) There exist bounded functions fi(z,«a) € R™ and fo(z,a) €
R™*™ on R™ x M such that

f(‘rvavu) = fl(xva) + f2(‘r7a)u7

where u € T', a convex and compact subset of R™. Moreover,
for i = 1,2, fi(x,«) are Lipschitz in that

[filz, @) = fily, )| < K|z —yl, forall « € M,

for a constant K.

(A8.2) For each & € M, G(z, o, u) is jointly convex in (z,u) and locally
Lipschitz in the sense that

|Gz, 0, u) — Gy, o, u)| < K(L+ 2| + |y|*)|z — yl,



288 8. Stochastic Control of Dynamical Systems

for some positive constants K and x. Moreover,
0 < G(z,a,u) < K(1+ |z]7),

that is, G(z, a,u) has at most polynomial growth rate in x.
(A8.3) The process af(-) = {a®(t), t > 0} is a finite-state Markov chain

on (Q, F, P) generated by Q° given in (8.4). Each block QF is
irreducible.

Definition 8.1. A control u(-) = {u(t) : t > 0} is admissible if u(t) € T
and is progressively measurable with respect to o{a®(s) : s < t}. Use A°
to denote the set of all admissible controls.

Definition 8.2. A Borel measurable function u(x, «) is an admissible feed-
back (or simply feedback) control if under u(t) = u(x*(t), a°(t)) the system
equation (8.1) has a unique solution z°(t), ¢ > 0, and u(t), t > 0, is admis-
sible.

Let v¢(x, ) denote the corresponding value function of the control prob-
lem (8.1) and (8.2), i.e.,

v (x, ) = u(-i)nefAE JE(x, o, u(+)).

In what follows, use P¢ to denote our original control problem, that is,

minimize: J¢(x, o, u(-)),

subject to: dx;t(t) = f(2°(t), a°(t),u(t)),
Pe (8.5)
2%(0) =, a®(0) = a, u(-) € A,

value function: v*(z,a) = inf J*(z, o, u()).
u(-)€eAs

Example 8.3. Consider the following failure-prone manufacturing system
consisting of a single machine and producing one part type. Let 2°(¢) € R!
be the surplus of finished goods, ¢*(t) € {0,1} the production capacity
rate, and z°(t) € {z1,22} the part demand rate for 0 < z; < z2 < 1. Let
u(t) € R denote the control process so that c®(t)u(t) represents the rate
of production.

In this example, ¢°(t) = 0 means the machine is down and ¢°(¢) =
1 means the machine is up with maximum capacity 1. Using c¢*(¢), the



8.2 Problem Formulation 289

production constraint is given as 0 < wu(t) < 1, ¢ > 0. Let M; = {(1, z1),
(0,21)} and Mo = {(1, z2), (0, 22) }. Consider a Markov chain defined as

0(t) = (¢ (1), 2°() € M= {(1,20), 0. 21), (1, 22), (0, 22) }.

generated by Q°.
The system equation is
dz®(t)
dt

= (t)(u(t), =1) = (t)u(t) — 2°(t), 2°(0) = z.

Our objective is to choose a control u(-) to minimize the production and
surplus costs

JE (2, onu(s)) = E/OOO e Pt (c+(x8(t))+ +c” (,Tg(t))_) dt,

where ¢t and ¢~ are positive constants, 7 = max{0,z}, and 2= =
max{0, —z}.

Let A¢, pte, Az, and p. be positive real numbers. Suppose that the gen-
erator Q¢ has the form

_)\c )\c O O —)\z O )\z O
1 c  —pe O 0 0 =X 0 Az
o I L .
e 0 0 _AC )\C Mz 0 — Mz O
0 0 He —He 0 Hz 0 —Hz

In this case, the rate of fluctuation of ¢“(¢) in ac(t) is faster than that of
z5(t).
Next rearrange the order of the states in M as

M= {121, (1,22), (0,20), (0,22)}

and consider

_)\z Az O O —/\c 0 AC O
1 : —pz 0 0 0 =X O Ac
=L * L n
€ 0 0 _)\z )\z He 0 —Hec 0
0 0 Mz —Hz 0 He 0 —HMe

In the second case, the demand z°(t) is the fast-changing process. The
results to follow provide guidance on how the asymptotically optimal feed-
back controls can be constructed for such systems.



290 8. Stochastic Control of Dynamical Systems
8.3 Properties of the Value Functions

This section concerns properties of the value function v*(x, «). By apply-
ing the viscosity solution methods, we show that v®(x, ) converges to a
function v(z, k) whenever a € My. It turns out that v(z, k) is equal to the
value function of a limit problem in which the stochastic process is replaced
by the “limit” of its aggregated process.

Formally, the HJB equation of P¢ takes the following form

OvE (x, )
Ox

pve(z, ) = ngig{f(ma,u)

(8.6)
+6(au) |+ Qv (e ) (a)

Remark 8.4. Note that the term f(x,a,u)(0v¢(z,«)/dz) in the HIB

equation is meant to be the inner product of f and (0v®/dz) and should

have been written as (f, (0v®/0x)). Nevertheless, we write it as in (8.6) for

the sake of notational simplicity. Similar notation will also be used in the
subsequent development.

Let m = mq + -+ - + m; be the total number of states in M. Denote
Qg :=R" x M xR™ x R",
and define a Hamiltonian H on Qg as
H(z,a,v(z,"),p) = min { f(z,0, u)p + Glz,a,u) }

uel (87)

+Q%v(z, ) () — pv(z, ).
Then (8.6) can be written equivalently as

i (et 22) o -

In general, the partial derivatives of v may not exist. To handle possible
non-smoothness of v, we use viscosity solutions developed by Crandall and
Lions [39].

The proof of the next lemma is provided in Lemma A.28 for the convexity
and Lipschitz property, and in Theorem A.30 for the uniqueness of the
viscosity solution to (8.8).

Lemma 8.5. Assume (A8.1)—(A8.3).
(a) There exists a constant K such that, for all x, y € R™,
v (z,a) —v°(y, )| < K(1+ |2]" + [y|”)|z — y].

Therefore the value function ve(z, «) is uniformly continuous in x.
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(b) v*(x, ) is the unique viscosity solution to the HJB equation (8.8).
(¢) If f(x,a,u) is only a function of (a,u), then v (-, ) is conver.

In view of the Lipschitz property of the value function in Lemma 8.5 and
the Arzela-Ascoli theorem, on any compact subset of R™, for each subse-
quence of €, there exists a further subsequence of {¢ — 0} (still denoted
by €) such that v® converges to a limit function v on that set. The next
lemma shows that if this is so, the limit function depends only on k& when-
ever « € My, for k = 1,...,1. That is, the aggregation of states in My
gives the primary information, whereas the detailed variations within the
group My, are not as crucial, which reveals the hierarchical features of the
decomposition/aggregation.

Lemma 8.6. Assume (A8.1)-(A8.3). For each x, if for some subsequence
of e, v¥(z,a) — v(z, ), for all « € M, then v(z,a) = v(z, k) whenever
a € My, for some function v(x, k) depending only on k.

Proof: Let o = 555, € M;,. Let 7° denote the first jump time of a°(t) for
t > 0. Then 7° — 0 in probability as e — 0. Moreover, for any u(-) € A°,
the dynamic programming principle in Lemma A.29 yields

€

ve(z, o) < E(/OT e PP G2 (t), a8 (t), u(t))dt

(8.9)
+e P E (z°(7°), aE(Ts))) .
In view of (A8.1) and (A8.2), we have
[z°()] < K1+t + |z)),
(8.10)
|G (2 (t), " (1), u(t))| < K(1+1" + []").
It follows from the Lebesgue dominated convergence theorem that
lim F e PLG(2° (), s (1), u(t))dt = 0. (8.11)
e—0 0
Moreover, the uniform Lipschitz property of v¢(z, ) implies
lim F |[vf(2®(7%),a°(7%)) — v (z, " (7%))| = 0. (8.12)

e—0

Combine (8.9), (8.11), and (8.12) to obtain

< 3 g g € .
v(z,a) < i%EU (x,a(7%))
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Note that
l my
Evf(z,05(7%)) = > > v (@, 51;)P(a” (1°) = s55).
i=1 j=1

Since v*(z, @) — v(x, «), we need to analyze the limit of P(a(7%) = s;5)
as ¢ = 0. To this end,

P(OzE(T‘E) = Sij) = EI{QE(TE):Si].}
=F (E[I{aE(TE):Sij”TE])
= E(P(a(r%) = sij[7%)).-

Recall that QF = ((jfj) If s;; &€ M,,, then the construction of Markov chain
in Section 2.4 implies that

P(af (%) = s;j|7°) = O(e) — 0.
If Sij € M, , then i = ip, and

—1 o A 5t
€ Qo 1 Usigjosioi o 9joj

P(a(7%) = sip5|7°) = —— 5 . —
’ g—lq;.gjo + Dsigiosioio q;gjo

Hence,

gl
(T, 8igjo) < Y V(T 8ig) <— o ) :

j#io Do jo
Then the irreducibility of @io and Lemma A.39 imply that
v(x, Sig5,) = v(x, 8iy5) forall j =1,...,my,. (8.13)
This completes the proof. ([

Remark 8.7. If v°(z, «) is differentiable with respect to x, following the
Lipschitz continuity of v°(z, «), the partial derivative (9v®(z,«a)/0x) is
uniformly bounded by K (1 4+ |z|®). In this case, the proof of the lemma
can be much simplified by using the method in the proof of Lemma 7.5.
Actually, it can be shown that for k =1,...,1,

v(x, Sk1)
Q* : >0,

(X, Skm,, )

which implies (8.13).
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Now define another control problem P° with averaged dynamics weighted
by the quasi-stationary distribution and cost function in which «(t) is
replaced by the “limit” of its aggregated process. To be more precise, let

vk = (ko m ) denote the stationary distribution of Q’C Recall that
1= diag(l,,,. .., L,,). Let

Q = diag(v',..., ul)@i

and @(t), t > 0, be a Markov chain generated by Q. Define a control set
for the limit problem as

Ty = {(Ul,...,Ul) D UF = (Wf, L ubme), uk e T for k= 1,...,1}.
Consider a class of controls A%,
4= {U(t) = (U (1) .U(1) € T :
U (t) is progressively measurable w.r.t. o{a(s) : s < t}}

For any U € I'g, define

flz,k,U) ZV (x, skj,u ki,
G(x,k,U) ZVG%SkJ, 9.

The limit control problem is
minimize: J9(z, k, U(+))

—E /0 e PUG(E(E), a(t), U(L))dt,

L ORI ORI (5.14)

P subject to:

7(0) =, @(0) = k, U(-) € A°,

value function: v°(z,k) = inf J%(x k,U(")).
U(-)eA®

Note that the HJB equations associated with the original problem P*®
consist of m equations, whereas the HJB equations for the limit prob-
lem P° contain only I equations. By using the aggregation/decomposition
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approach, we are able to achieve substantial reduction of system dimen-
sionality when m is large and [ is small.

Now we are in a position to show that the sequence of value functions v*
of P converges to that of P as e — 0. Let

Qpo =R x R x R x R™.

For P, define the Hamiltonian H® (a function on Qp0) as

HO(z,k,v(z,-),p)

= min {7(:1:, k,U)p+G(z,k,U) + Qu(x, )(k)} — pv(z, k).

UeTy

The HIB equation for PP is

H° <x,k,v(x, Y, %) =0. (8.15)

Similar to Lemma 8.5, it can be shown that the value function v°(z, k) for
P is locally Lipschitz in x, and is the unique viscosity solution to (8.15).

Next we show that the value function v¢(x, o) converges to a limit v(x, k)
that satisfies the HIB equation (8.15). Then the uniqueness of the solution
of (8.15) implies v(z, k) = v°(z, k). More precisely, the following theorem
holds.

Theorem 8.8. Assume (A8.1)—(A8.3). Then for all « € My and k =
1.1,
: € _,0
Ehir(l)v (x,a) =v°(z, k).

Proof: By Lemma 8.5, for each sequence of {&é — 0}, there exists a further
subsequence (still indexed by ¢) such that v°(z, ) converges. Denote the
limit by v(x, ). Then by Lemma 8.6, v(x, o) = v(x, k); the exact value of
« is unimportant and only k counts.

Fix k=1,...,l. For any a = sy € My, let v(z, k) be a limit of v°(x, si;)
for some subsequence of €. In view of Lemma A.25, take a function ¢(-) €
C(R") such that v(z, k) — ¢(x) has a strictly local maximum at xq in a
neighborhood N (z¢). Choose x5 € N (z¢) such that for each a = si; € My,

v° (25, s1j) — P(25) = xefglvaéo){vs(% skj) — o)}

Then it follows that x5 — xo as € — 0. Moreover,

mi 8
ZUJI?H (:vj,skj,vs, 8—i> > 0. (8.16)
j=1
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Observe that

mi

> vk (@Ff (a5, (@)

j=1

— ZZU e (25, ski) — v (25, siy)]
] 1i#j

< ZZV A l(v° (5, ski) — D(25)) — (05 (25, s15) — B(a5))]
J=1i#j

DI I A CAMEES)
j=1i=1

= (@S, ska) — (@)D vEdE =0
=1 j=1

The above inequality follows from
v (25, ski) — (7)) > v° (25, 58:) — P(25)-

Then (8.16) leads to the inequalities

mg a
Z UJI?H (wo, Sk, U, (?_Z:S)

=1
my,
0
>;1_r)% I/kH <x§,skj,vs,—j > 0.
7j=1

Therefore, we have

¢
H° (:Co,k v, ) ZVkH (wo,sk], ,8—> > 0.

Thus v(x, k) is a viscosity subsolution to (8.15).

Similarly, v is also a viscosity supersolution to (8.15). Moreover, the
uniqueness of solution of (8.15) implies v(z, k) = v°(x, k), the value for PY.
Thus, for any subsequence of ¢ (indexed also by ¢), v¥(z,a) — v%(z, k).
The desired result thus follows. g

Remark 8.9. The linearity in w in (A8.1) is not essential for Theorem 8.8.
In fact, the theorem holds for more general models. However, assuming
f(x,,u) to be linear in u enables us to derive the optimal feedback con-
trol law for the limit problem. One can then use such a control law as a
guide to construct feedback controls for the original problem P¢. The Lip-
schitz property is needed to ensure the system has a unique solution in the
viscosity sense.
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8.4 Asymptotic Optimal Controls

Using the optimal control policy for the limit problem P°, we aim at de-
riving a feedback control policy for the original problem P¢. Moreover, we
study the asymptotics of such a control policy as e — 0, and obtain the
asymptotic optimality.
For k=1,... 1, write

U*(x, k) = (u*(x, k), ..., u"™ (2, k)),
and denote the minimizer of the left-hand side of (8.15) by

U'(z) = (U*(x,1),...,U"(x,1)) € Ty.
The condition below guarantees that U*(x) is locally Lipschitz.

(A8.4) The function f(x, o, u) depends on (o, u) only in that f(x,a,u)
= f(a,u) and the cost function G(x, o, u) is twice differentiable
with respect to u such that

0?G(z,a,u)

002 > col >0,
u

for some constant ¢g. There exists a constant K such that

Gz +y,a,u) — G(z,a,u) — <§G(:v7a,u),y>‘
x

< K1+ [a])|yl*.

Lemma 8.10. Assume (A8.1)—(A8.4). Then

(a) v9(z, k) is convex and continuously differentiable.

(b) U*(x) is locally Lipschitz in that there exists a constant K such that

U (z) = U"(y)| < K1+ []" + [y|") |z — yl. (8.17)

(¢) U*(x) is an optimal feedback control.

Proof: The convexity of v°(z, k) is due to the convergence of v* — v° and
the convexity of v°(z, @) in Lemma 8.5.

The continuous differentiability of v%(z, k) can be obtained as in Sethi
and Zhang [192, Lemma 5.6.1]. Moreover, the value function has Lipschitz
partial derivatives in x. Then we apply Lemma A.32 to derive (b), which
yields (c). O
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For each j = 1,...,my and k = 1,...,1, let fi;(z) = f(z, s, u* (x,k)).
Then fi;(x) is locally Lipschitz. Therefore, under the optimal feedback
control law U*(x) for P, the following system

l

dx™*(t ok ~
dt( ) = Z V;?I{a(t):k}fkj(lv* (t)), .’L'*(O) =z (8.18)
=1 j—1

has a unique solution.
Now construct a feedback control u(z, «) for P¢ by

I my
u(z, ) = ZZI{a:Skj}u*j(x,k). (8.19)

k=1 j=1
Let u®(t) = u(zf(t),a®(t)), t > 0. It is easily seen that the system equation
for P¢ given by

dre(t) o= i
== =20 Nar=a i (@ (1), 2°(0) =@

k=1 j=1

has a unique solution z°(t). Next we show that u®(-) is asymptotically
optimal in the sense that

|J® (x, o, u® (7)) — v°(x, )] — 0.

This step is realized by introducing an auxiliary process. Let Z°(t) denote
an intermediate process defined by

dz© I my B
dt(t) =2 Vil =i fi (@ (t)), T°(0) = z,

k=1 j=1

where @°(+) is the aggregated process of a°(-) defined in Section 5.3.2. By
comparing 2 (-) with T°(-), we establish an estimate of |2*(t) —Z°(¢)|. Note
that

I myg t
= (t) — 7= (t) = ZZ/@ [Frj (2°(5)) = fieg (@ () e (5) =51, 10

k=1 j=1

I my t
+ZZ/0 (I{QE(S):SM} - Vfl{as(s):k}) Jri (T (s))ds.

k=1 j=1

In view of the Lipschitz property of fi;(z) and (8.10),
¢
Elz=(t) —z°(t)| < K/ (1 +t° 4 |z|")Elx®(s) — T°(s)|ds
0

I my t
+ZZE ‘/0 (I{QE(S)ZSW} - VJ]‘CI{EE(s):k}) fkj(fs(s))ds .

k=1 j=1
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Let f(s) = fi;(@(s)). Then f(s) is locally Lipschitz in s. As a result, f(s)

is differentiable almost everywhere with bounded derivative. Integration by
parts yields

E

t
/O (Ttac (s)=sn,} = Vi Tiawe(5)=4}) F(5)ds

t
<E 'f(t)/o (Tgae (s)=s1s) = Vi Time (s)=k} ) ds

t s df(s)
/ < / (I{asm—skj}—fo{a%ﬂ—k})dT)< d >ds'
0 0 ’

As € — 0, by virtue of Theorem 5.25,

+E

'/ I{as (s)=sk;} — Vj I{oﬁ(s k}) f( )dS — 0.
An application of Gronwall’s inequality yields
E|zf(t) —Z°(t)] > 0 as e — 0. (8.20)

We next show E|z°(t) — 2*(t)| — 0, as € — 0. For each T' > 0, let
ap()={a"(t): t<T}and ap()={a(t): t<T}.
Following from Theorem 5.27, one has
ar(-) = @r(-) in distribution.
In view of the Skorohod representation (see Theorem A.11) without chang-
ing notation, we may assume @5 (-) — @r(-) w.p.1. Therefore, there exists
a measurable set €2 with P(€;) = 1 such that

d(@7 () (w),ar(-)(w)) = 0 for all w € Qy, as e — 0,

where d(-,-) is the distance under Skorohod topology on D0, T7.
Let

Oy = {aT(-) jumps at most countably many times in [0, T]}
Then P(£22) = 1. Let Q9 = 3 N Qa. Then P(£2) = 1 and for all w € Q,

27 () (w) —ar(-)(w)| = 0

for all but at most countably many ¢ € [0, T]. Thus for all w € Qo,

Tias. (0 (w)=k} = L{@r(t)(w)=k}
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for all but at most countably many ¢ € [0,T]. It follows that for € — 0,
T°(t) — 2" (t) w.p.1. (8.21)
Thus, for all ¢t € [0,7], (8.21) and the dominated convergence theorem

imply that E|z°(t) — «*(t)] — 0 as € — 0. Finally, by virtue of (8.20) and
the above estimates, as ¢ — 0,

E|zf(t) — 2™ (t)| < E|z°(t) —z°(t)| + E|z°(t) — =" (t)| — 0. (8.22)
Since T is arbitrary, (8.22) holds for all ¢ > 0. O
Theorem 8.11. Assume (A8.1)—(A8.4). Then

uE (1) = u(at(t), 0% (1))

constructed in (8.19) is asymptotically optimal, i.e.,
lim |J®(z, o, u®(+)) — v (z, )| = 0.
e—0

Proof: For a« € My, k=1,...,1,
0< Jo(z,a,us(+)) — v (z, @)

= (Jo(x,,uf(+)) — (2, k) + (00 (2, k) — 0% (2, @)).
In view of Theorem 8.8, we have
|v5(3:,a) —00(, k)‘ — 0.
Thus to establish the assertion, it suffices to show that

‘Js(x, a,ut () —v°(x, k)| — 0.

e Grj(z) = G(z, 515, u™ (2, k) and U*(t) = U*(z*(t)).
Then
Oz, k) = JO(x, k,U*(+))
= /Ooe ptzl:ik:fo{aa):k}ékj(ﬂ:*(t))dt,
k=1 j=1
and

JE (2, o, uf E/ e ptzzl{af (t)= sk]}Gk]( “(t))dt

k=1 j=1
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It follows that
Js(x’ a, us()) - ’UO(.I7 k)

00 L my . ~
5[ 323 (Guala* ) = G (0) T oy

00 Lomg _
+E /0 Y (ij(is(t)) —ij(a:*(t))) e (t)=ap, It

k=1 j=1

e3¢} L my
+E‘/O e Pt Z Z ij (I* (t))VJk (I{Ef(t):k} — I{E(t):k}) dt

k=1j=1

00 I myg
+E/ e Y Y Gri (" (1) (Tas(y=si,) = ) Lie(y=1y) d-
0 k=1j=1
The terms in the integrands of line 2 through line 4 above go to 0. In view
of the Lebesgue dominated convergence theorem, the boundedness and the
locally Lipschitz property of Gy, these terms go to zero. It can be shown
by integration by parts as in the proof of (8.20) the last line also goes to
zero. Therefore,
| T (z, a,ut () = 0" (x, k)| = 0 (8.23)
Hence,
|J® (x, o, u®(+)) — v°(x, )] = 0

when € — 0 as desired. O

8.5 Convergence Rate

This section takes up the issue of rate of convergence of the sequence of
value functions v¢(z, ), which indicates how well v°(x, k) approximates
v° (2, ). Owing to the complexity arising from the weak and strong inter-
actions in the singularly perturbed Markov chain, the convergence rate of
ve(z, @) is generally difficult to obtain. In this section, we confine ourselves

to the case in which @ is irreducible, namely, @ consisting of a single irre-
ducible block. Let M = {1,...,m}. Then I'g = {U = (u*,...,u™): v/ €
I'}. We impose additional assumptions below.

(A8.5) Q is irreducible.
(A8.6) There exist bounded functions By («), B2(a) such that

f(z,a,u) = By(a)u + Ba(a).

Moreover, there exist functions G1(x), Ga(«, u), that are convex
in x and u, respectively, such that

G(z,a,u) = G1(z) + Ga(a, u).
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Under these additional assumptions, we will be able to estimate the con-
vergence rate of the value function v®(z,a) to v’(x). Here v%(z) depends

only on x because @ is irreducible.

Theorem 8.12. Assume (A8.1)—(A8.6). Then there are positive constants
K and k such that

[v°(@, @) =" ()] < K(1+ |2]")VE.

Proof: The essence is to compare the trajectories of 2°(-) and that of the
limit system. Let

Ut) = (ul(t),...,u™t) € A°,

and define a control u®(t) by
’U,E(t) = Z I{as(t):j}uj(t).
j=1

Clearly u®(t) € A°. Let 2°(¢t) and Z(t) be the trajectories of systems P°
and PY under the controls u®(t) and u(t), respectively. Then

— Bi(a () (t) + Ba(a®(1)), 2°(0) =,

v;(B1(j)u’ () + Ba(j)), T(0) = .

o| &
=l
|
NE

Take the difference of the two equations above to obtain

d m

@) —z(t) = > B () (Tjae (1)=5) — v5)
= (8.24)
+ ZBz(j) (L{as (=4} — v5) -

It follows from Corollary 5.21 that

Bl (t) — Z(t)]* = O(et?).
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In addition, using the asymptotic expansion in Theorem 4.5, we have
EGy(a®(t), u®(t))
= EZGQ g () I ae (1)=5)

_ch,uﬂ P(a®(t) = j)

Z v;Ga(j,u’ (1)) + Z Ga(j, w () (P(a*(t) = j) — vj)

:éyjcgo,w())w(ﬁexp( T))'

Then we have

S, eyt () = E/Oo e PH(GL(a" (1)) + Ga(oF (), u® (t)))dt

IN

E/ (GL () + K (1 + % + [2)]a" (1) — Z()|)dt
/ e Pt ZV Ga(j,u’ (t)) + K+/e

= @, U() + K1+ |2|")Ve
Recall that U(-) € A° is arbitrary. It follows that
v (2, ) — 00 (z) < K(1+ |z]")VeE. (8.25)

To obtain the convergence rate, it suffices to establish the reverse inequality.
To this end, we show that for any control u(t) € A, there exists a control
U(t) € AY such that the corresponding system states under these controls
are “close.” In fact, for each 7 € M, let

u! (t) = Blu®(t)]a" (t) = j].

Clearly U(t) = (ul(t),...,u™(t)) € A°.
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Let 2°(t) and Z(¢) denote the system states for P¢ and P° under controls
uf(t) € A° and U(t) € A°, respectively. Then

Eat () — 7(t) = / S (B (5) + Ba(i))(P(a%(s) = ) — wj)ds

Il
o\:ﬁ
NgE
Sy
it
)
N
<
©
+
oS
N
S
Q
N
m
+
]
4
o
/T\
N————
N———
IS8

By the convexity, the local Lipschitz continuity and the a priori estimates
of Z(t) and 2*(t),

EGi(25(t)) = Gi(E2°(1))
> Gi(z(t) — K(1+ [Z()[" + [Ea®(t)]") [ Bz (t) — Z(¢)]
= G1(Z(t)) + (1 + |z|®)O(e).

Also, in view of the convexity of Ga(-), we have

NE

EGy(a(t),us(t)) = Y El[Ga(j,u(t))|e”(t) = jIP(a”(t) = j)

<.
Il
—

<
Il
-

G2 (E[u(t)|a*(t) = jl, J)P(a”(t) = j)

Hot

Go(j,u? (t))v; + O(a + exp(—?)).

I
NE

1

<.
Il

Then for any u®(t) € A%, it follows that

T (@ 0 uf () > J0(2, U () — K(1+[z|%)e.
Thus, we obtain
v (z,a) — 0 (x) > =K (1 + |z|%)e.
The proof of Theorem 8.12 is completed. O

Remark 8.13. Theorem 8.12 indicates that the convergence rate of v° to
vY is of the order y/z. In fact, this is the best rate possible. In Sethi and
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Zhang [192], it was shown, by a one-dimensional example, that for any
a € M and x > 0, there exists ¢; > 0 such that

[v° (2, ) — ()]

NG

This means that the order /¢ cannot be improved.

>c > 0.

We now establish the approximation error bound via the constructed
controls. Let U*(t) = (u*1(t),...,u*™(t)) € A° denote an open-loop opti-
mal control for P°. Using U*(#), construct a control

us(t) = Z I{aa(t):j}u*j (t)
j=1

for P¢. Then similar to the proof of Theorem 8.12,
| JE (2, 0, ut (1) = v°(z, @)| < K (14 [2]")Ve.

Such an error bound is good for open-loop controls. For a feedback control
U*(x), the constructed control u®(z, &) provides an asymptotically optimal
control for P, but so far the corresponding error bound has only been
obtained under additional conditions such as p being large enough. We
refer to Sethi and Zhang [192, Chapter 5] for further details.

Example 8.14 (Cont.). We continue our study of Example 8.3. Consider
the case in which the demand fluctuates more rapidly than the capacity
process. In this case, 2°(t) is the fast changing process, and ¢°(t) = ¢(t) is
the slowly varying capacity process being independent of €. The idea is to
derive a limit problem in which the fast fluctuating demand is replaced by
its average. Thus one may ignore the detailed changes in the demand when
making an average production planning decision.
Let

M = {511751275217522} = {(1,21), (1,22), (O,Zl), (0,22)}

Consider the generator Q¢ given by

A A 0 0 X 0 X O

Qg_l pz  —pz 0 0 . 0 =X 0 A ,
€ 0 0 =X A\ fe 0 —p O
0 0 Mz —fhz 0 pe 0 —pe

where ), is the jump rate of the demand from z; to zo and . is the rate
from z5 to z1; A\ and p. are the breakdown and repair rates, respectively.
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(2 3)
He —He

It follows that @(t) = c(t). Moreover, the control set

In this example,

Ty = {(ull,u12,0,0) 0< ull,uu <1},

since when ¢(t) = 0 the system is independent of the values of u*' and
u?2. Furthermore, since G(-) is independent of u, we have G(-) = G(-).
Therefore, the system equation in the limit problem P? is given by
dx(t)
dt

where u = viz + vd 29,

A
Vl_Vl,V1_< Mz 7 z >7
(v1,2) As+ e’ s A s

and Z = Vllzl + 1/2122. Recall that 0 < 21 < z9 < 1. It follows that Z is less
than 1. Then Theorem 8.8 implies that v¢(z,a) — v°(x, k), for a € My,
Let

Pt e He

A1: z z
Ae P+ Ac
1-z 1-%

It is easy to see that A; has two real eigenvalues, one greater than 0 and
the other less than 0. Let a— < 0 denote the negative eigenvalue of the
matrix A; and define

* = max| 0 ! lo a 1+ Pz
r* = max|( 0, — —_ :
L P AZ — (p+ pe +Za_)(1 — 2)

The optimal control for P° is given by

If ¢(t) =0, u*(x) =0, and
0, ifx>a",
ifc(t)=1,u*(x) =4 7, ifz=2z"
1, ifz<a*.

Let

U (@) = (u (), u™(2), u™ (), u™*(2))
denote the optimal control for P°. Note that (u*'!(z), u*'?(z)) corresponds
to c(t) = 1 and (u*?'(x),u**?(z)) corresponds to c(t) = 0. Naturally,
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(u*?t(z),u*??(x)) = 0, since, when ¢(t) = 0, there should be no production.
When c(t) = 1, let viu*t (z) + viu*'?(z) = u*(z). It should be pointed out
that in this case the solution (u*!!(z),u*'?(x)) is not unique.

Using u*'!(z) and u*'?(z), we construct a control for P° as

ut(x,¢,2) = Ifemy (I{Z:zl}u*ll(:ﬂ) + I{z:Z2}u*12(x))
om0y (IzmeywH (@) + Izmzyyu™ (2))
= Tem1) (Izmayu™ (@) + Lamzpyu™2(2) .

Note that in this example, the optimal control U*(x) is not Lipschitz.
Therefore the conditions in Theorem 8.11 are not satisfied. However, we
can still show, as in Sethi and Zhang [192, Chapter 5], that

is asymptotically optimal.

One may also consider the case in which the capacity process changes
rapidly, whereas the random demand is relatively slowly varying. Similar to
the previous case, assume ¢ (+) is the capacity process and z°(-) = z(-) is the
demand. Using exactly the same approach, one may resolve this problem.
The discussion is analogous to the previous case; the details are omitted.

8.6 Weak Convergence Approach

Treating asymptotic optimality of systems involving singularly perturbed
Markov chains, the previous sections all focus on the dynamical program-
ming methods. We switch gears and use a weak convergence approach to
study nearly optimal control problems in this section. As in the previous
sections, the main idea is that in lieu of dealing with the original complex
system, consider its corresponding limit and apply the optimal or nearly
optimal controls of the limit problem to that of the original problem. The
goal is to show that such a procedure leads to near optimality of the orig-
inal problems. The weak convergence approach in conjunction with the
relaxed control representation allows us to use weaker conditions. Under
the relaxed control formulation, the system is linear in the control variable,
and the compactness is also easily obtainable. To maintain the continu-
ity of presentation, definition of relaxed controls and the notation of weak
convergence are relegated to Section A.3 in Appendix.
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8.6.1 Problem Setup

Let af(t) be a singularly perturbed Markov chain with a finite-state space
M generated by Q°(t), which is allowed to be a function of ¢. Consider a
stochastic dynamical system with the state 2°(¢) € R™, and control u(t) €
I' c R™. Let

FGE ) R x M xR™ — R",
G(yy ) :R" X M xR™ — R.

The problem of interest is

minimize: J(u E/ G(z (1), u(t))dt,

da(t)
dt

(8.26)

subject to: = f(z*(t),a"(t),u(t)), =°(0) = a.

As in the previous section, f(z, «, u) represents the dynamics of the system
and G(x,«,u) is the running cost. The expected cost is evaluated over a
finite horizon. Such formulation allows one to treat nonstationary systems.
Note that Q°(t) is time dependent, and so is Q(t), the generator of the
limit of @°(¢). Using the same approach as this section with modifications,
infinite horizon problems may also be incorporated into our formulation.
To proceed, let us set up the problem by using the relaxed control repre-
sentation.

8.6.2 Relaxed Control Formulation

Let m(-) be a relaxed control representation (see Section A.3) for the control
u(+) in (8.26). Rewrite (8.26) as

minimize: J©(m®) E/ /G , 0)m; (do)dt,

Pe: (8.27)

subject to:

:/f(xa(t)vaa(t),g)ﬁﬁ(dg), z°(0) = =,

where m; is the “derivative” of m with respect to t (see Section A.3 for
definition and discussions). The cost function and system equation can be

written as
(Zi / [ 605,000 i(g)dt>,

=1 j=1

=x+ Z Z/ /f )s sig, 0)mg(do) [{ae (s)=s,,1ds-

=1 j5=1
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The integral equation for the dynamical system is convenient in the analysis
to follow.

8.6.3 Near Optimality

This subsection is devoted to the study of P¢ in (8.27). It begins with a
set of assumptions, proceeds with two preparatory lemmas, and ends with
the theorems on weak convergence and near optimality.

Denote the o-algebra of Borel subsets of any set S by B(S). Let

M = {T?L(), m(-) is a measure on B(T' x [0, 00))
satisfying m(T" x [0,¢]) =t for all ¢ > O}.

Given a filtration F;. A random M-valued measure m(-) is an admissible
relaxed control if for each B € B(T'), the function defined by

m(B,t) = m(B x [0,t]) is F; — adapted.

A relaxed control representation m°(-) is admissible for P¢ if me(-) € M
and is Fy = o{x°(s),a°(s) : s <t} adapted.
Use R to denote the set of all admissible controls, i.e.,

RE ={m°(-) € M; m°() is F; adapted}.
To proceed, we need the following conditions.

(A8.7) af(+) is a Markov chain having state space

M: {511,...,Slml,...,sll...,slml},

and generator .
Q1) = 2Q1) + Q).

where Q(t) = diag(Q(t),...,Q'(t)) such that, for t € [0,7T],
@(t) and @k(t) for k = 1,...,1, are themselves generators of
appropriate dimensions. For each k = 1,... 1, @k (t) is weakly
irreducible.

(A8.8) The control space I' is a compact set. The function f(-) is con-
tinuous on R™ xI' x M. For each (g, @), f(-, a, o) satisfies a linear
growth condition, and is Lipschitz continuous. In addition, for
each z and a the set f(z,a,T') = {f(z,a,u); v € T'} is convex
(see Definition A.33).

(A8.9) G(-) is bounded and continuous.
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Remark 8.15. A few words about the assumptions are in order. For the
dynamic programming approach used in the previous sections, the gen-
erator is independent of time. In this section, we are able to deal with
time-dependent Q(¢) under weaker conditions. In view of the definition of
a generator (Definition 2.2), Q(-) and Q(-) are both bounded. We only re-
quire that each subgenerator @l(t) is weakly irreducible, and only need the
weak convergence of @°(-) to @(-) and certain moment estimates, which
are guaranteed by our results in Theorem 5.57. It should be pointed out
that there is no smoothness assumption on Q°(-). Measurability is suffi-
cient. Note that the function f(-) depends on the variable u nonlinearly.
One of the advantages of the use of the relaxed control representation is
that it allows us to “convert” the nonlinear dependence on u to a situ-
ation where the function depends on the control linearly. As for the dif-
ferential equation, the Lipschitz condition, together with the convexity of
f(z,a,T) implies the existence of the unique solution (see Roxin [185]).
The boundedness of the running cost in (A8.9) is not essential; it allows
simpler exposition, however.

Corresponding to (8.27), there is an associate limit problem P°:

minimize:

I m; T ‘
Jm) =ES S / / Gx(t), 317 0)me(do)V () Tpaey—sy dt,

PO . i=1 j=1

subject to:
I my t
z(t) =x + Z Z/o /f(ac(s), sij> 0)ms(do)v; () {m(s)=i} ds.
i=1 j=1

Denote by R° the set of admissible controls for the limit problem, that is,
R = {m(-) € M; m(-) is F; adapted},

where F; = o{x(s),a(s); s < t}.

To prepare us for the subsequent studies, we state two lemmas. The first
one reveals properties of the limit problem and gives a priori bounds for
both P¢ and P°. The a priori bounds are easily obtained by examining
the defining ordinary differential equations and utilizing the linear growth
condition, the Lipschitz continuity together with Gronwall’s inequality; the
proof of the last assertion of the following lemma is similar to the corre-
sponding results in Fleming [62], Kushner and Runggaldier [142], Kushner
[140]. The second lemma is a version of the chattering lemma and can be
proved similar to that of [140, 142].
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Lemma 8.16. The following assertions hold.
(a) The solution x=(-) of the system equation in Pe,

sup |z°(t)| < K(1+ |z|) w.p.1. (8.28)
0<t<T

where © = x°(0) is the initial condition.

(b) Let m(-) be an admissible relazed control for P°. Then there is an
Fi = o{z(s),a(s); s <t} adapted solution z(-) of the system equation
in P such that

sup |z(t)| < K(1+ |z]) w.p.1,
0<t<T

where x = x(0) is the initial condition.

(c) Let m"(-) = m(-), where m"(-) are admissible and n belongs to an
index set T C R such that n — 0. Suppose z"(-) is the solution to
the differential equation in P° with m(-) replaced by m"(-). Then
2"(-) = x(-) such that m(-) is admissible.

Lemma 8.17. The following assertions hold.
(a) There is an optimal relazed control in R.

(b) For each § > 0, there is an admissible T@(-) for the limit problem
which is §-optimal for PP, i.e.,

J@°) < inf J(m)+96.

meRO

(¢) There exists a piecewise-constant (in t) and locally Lipschitz contin-
wous in = (uniformly in t) control u®(-) such that

J@®) < inf J(m)+ 0.

T meRO
Now we are in a position to obtain the weak convergence result. The fol-
lowing theorem indicates that the system of interest, namely P¢, is close
to the limit problem P in an appropriate sense.

Theorem 8.18. Assume (A8.7)-(A8.9). Let 6. — 0 as e — 0 and let
me(-) be a d--optimal admissible relaxed control for P<. Then the following
assertions hold.

(a) {a=(m*=,-),me(-)} is tight in D™[0,T] x M.

(b) If me(-) = m(:) as ¢ — 0, then m(-) € R® and the limit of any
weakly convergent subsequence of {x=(m*c,-), m*(-)} satisfies the sys-
tem equation in P° with m replaced by m.
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(c) For the relazed controls m(-) and m(-) € M given above,
JE(m®) — J(m) as e — 0.

Proof: We divide the proof into several steps. Using the weak convergence
method and averaging techniques developed by Kushner [139], the proof
proceeds by a series of approximations, each one simplifying the process a
little more to eventually obtain the desired result.
Step 1: This step focuses on the tightness of the underlying process. Owing
to the compactness of T', " x [0, T] is compact. As a result, {m*(-)} is tight
in M. By virtue of the a priori bounds in Lemma 8.16, {2°(+)} is tight and
all limits have continuous paths w.p.1 by virtue of Kushner [139, Lemma
7, p. 51]. This yields the desired tightness of {z°(-), m°(-)}.
Step 2: Since {x°(-),m(-)} is tight, using Prohorov’s theorem, we may
extract a convergent subsequence. For ease of presentation, we still use
e as its index. Suppose the limit is (z(-),m(-)). In view of the Skorohod
representation, without changing notation, suppose x¢(+) converges to x(-)
w.p.1, and the convergence is uniform on any bounded time interval.
First, for each Borel set B, m{B x [0,t]} depends on (w,t) and is abso-
lutely continuous uniformly in (w,t). This implies that the “derivative”

u(B) = Jim %(fh{B « [0,4]} — (B x [O,t—A]})

exists for almost all (w, ) with ¢ > 0. Moreover m;(-) is (w,t)-measurable
such that m(T") = 1, and for each bounded and continuous function p(-),

/Ot/ﬁ(s,g)ﬁu(dg)ds = /Ot/ﬁ(s,g)ﬁl(dg X ds).

Thus m(-) is admissible.
To proceed, write z°(-) as

—“ZZ[/ /f )s 845 0)s (d0)V; (5) (= (s) =iy ds

1=1 j=1

/ / 31]7 )_f(x(8)78i]7 )]ms(dg) ()I{QE(S) Z}ds
/ / F(25(5), 5532 0) Ejce (sy=any} — V2(5) [ e (oyiy s (o)l

+ /0 / f(@®(s), 515, 0)[m5(do) —ﬁls(dg)]f{a«s)—su}dS]-
(8.29)

We show that the second, the third, and the fourth lines in (8.29) go to 0 as
¢ — 0 in probability uniformly in ¢. First of all, in view of the continuity of
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f(-), the weak convergence of 2°(+) to x(-) and the Skorohod representation
infer that by enlarging the probability space,

lim sup F
e=00<t<T

51]7 )_f(x(‘s)asij’g)]
xms(dg) ()I{aa(s) l}dS =0.

The second line of (8.29) goes to zero in probability.
To estimate the terms in the third line, using the a priori bound of z°(-),
the continuity of f(-), and Theorem 5.52, an integration by parts leads to

lim{ sup F ), Sij
e—0 (O<t£T 7
2
[I{O‘E(S) sijy ( )I{af(s) 1}]ms(dg)d3 >
t 2
< lim K[ su Tioe(s)—s Tige(s)—ir]ds =0.
< lim (OStET/[{() 5} V() ae(o)=]ds )

The last line above follows from Theorem 5.52. Hence the third line of
(8.29) also goes to 0 in probability.

In view of the convergence of m=(-) to m(-), and the continuity and the
boundedness of f(-),

lim| sup F

), 8i5,0)
e—0 (OStST

x[m(do) — ms(do) I as (s)=s:,1d8

)-o

This implies that the fourth line of (8.29) goes to 0 in probability.
Therefore,

0=+ 33 [ F0 00,0 0 25 o0

=1 j=1
(8.30)

where o(1) — 0 in probability uniformly in ¢ € [0, 7] as ¢ — 0. Note that by
virtue of Theorem 5.53, @°(-) converges weakly to a(-) and hence Ize (5=}
converges to I(z(s)—} weakly. As a result, the limit z(-) satisfies

—CH-ZZ/ /f ), sij, 0)1s (do)V§ (8) [a(s) =i ds-

=1 j=1
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Owing to the nature of the D space, there can be at most countable number
of points t at which P{z(t) # x(t~)} > 0 (see Kushner [139, p. 32]). Let T,,
denote the complement of this set, and let ¢, < t < t+ s with ¢, ¢.,,
t + s € T, i.e., they are in the set of continuity points of z(-). Let h(-)
be any bounded and continuous function, and F(-) be any continuously

differentiable function with compact support. Let p,,(-) be an arbitrary
bounded and continuous function. Note that

i) = | [ st oy agyas
- t [ sl onaldo)ds = )

as ¢ — 0. Let i1 and j; be arbitrary positive integers. Then by virtue of
the weak convergence and the Skorohod representation (without changing
notation),

E(h(2 (t,), (Do M)t 1 < i1, K2 < 1)
X (F(a°(t +5)) = F(2°(t))))
—+ B(h(&(te)s (Do )ty 1 < i1, 52 < i)
x (F(a(t +5)) — F(x(t)))).

On the other hand,

hm Eh(l’s(tnl)7 <pli2 ) ﬁ”€>t

e—0

x [F(:ca(t +5)) — F(2°(t)) —

k1 <1, ke < j1)

t+s
AEF(JJE(T))CZT] =0,
¢

where
OF / I m; _
AF(z) = (%) <ZZ/f(wasz'ja@)mi(dg)f{af(ﬂ—su})'
i=1 j=1

Consequently, using (8.30),

Eh(x(tlil)a <pl€27m>t,ilvﬂl S il; K2 S ]1)

e (8.31)
X (F(x(t +3)) — F(z(t)) — AF(:E(T))dT) =0,

t
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where
/ I m;
AF(z) = (31;5;)) <ZZ / f(x,sij,Q)mt(dg)u;(t)f{a(t)_i}>.

The arbitrariness of i1, j1, F(:), A(*), Duy (), iy, t, S, together with (8.31),
implies that x(-) solves the martingale problem with operator A, that is,

F(a(t) - F(x(0)) - / AF(x(s))ds

is a martingale for each bounded real-valued function F(-) being continu-
ously differentiable with compact support. Equivalently, z(-) satisfies the
limit problem, and z(-) has continuous paths with probability one. Further-
more, m(-) is an admissible relaxed control for the limit problem P°.

Step 3: The weak convergence of (x(-),m=(-),a°(+)) to (z(:),m(-),a(-)),
the continuity of G(-), and detailed estimates similar to those leading to
(8.30) imply J¢(mc) — J(m) as € — 0. O

Remark 8.19 The proof above is in the spirit of the direct averaging
method (see Kushner [139, Chapter 5]). That is, by viewing the chain
af(+) as a “noise,” one averages it out and derives the limit system via a
direct approach. Note that in our system, the limit distributions, namely
vi(), for i = 1,...,1, are time dependent. In general, nonstationarity is
very hard to deal with. The asymptotic properties of the aggregated chain
a®(+), obtained in Chapter 5, especially the weak convergence of @°(-) and
Theorem 5.52 enables us to overcome the difficulty and obtain the desired
result.

To proceed, we aim at deriving a limit result for the approximation of P¢
via PY. Denote by v and v° the value functions of P¢ and PV, respectively.
The asymptotically near optimality is in the theorem below, which indicates
a nearly optimal control for the original problem P® can be obtained via a
d-optimal control of PP,

Theorem 8.20. Assume (A8.7)—(A8.9). Then
lim v° = 2°. (8.32)

e—0
Moreover, for each § > 0, there exists a Lipschitz continuous feedback con-
trol W (z,t), which is §-optimal for P° such that for the cost function J¢(-)
in Pe,
lim sup ’JE(E‘;) - 1)5’ <.
e—0

Remark 8.21. This theorem indicates a nearly optimal control for the
original problem P¢ can be obtained by solving the limit problem P°. Since
§ > 0 is arbitrary, @’ can be chosen to approximate the optimal solution
with desired accuracy.
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Proof of Theorem 8.20: By virtue of Lemma 8.17, for each 6 > 0, a J-optimal
control @°(z,t) for Problem PY exists. The weak convergence results of
Theorem 8.18 then yield

=(@,) = z(@’,-) and JE(@’) — J(@). (8.33)

% is a d-optimal control for P°,

Since w
J@) < ¥ + 6.
In view of (8.33), we have

JE@) = J(@) + Ar(e) <0° + 5+ A (e), (8.34)

where Aq(e) > 0ase — 0.

Since v is the value function for P, v* < J(@°). By virtue of Theo-
rem 8.18, choose m® € R® such that v > J*(m®) — e. Since R* is rela-
tively compact, there exists a subsequence {m?°(-)} such that m®(-) = m(-).
It follows from Theorem 8.18 again that

00 < J(m) = v° + Ag(e),
for some Ag(e) - 0 ase — 0,

ve < JE@) <00+ 6+ Aq(e)
(8.35)

<vT 0+ Ar(e) + Az(e).

Sending ¢ — 0 leads to

limsup [v° — 0% < 6.
e—0

Since 4 is arbitrary, lim._,g v = v°.
Ys e—0

Clearly J¢(@’) — v® > 0. By virtue of (8.35),
0 < JE(@) —v° <8+ Aq(e) + As(e). (8.36)
Taking lim sup in (8.36) yields

lim sup |J5(E5) —v°| <6

e—0

The proof of the theorem is thus completed. O
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8.7 Notes

This chapter is based on Zhang, Yin, and Boukas [256], and Yin and Zhang
[233, 234]. As far as the dynamic programming approach (Sections 8.2—
8.5) is concerned, Theorem 8.8 can be extended to models in a finite-time
horizon with a cost function

T
5 / Gla(r), o (), u(r))dr,

and an initial condition x(s) = x of the dynamic system (see Zhang and
Yin [251] for a related work.) However, in this case, the optimal control U*
would be a function of (s,z). Note that the proof of Theorem 8.11 requires
that (df(s)/ds) be bounded, which demands (8v°(s, z)/ds) be Lipschitz in
s to make U* (s, z) Lipschitz in s. The Lipschitz property of (9v°(s, x)/ds) is
difficult to verify. Nevertheless, when Q is irreducible (with a single block),
the Lipschitz condition on (9v°(s,z)/0s) is not needed; see Zhang [247] for
details.

In this chapter we only considered the structure of the two-level hierar-
chy, i.e., the original problem P¢ vs. the limit problem P°. Similar analysis
can be carried out for multi-level hierarchy in which the reduction of com-
plexity can be achieved step-by-step. This procedure can also be viewed as
a multi-resolution approach in the sense of “increment in information” as in
the wavelets theory; see Daubechies [40] for related discussions. Suppose in
a given system, the frequencies of different events can be characterized by
positive numbers 1/e1, 1/e2, 1/e3, ..., 1/ep, for some positive integer ny,
where €] < €2 € €3 < -+ K €p,. Name the given problem P1:52:Eno
If this system is too large to deal with, to find numerical solutions, one needs
to work with an approximate problem that can be handled numerically
(termed workable in what follows) and that provides a good approxima-
tion to the given system. To begin, one examines the problem P1:¢2:Eno
If it is workable, solve it, otherwise, average out the variables correspond-
ing to £; and obtain a problem PYc2--€n0. Then check if the resulting
problem is workable. If the answer is yes, solve it; if not, average out the
variables corresponding to €. Continue in this way, we eventually obtain a
system which is workable. This procedure leads to the smallest k such that
PO-0s8ksEht1:8n0 is workable.

Naturally, it is interesting to ask the following questions. If one can go,
for example, from

E£1,E2,...,€ 0,62,€3,...,€ 0,0,e3,...,&
'P7 ;7n0tO’P7 ) ;;710,thento’]);7 ;7n0,

will P0:0:e3:+8n0 provide a good approximation to 7P€1:52:€3:€n0 when
(e1,e2) as a pair is small? In fact, such an approach was demonstrated
in Sethi and Zhang [193] in the context of marketing and production plan-
ning; see also Sethi and Zhang [192]. Thus, one need only consider two-level
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hierarchy and move from one level approximation to the next level approx-
imation step-by-step till reaches a workable system.

In the context of manufacturing systems, optimal production policies
were considered by many people including E. K. Boukas, A. Haurie, W.
Fleming, S. Gershwin, J. Jiang, S. P. Sethi, H. M. Soner, G. Yin, Q. Zhang,
and X. Y. Zhou; see Boukas and Haurie [19], Fleming, Sethi, and Soner
[65] and the books Gershwin [71], Sethi and Zhang [192], Yin and Zhang
[235, 236] for a review of the literature. Other related issues in singular per-
turbations can be found in the survey by Saksena, O’Reilly, and Kokotovic
[186] and references therein.

In conjunction to the weak convergence approach, in Section 8.6, one
may wish to investigate the infinite horizon counterpart. In this case, the
objective function can be either a discounted cost

JE(m) = E/OOO efpt/G(zs(t),as(t),g)fﬁf(dg)dt

for some p > 0, or an average cost per unit time

€(MmE) — i 1 T 15 5 ~c
JE(m )—hirrn_?otip TE/O /G(x (1), a%(t), 0)ms (do)dt.

The origin of the weak convergence method to nearly optimal controls is
in the work of Kushner and Runggaldier [142] for systems driven by wide
bandwidth processes. Singularly perturbed controlled diffusion is treated
in Bensoussan [8] using partial differential equation methods and the re-
lated singularly perturbed systems (both control and filtering problems)
with wideband noise are studied extensively in Kushner [140]. Many people
have contributed to the literature of singular perturbation in control the-
ory for deterministic and stochastic systems. The article of Kokotovic [126]
contains a detailed survey on the subject, and the reference of Kokotovic,
Bensoussan, and Blankenship [127] collects a large number of references.
Systems with fast-changing processes and unknown parameters are treated
in the paper of Yin and Zhang [233], where the limit system is a controlled
diffusion. This chapter complements the previous work by providing near
optimality for systems with Markovian driving processes of nondiffusion
type and/or controlled Markov chains.

Related literature in control theory can be found in the books of Flem-
ing and Rishel [63], Fleming and Soner [64], and the reference therein. The
book by Sethi and Thompson [191] is a good source for examples in ap-
plications of management science. Note that in Lemma 8.10, we obtained
a verification theorem when the value function is differentiable. A version
of such a verification theorem can be derived without the differentiability
condition; related results can be found in Zhou [258].

Warga [214] (see also Berkovitz [9]) initiated the relaxed control formula-
tion for deterministic systems under the framework of variational problems.
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Then Fleming [62] extended the result to that of stochastic systems. Such
a representation is quite useful for many problems arising in a wide variety
of applications (see Kushner [140] and Kushner and Runggaldier [142]). An
extensive survey on this and related topics can be found in Kushner [140)
among others.

In [175] (see also the references therein), Phillips and Kokotovic take
asymptotic expansions of the cost function to treat near optimality. It will
be interesting to see if an asymptotic expansion of the cost function can be
derived under the formulation of the current chapter.

Recently, Costa and Dufour [33] studied the problem under the frame-
work of a piecewise deterministic Markov process. They established the
convergence of the value functions to the associated limit value function.
Such property is obtained by showing that the liminf and limsup of some
value functions satisfy some inequalities as € — 0 to relax the Lipschitz con-
tinuity condition; see also Costa and Dufour [34] for results in connection
with discrete-time Markov decision processes (see Yin and Zhang [238]) in
a general state space.

Another potential application of the approach in this chapter is to an-
alyze hybrid filtering problems; see the papers of Blom and Bar-Shalom
[17], Li [146], Haussmann and Zhang [82, 83], Zhang [250], and the book
by Elliott, Aggoun, and Moore [57] for related literature. In target tracking
and nonlinear filtering, an effective algorithm for dealing with Markovian
switching systems is that of the Interacting Multiple Model (IMM) (see
Blom and Bar-Shalom [17]). However, up to now, there is no theoreti-
cal justification for the desired optimality or near optimality of the IMM
algorithm; see a recent survey by Li [146] for details. It is interesting from
both theoretical and practical points of view to study the optimality of the
IMM algorithm. It is conceivable that the singular perturbation approach
discussed in this chapter can be used to obtain near optimality of the IMM
filtering under suitable formulations.
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Numerical Methods for Control and
Optimization

9.1 Introduction

One of the main techniques presented in Chapters 7 and 8 is to reduce the
complexity of singularly perturbed systems by studying the correspond-
ing limit systems that are easier to handle than the original problems. The
optimal or nearly optimal controls of the limit problems can be used to con-
struct nearly optimal controls of the original systems. Although the limit
systems are substantially simpler than the original pre-limit ones, very
often closed-form solutions are still difficult to obtain, except in special
cases. For example, in the context of stochastic manufacturing systems,
a closed-form solution for optimal production planning is obtained for a
system with one-machine and one-part-type by Akella and Kumar [2] for
a discounted cost problem, and Zhang and Yin [251] for a finite horizon
counterpart. Such closed-form solutions do not seem possible for more gen-
eral manufacturing systems such as flowshops and jobshops (see Sethi and
Zhang [192]). For many applications, one has to resort to a viable alterna-
tive — numerical methods.

As a complement to our discussion of singularly perturbed control
problems for Markov chains, this chapter focuses on numerical methods for
solutions of the control problems. This is a necessary step for many control
and optimization problems and alleviates considerably the difficulties en-
countered. In fact, such a step often plays a crucial role in applications. To
take up this issue, we examine the underlying problems from two different

G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications, 319
Stochastic Modelling 37, DOI 10.1007/978-1-4614-4346-9_9,
© Springer Science+Business Media, LLC 2013
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angles, namely, numerical approximation of optimal control problems and
stochastic optimization formulation for finding optimal controls under
threshold policies.

Treating the optimal control problems, we use the finite difference
approximation method developed by Kushner (see Kushner [138], Kushner
and Dupuis [141], and the references therein), which has been proven to
be very useful for various stochastic systems. Having in our mind a wide
variety of applications, we formulate the problem as a nonlinear controlled
Markov chain. Our setup is general enough to include, for example, many
problems in manufacturing models as special cases. The results obtained
are applicable to various dynamical systems and controlled piecewise-
deterministic processes.

For various control and optimization problems with long-run average
costs, one is often content with a nearly optimal or suboptimal solution.
One of the most easily implementable and monitoring strategies in practice
is the class of threshold control policies, which provides an enticing alter-
native. Kimemia and Gershwin brought in the idea of the use of hedging
(threshold) policies. Further work along this line may be found in Carama-
nis and Liberopoulos [24] among others. Under the threshold policy, a con-
trol problem can conveniently be transferred to an optimization procedure.
The idea is to develop a systematic procedure for finding the optimal thresh-
old values. The essence is to utilize stochastic approximation/optimization
methods to resolve the problem. By focusing our attention to the class of
threshold controls and considering the expected cost as a function of the
threshold levels, we generate a sequence of noisy gradient estimates and
update the estimate of the optimal threshold values by use of stochastic
recursive algorithms.

The rest of the chapter is arranged as follows. In Section 9.2, we develop a
finite difference approximation procedure. Section 9.3 concentrates on the
stochastic optimization methods for long-run average cost under thresh-
old policies. Further discussions and citation of related references are in
Section 9.4.

9.2 Numerical Methods for Optimal Control
Consider numerical solutions for solving the following control problem:
minimize: J(z, o, u(-)) = E/OO e PP G(x(t), aft), u(t))dt,

0
subject to: da;_it) = f(z(t), at),u(t)),

z(0) =z, u() € A, a(0) = «,

value function: v(z,a) = inf J(z,a,u(:)),
u(-)eA
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where «f(-) is a finite-state Markov chain generated by @, and A denotes the
set of all admissible controls (i.e., controls that are progressively measurable
with respect to F(t) = o{a(s) : s <t} and u(t) € T', a compact subset
of R™).

The HJB equation of the control problem P is

ov(z, a)
Oz (9.1)
+G(z, o, u)} + Qu(z, ) (),

uel

pu(z, @) = min{f(a:,oz,u)

where as noted in Remark 8.4, f(z,a,u)(0v/dz) means (f, (0v/0x)), the
usual inner product of f and (Ov/0x).

In view of the verification theorem (Theorem A.31), to find an optimal
control for the problem, the dynamic programming approach requires a
solution to the associated HJB equation. However, more often than not, a
closed-form solution of the corresponding HJB equation is not obtainable.
Thus, it is necessary to develop numerical algorithms to resolve the prob-
lem. In this section, we adopt Kushner’s numerical methods for stochas-
tic controls. Our approach consists of using an approximation method for
the partial derivatives of the value function v(z, &) within a finite grid of the
state vector x and a finite grid for the control vector, which transforms the
original optimization problem to an auxiliary discounted Markov decision
process. This transformation allows us to apply the well-known techniques,
such as a successive approximation or the policy improvement, to solve the
HJB equations and then the underlying optimization problems.

Let Az; > 0 denote the length of the finite difference interval of the
variables x; for ¢ = 1,...,n. Using this finite difference interval, approx-
imate the value function v(x,a) by a sequence of functions v®(z, ) and
the partial derivatives (Ov(z, ) /Ox;) by

Alzzr- (02 (z(Azi, +), @) — v (2, @), if fi(x, a,u) >0,
Alzzr- (02 (z, a) — v2 (2(Axy, —), @), if fi(x,,u) <0,

where f(z,a,u) = (f1(z,o,u), ..., folz,a,u)) and

LL’(A.’I]“ +) = (xla sy Tj—1, T4 + Awiaxj-‘rlu s 7$n)/7

r(Azi, =) = (T1,. . Tj_1, T — Az, Tjy1, ..., Tp)"
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This leads to

) 9 - |fi(I,Oé,’U,)| A
fl (:L & U) 6:101- )_ A,Ti v
|fi($7a7u)| A
+ AIl v
_|fi($7auu)|vA

A,Ti

((Azi, +), )¢, (2,0,u)>0}
(x(Azi, =), ) f,(2,0,u)<0}
(z, ).

With these approximations, we can “rewrite” the HJB equation (9.1) in
terms of v2(x, ) as

n -1
A _ . |fi(.’II,Oz,U)|
o) = mip(o+ oo+ 3G

i=1

- fi z,o,u
" {Z % v2 (@(Azi, +), O 12,0020}

i=1 (9.2)

+02 (z(Axy, —), a)lyy, (m,a,u)<0}>
+G({E,C¥, u) + Z qa,@’l}A(,’E, B)}
B#a

The theorem below shows that v™(x, ) converges to v(z,a) as the step
size Ax; goes to zero. For simplicity, we only consider the case that

Axri = Arg == Az, = A > 0.
Theorem 9.1. Assume (A9.1) and (A9.2). Suppose that v™(z,q) is a
solution to (9.2) and
0 <v®(z,0) < K(14 |z|%),
for some constants K >0 and k > 0. Then

. A .
ilinov (z, ) = v(z, ). (9.3)
Proof: We only give a brief sketch here; for a detailed account, see Kushner
and Dupuis [141]. Note that (9.2) can be written as

VA (x,0) = T2 (z, ), (9.4)

for an operator 7. The problem becomes a fixed point iteration procedure.
It is not difficult to check that for each A > 0, the operator 7T is a contrac-
tion mapping. The contraction mapping principle then implies that (9.2)
has a unique solution v (z, a).
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To proceed, define a sequence {v: (z,a)} as

v5 (x,) = 0, and v,CA+1(:17,oz) = Tk (x,0), k>0.
Using this sequence, we can show that the solution to (9.4) is continuous.
For any fixed positive A (= Ax;, fori=1,...,n) and a € M,

T,o,u
O<p<p+|‘]aa|+ZM
i=1

<K (1+A7Y,

Az;

for some constant K;. As a result, (9.2) is equivalent to

uel

0= min{; W ([’UA(,T(A,TZ', +),a) — ’UA(,T, )11, (z,0,u)>0}
+[’UA($(A$Z', -),a) — ’UA(,T, O‘)]I{fi(z,a,u)<0}>

G(z,a,u —1—2(]&/3 (x,8) —v ( )]—va(:v,a)}.

B#a

For each x € R™ and o € M, let

v*(z, ) := limsup (limsup [sup{v®(%,a) : |z — 3| < 6}})
6—0 A—0

and

vz, @) = hgn_:élf (hIAn_l)IOlf [inf{v®(%,0) : |z — 3| < 5}])
It is clear that v*(x, ) > v, (x, ). Moreover, it can be shown that v*(z, «)
is upper semicontinuous and v (z, @) is lower semicontinuous.

To obtain the convergence result, it remains to derive the reverse
inequality, v*(x,a) < vi(z, ). In fact, we need only show that v*(z,a)
and v, (z, ) are viscosity subsolution and viscosity supersolution to (9.1),
respectively. This can be done as in Kushner and Dupuis [141, Theorem
14.3.1]. Consequently, by virtue of the uniqueness of the viscosity solution
to the HIB equation (see Theorem A.24), v*(x, a) < v, (x, ). Hence,

v*(z, ) = vi(z, ) = v(z, @)
as desired. O

Remark 9.2. To obtain an optimal control via the dynamic programming
approach, one needs to use the corresponding value function as in the
verification theorem (see Theorem A.31). Usually, the numerical scheme
produces only an approximate value function, which can be regarded as a
perturbation of the true value function. The rationale is that by using the



324 9. Numerical Methods for Control and Optimization

approximate value function in the verification theorem, one can construct a
feedback control policy that is approximately optimal. In fact, under fairly
mild conditions and using a viscosity solution approach, Yan and Zhang
[221] have shown that the control policy obtained using an approximate
value function is indeed nearly optimal as the perturbations go to 0.

Remark 9.3. In view of the discussion above, there is nothing so special
about the problem P. The same approach can equally be applied to the
singularly perturbed problem P¢ defined in Chapter 8. However, following
our previous consideration, for a large and complex system, one would
be better off to obtain a “reduced-order” system (limit system) first and
to apply the numerical method only to the limit problem. The proof of
Theorem 9.1 uses viscosity solution techniques. An alternative approach is
to apply the method of weak convergence via Markov chain approximation
techniques as in the setup of Kushner [138] or Kushner and Dupuis [141].

9.3 Optimization under Threshold Policy

This section consists of several subsections. First an optimal control
problem is reformulated as a stochastic optimization problem. The next
subsection gives the convergence proof of the recursive algorithm followed
by a couple of examples in production planning with unreliable machines.
The last subsection derives the estimation error for the approximation.

9.3.1 Stochastic Optimization Formulation

As in the previous section, suppose that «(-) is a finite-state Markov chain
with stationary transition probability or, equivalently, the generator Q(-) =
Q, a constant matrix. Let z(t) € R™, u(t) € T', a compact subset of R"?,
fG ) R"XT'x M — R and G(+,-,) : R" xT' x M — R. Consider the
following controlled dynamic system

dz(t)

dt = f(.%‘(t), a(t)vu(t))v ‘T(O) = ‘Tov (9'5)
with a long-run average cost function
1 h
J(u) = lim —E/ G(z(t), at), u(t))dt. (9.6)
T1—o0 Tl 0

Instead of seeking optimal controls of the system given above, we
reformulate it as a stochastic optimization problem. The main idea lies
in concentrating on a class of controls of the threshold type. Under such
a setting, our effort is to develop an easily implementable algorithm to
approximate the optimal threshold levels. Here and hereafter, the terms
threshold values and threshold levels will be used interchangeably.
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Definition 9.4. A control policy u(t) € T is of threshold type with
constant threshold levels if there are sets A; C R™ and constants ¢; € I' C

R™ for i =1,...,ng such that for some integer ny,
no
u(t) = cilipmyea,)-
i=1

Typically, the sets A; depend on some parameter # € R"™. To illustrate,
consider the following example. This is an analytically solvable case, and
describes the salient features of the threshold type of control policies.

Example 9.5. Consider a failure-prone manufacturing system with
production capacity a(-), that is a Markov chain with finite-state space M.
For simplicity, assume M = {1, as}, where o1 means the machine is up
and as means that the machine is down. Suppose that the breakdown and
repair times are independent and exponentially distributed with parame-
ters A and p, respectively. Denote the inventory level and the production
rate of the system by x(t), u(t) € R, respectively. For convenience, let
a1 =1 and az = 0. Then, the production constraints are given as

0 <u(t) < umaxa(t), t >0,

where Upax 18 the maximum production rate (since a(t) = 0 or 1, Umax is
also the maximum capacity) of the machine. Our objective is to find the
optimal control u(-) to

1M
minimize: J(u) = lim —E/ [cta®(t) +c x (t)]dt,
0

T1—>OO 1
dz(t
subject to: Zi ) =u(t) — z, z(0) =z,
where 2z is a constant demand rate, T = max{0,z} and 2= = max{0, —z},

and ¢T and ¢~ are nonnegative constants. By means of dynamical pro-
gramming equation approach, Bielecki and Kumar [12] derived the optimal
control explicitly, and showed that the optimal control is of threshold type
given by
umaxl{a(t)zl}v if (E(t) < 9*7
u* (t) = ZI{a(t):1}7 if I(t) = 9*,
0, if z(t) > 6%,

where 6 is the optimal threshold value given by

+ 4o _
0, if tmaxA( + ) <1 and dmaxT% o 2
¢ (Umax — 2)(A + ) A H
R N
) )\ —_ u’

Z(umax - Z) lo < umax)\(c+ + C_)
C

,  otherwise.
f(Umax — 2) — Az T (Umax — 2)(A+ M))
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Moreover, the optimal cost is

€~ Ay,
s . ife* =0,
()\ + :u) (/Lumax — Az — ILLZ)
. + - _ v
J(u ) = c z + c Z(umax Z) lo UmaxA(C +c ) 7
At pumax — 2) — Az ¢ (Umax — 2) (A + )
if * > 0.

Since the optimal control depends on the threshold parameter 6, the
expected cost can also be viewed as a function of the threshold. Intuitively,
the optimal policy can be described as follows. If the inventory level is
below the optimal threshold, one should produce at a full speed; if the
inventory level is above the threshold, one should produce nothing; if the
inventory level is at the threshold, one should produce exactly the same as
the demand.

In view of (9.6), focusing our attention to the class of controls of
threshold type, the cost J(-) becomes a function of the threshold levels
(i.e., J = J(0)). Threshold types of control policies have drawn renewed
attention lately, since the idea is appealing and the principle is easy to
apply. First such policies are fairly simple in form and easily implementable
so that they are particularly attractive in applications. Once a threshold
value is determined, a controller or an operator can ignore detailed varia-
tions and concentrate only on adjusting controls according to the threshold
levels. The corresponding control procedure is simpler as compared with
the optimal control policies, since only a monitoring device/procedure is
needed to keep track of the performance of the underlying system. In lieu
of solving the HJB equations, only a few parameters need to be tuned.
Moreover, in various situations, one is often content with suboptimality
owing to the cost consideration and other limitations. Frequently, a sub-
optimal control is nearly or virtually as valuable as an optimal control.
Furthermore, in many cases, threshold control policies are indeed optimal
as in Example 9.5.

Upon transferring the problem to an optimization task, the foremost
important task is to locate the optimal threshold values. This dictates the
development of stochastic recursive algorithms. Our aim is to develop a
systematic approach to approximate the threshold values.

Throughout the rest of the chapter, # € R™ denotes a column vector.
Denote &(t,0) = (z(t), a(t)), and use n > 0, a small parameter, to represent
the step size. The stochastic optimization algorithm takes the form

Or+1 = 0r — n (gradient estimate of J(-) at 6y)
(9.7)

n (k+1)T
k
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for each integer k > 0, where ¢(-) is an appropriate function. Example 9.11
and Example 9.12 in what follows, present two examples of such gradient
estimates.
For fixed T' > 0, the gradient estimate of J() at the kth iterate is of the
form
1 [RHDT

— 01, &(t, 0;))dt.
7). 9Ok, &(t, 0r))dt

In what follows, for notational convenience, we often suppress the 6 depen-
dence and write £(¢,0) as £(t). Although the gradient estimate of J(-) in
(9.7) can be obtained via finite difference approximation in a straightfor-
ward way, various alternatives exist. The infinitesimal perturbation analysis
(IPA) approach (see Ho and Cao [87] and Glasserman [74]) provides a better
alternative, however. While it is more efficient, this approach is application
dependent. That is, one needs to figure out the gradient estimate for each
application; there are no general forms of the gradient estimates available.
We use a constant step size since an iterative algorithm with constant step
size has the ability to track slight variation of the parameter and is more
robust with respect to the random errors.

Using the IPA approach, for Example 9.5, the gradient estimate takes
the form

1 /T 1 /T
T/o g(9k,€(t,9k))dt:f/o (C+I{m(t>>o}—071{z<t><o})dt-

Example 9.12 gives an illustration for a two-machine system.

Remark 9.6. Equation (9.7) is not a standard stochastic approximation
algorithm since averaging is used in the scheme together with continu-
ous time random processes. In Yin, Yan, and Lou [228], with the goal of
obtaining an asymptotically unbiased gradient estimator, T" is chosen so
that T' = T;, — oo as  — 0. However, as noted in Kushner and Vazquez-
Abad [143], and Kushner and Yin [145], one need not choose T so large.
To guarantee the convergence of the algorithm, it is not necessary to use
unbiased (or asymptotically unbiased) estimators of the gradient. In fact,
large T' may result in inefficient performance of the algorithms. A little bias
would not and should not concern us.

9.3.2 Convergence

This subsection is devoted to investigating the convergence of the proposed
algorithms. To proceed, the following assumptions are needed. For simplic-
ity, assume the initial approximation 6y to be nonrandom.

(A9.1) For each 0 and each ki,

1 k+k1—1 (Gj+1)T

T > ETw / g(0,&(t))dt — V.J(0)

j=Fk T
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in probability, as k — oo, where E/*1 denotes the conditional
expectation on Fi, 7 = {£(s), s < k1 T}, for an integer k1 > 0.

(A9.2) For each T} < oo, t € [0,T1],

=0 10—6] <5

lim E( sup [g(0,£(t)) — g(@é(ﬂ)l) = 0.
(A9.3) For each N < oo, the set of functions

{ sup |g(9,§(t))|} is uniformly integrable.
6]<N

Remark 9.7. These assumptions originate from particular applications of
manufacturing models. Dealing with specific applications, these conditions
can often be verified (see Yan, Yin, and Lou [220]). Condition (A9.1) is
an ergodicity condition in the sense of convergence in probability, and is a
basic averaging condition. If £(-) is a ¢-mixing process with E|{(t)] < oo,
then it is a strongly ergodic process and hence (A9.1) holds. In fact, in this
case, the convergence is in the sense of with probability one.

Condition (A9.2) indicates that the function ¢(-,£) may not be continu-
ous, but its expectation is continuous such as for the case that g(-, ) is an
indicator function or a combination of indicator functions.

In various applications, the function ¢(6,€) is often bounded. In such
a case, (A9.3) is verified. Condition (A9.3) allows us to deal with more
complex situations. For example, if

90, )] < ho(0)g1(€) + 92(E),

where ho(f) is a continuous function, and E|g;()|'**” < oo, i = 1,2, for
some v > 0, then condition (A9.3) is also satisfied.

To proceed, we work with continuous time interpolated processes. Let
0"(-) be defined by 67(0) = 6y and 0"(t) = 0, for t € [kn, (k + 1)n). Under
the framework of weak convergence (see Kushner [139], and Kushner and
Yin [145]), it will be shown that the following limit theorem holds.

Theorem 9.8. Suppose that (A9.1)—(A9.3) are satisfied and the differen-
tial equation

do(t)

dt

has a unique solution for each initial condition 0y. Assume, for simplicity,
that 6"(0) = 0y is independent of n. Then {0"(t)} is tight in D([0, 00); R™).
Every weakly convergent subsequence has the same limit 0(-) that satisfies
the differential equation (9.8).

= —V.J(6) (9.8)
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Remark 9.9. Recall that D([0,00);R™) denotes the space of R™-valued
functions that are right continuous and have left-hand limits, endowed with
the Skorohod topology; see Section A.2 in Appendix A. In lieu of choosing
6"(0) = 6y, independent of 1, one may use 6y = 6 and hence 0"(0) =
6] (depending on 7). Under an additional condition 6] = 6, the result
still holds.

Proof of Theorem 9.8: To avoid possible unboundedness, a truncation
device will be used (see (A.8) in Appendix for a definition). For each
N < oo, let 67N (-) be the N-truncation of §"(-) such that 07N (t) = 67(t)
up until the first exit from the N-sphere Sy = {6;|0] < N}. A pertinent
use of the truncation device requires the use of a truncation function gy (+),
which is a smooth function defined as

) = 1 for |§] < N,
INEIZ0 for |0 > N +1.

One then replace g(6,&) below by gn(6,&) = g(0,&)gn(0). For notational
simplicity, we shall omit the truncation function in what follows, however.
In view of the definition of the interpolation (without loss of generality,
assume that ¢/n and (¢ 4+ s)/n are integers) and choosing a sequence of
integers {k,} such that k, — oo as n — 0 and nk, =, — 0, we have

N 7 t/n—=1 (j+1)T N
AU O Dl M GRS
j=0 YT
zgn,N(O) Z 577
ke T
0<id, <t (9.9)

(J+nT
x / g (07 £(w))dv

ik, <j< z+1)k —1
= 67N (0) - / B"(T)dr,
0
where B"(-) is a piecewise-constant function on [id,, (¢ + 1)d,), that is,
1 G+nT
B(t) = — / g0 &(v))dv (9.10)
kT iT
iky<j< H—l)k —1
for t € [id,, (i + 1)d,). It follows from (9.9) that

domi(t)
a
Condition (A9.3) implies that

—B(t).

1 rG+HOT
{T/ g(@év,ﬁ(v))dv cj=1,2,.. } is uniformly integrable.
iT
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Then by virtue of Theorem A.15, {§7V(-), B"()} is tight and the limit of
any weakly convergent subsequence has continuous paths with probability
one.

Pick out an arbitrary convergent subsequence and denote the limit by
(6N (-), B(+)). By the Skorohod representation (without changing notation),
we may assume that

(™M), B"(-) = (07 (), B(-)) w.p-1

and the convergence is uniform on any finite time interval.
Define

MM (t) = 6N (t) — 0N (0) + /tE(HN(U))dU. (9.11)
0

It will be seen in what follows that B(:) is equal to V.J(-). If we can show
that MM (t) is a continuous martingale, the limit theorem will hold for the
truncated process. Note that M~ (0) = 0 and M (¢) is Lipschitz continu-
ous. If it is a martingale, it must satisfy M* (t) = 0 (see Theorem A.21).
Therefore, we need only verify the martingale property.

To verify the martingale property, let /() be any bounded and continuous
function, k be any positive integer, and ¢;, be such that t;; <t <t + s for
i1 < k. In view of the weak convergence and the Skorohod representation,
we have

lim ER(0"N (t;,),i1 < k) (07N (t + s) — 077N (1))
=0 (9.12)
= Eh(O" (t;,). i1 < k) (0N (t +5) — 0N (1))

Recall that E77 denotes the conditional expectation with respect to the
o-algebra Fjr = o{&(t),t < jT'}. Using the recursion (9.9), we have

lim Er(0"N (t;,),i1 < k) (07N (t +5) — 07N (1))
n—0
= limy Eh(0"N (ti,),i1 < k)
ts 5 GHor
(- X B e
iy =t ik <j<(i+1)k,—1 J
= lim Er(0"N (t;,),i1 < k)
n—0

t+s (G+1T
x<_z5_n > g(gﬁvN(T),g(v))dv)

. L
i0y=t ik <j<(i+1)k,—1
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The last equality above follows from the weak convergence, the Skorohod
representation, (A9.2), and nj — 7 as n — 0 for j satisfying ik, < j <
(0 + 1)ky,.

Now for any A > 0, there exists a function V-2 (-) that takes only finitely
many values (say 01, ..., 0,,,) such that

6% (1) — 672 (7)| < A.

Consequently, by applying (A9.2), the limit in (9.13) is the same as that of
717% Eh(enﬁN(til )7 ip < 'ka)

t+s (G+1T

iSy=t 1 ik, <j<(i+1)ky—1 T
By virtue of (9.10), the limit of B"(7) is the same as that of
(G+1T

,%LT S BE / g(O2 (), £(v))dv

ikn <j<(i+1)k,—1 T

"o . G+nT
=257 2 B / 90, E(V))dv Ligr.s(7)-7,,)
io=1 17 iky <5< (i+1)ky—1 iT
no _
— > VJ(0i,)gv.a(r)=5,,; in probability
ia=1
= VJ(ONA(1)).

Since A > 0 is arbitrary,

1 G+nT
oD DIl B OCI RO M IC)
M ke <5< (i4+1)ky —1 J

in probability as n — 0. Incorporating this with (9.12) and (9.13) yields

lim ERE (1), i1 < 5) (07 (¢ -+ 5) — 67 ()
= B0 0 < 0 (0000 + - vI6% ()ar ).

t

(9.14)
Combining (9.12) to (9.14), we arrive at

Eh(0 (t:),i < &) (HN(t +5)— 0N () + " VJ(eN(T))dT) =0.

t



332 9. Numerical Methods for Control and Optimization

Hence MM (t) is a martingale.

Finally, use the idea of Kushner [139, Theorem 2.2 and the Corollary],
to finish the proof. The main idea is outlined below. Let Py(o)(-) (the sub-
script 6(0) signifies the dependence on the initial data) and PV (-) be the
measures induced by 6(-) and 0V (-), respectively, on B, the o-algebra of
Borel subsets of D([0,00); R™). Pyg)(-) is unique since there is a unique so-
lution to the ordinary differential equation for the initial value 6(0). Thus,
for each T <00,

Pyoy(0(-) € A) = PN (97 (-) € 4)

for each A € B such that 0(t) takes values in Sy (the N-sphere). As a
result,

lim PO(O) <sup |9(t)| < N) =1.
N —o00 t<Ty

This, together with the weak convergence of 7 (-), implies that 67(-) =
6(-). Since the limit is unique, it does not depend on the chosen subsequence.
The proof of the theorem is completed. O

Theorem 9.8 is similar to the law of large numbers. It gives information
on the location and/or distribution of 7() for small n and for large but
bounded t. There is a natural connection between the recursive procedure
and the corresponding ordinary differential equation. The optimal threshold
values sought are stable points of the differential equation (9.8).

Theorem 9.10. Assume that the conditions of Theorem 9.8 hold. Suppose
the differential equation in (9.8) has a unique asymptotically stable point
0* (in the sense of Liapunov stability) and the set

{0k; k <oo,n>0} (9.15)

is bounded in probability in that for each A > 0, there is a Ka > 0 such
that for allm >0, and all k,

P(|0k] > ka) < A.

Let t, — oo as n — 0. Then 0"(t, + -) is tight in D([0,00;R™) and any
weak limit is equal to 0*.

Equation (9.15) can be established by using a perturbed Liapunov
function method (see Kushner [139], and Kushner and Yin [145]). Theo-
rem 9.10 can be deduced analogously as in the aforementioned reference
(see also Kushner and Yin [144, Theorem 5.1]). We give the main idea
below. Let Th > 0, and consider the pair {67(t,, +-), 0" (¢, — T1 +-) }, which
is tight. Choose a weakly convergent subsequence (still indexed by 1) with
limit denoted by (6(-),6r,(-)). Then 8(0) = 61, (T1). The “initial value”
07, (0) may not be known, but all possible values of 67, (0) belong to a set
that is bounded in probability for all 77 and all convergent subsequences.
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The asymptotic stability then implies that for each A > 0, there is a
Ta > 0 such that for all T} > Th,

P(|9T1 (Tl) — 6‘*| > A) < A.

Hence the theorem follows.

9.3.3 Examples

To illustrate the idea of approximation of threshold control policies, we con-
sider two manufacturing models in this subsection. The reasons include: (a)
Demonstrate that for the example treated below, threshold control policies
are indeed optimal. (b) Illustrate the use of stochastic optimization proce-
dure for the long-run average cost criteria.

In the first example, our approximation results compare well with those
of Bielecki and Kumar [12]. The second example deals with a two-machine
system, in which no closed-form solution (analytic solution or explicit for-
mula) has been found up to date. To reformulate the problem using op-
timization formulation, we develop stochastic algorithms to estimate the
optimal threshold values.

Example 9.11. Return to Example 9.5. Choose A = 0.1, u = 0.125,
z = 1.0, c™ = 2.0, ¢ = 9.0, and Uy = 2.0. Applying the result of
[12], the optimal threshold level and the optimal cost are 8* = 66.96 and
J(0*) = 142.89, respectively. Using our algorithm with step size n = 0.5
and initial value 6y = 20, and taking averages of 100 replications, the
approximation method gives 6* = 67.23 (with a 95% confidence interval
[66.64, 67.80]), and J(6*) = 139.43. Different initial conditions yield equally
good approximation results. The already existing analytical result allows
us to compare the performance of the approximation algorithm with the
closed-form solution. We would like to note that even if the explicit solution
is available, various parameters (A, u, etc.) may not be known; these param-
eters are not required in our approach. Thus the stochastic optimization
approach provides a viable alternative and effective procedure.

Example 9.12. The example to be presented was considered by Yan, Yin,
and Lou [220], in which a combination of infinitesimal perturbation anal-
ysis initiated by Ho (see Ho and Cao [87]) and stochastic approximation
was suggested. Kushner and Vazquez-Abad [143] further examined this
model and relaxed the conditions for convergence. For i = 1,2, use x;(t)
to denote the inventory levels of machine ¢, and wu;(¢) the production rate
of machine 7. Since we are not solving the dynamic programming equa-
tions, the demand processes can be quite general. They do not have to
be constants although a constant demand rate is used here for simplicity.
In what follows, we formulate the surplus control model, and construct the
approximation procedure.
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FIGURE 9.1. A Two-Machine System

The two machines are in a cascade form and the inventory levels are
given by

dx;t(t) — () — us(t),
dazdgt(t) = uy(t) — z, (9.16)

For each ¢ = 1,2, let the machine capacity be «;(t) with

ai(t) = 1, machine ¢ is working;
710, otherwise.

We then have
0< uz(t) < uimaxai(t)u 1=1,2,
where u; max 18 the maximum capacity of machine i for ¢ = 1,2. Assume
that
U1l max > U2max > 2-

This scenario is depicted in Figure 9.1.

Surplus at machine i is defined as the difference between accumulative
production and accumulated demand, i.e., it is the inventory level (or work

in progress) at machine 4 plus the inventory level of all downstream ma-
chines. Let s;(t) be the surplus for machine 7, for i = 1,2:

s1(t) = x1(t) + z2(t) and sa(t) = z2(1).

Note that the surplus can be positive or negative. A negative surplus means
that there is a backlog. With these definitions, the system dynamics can
also be written as

dSl(t) -
e up(t) — z,
dsflt(t) = us(t) — z, (9.17)

Sl(t) Z Sg(t), t Z 0
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Comparing (9.17) with the one-machine model in the work of Akella and
Kumar [2], and Bielecki and Kumar [12], the surplus control policy is more
or less like having two machines operating independently.

Let 6; denote the surplus threshold levels of machine 7. The control policy
is given by

U1 maxl{al(t)zl}, if Sl(t) < 0,
ui(t) = 2Ly =1 if 51(t) = 01,
0, if s1(t) > 61;

U maxI{as(t)=1},  if 52(t) < b2, 51(t) — s2(t) >0,
Ug(t) = ZI{a2(t):1}7 if Sg(t) = 6‘2, Sl(t) — Sg(t) > 0,
0, if SQ(t) > 0, Sl(t) — SQ(t) > 0.

The interpretation of the control policies is similar to that of the one ma-

chine case. The problem to be investigated is to find the optimal threshold
value 0* = (67, 0%) such that the cost functional

1 T
J(0) = lim TE/ (crz1(t) + cf a3 () + ey x5 (t))dt (9.18)
0
is minimized.
Define

75(0) =0, 73(0) = inf{t > 0; s1(t,0) = 61},
and 7 (0) for i = 1,2 and k > 0, recursively by

Th(0) = min{t > 72_,(0);51(¢,0) = s2(t,0)} and
7 (0) = min{t > 7 (0); s2(t,6) = 62}.
Moreover, define 72 (0) = 0 and
e(0) = min{t > 71 (0); s2(t,60) = 62},
7R (0) = min{t > 7;(0); s1(t,0) = s2(t,0)}.

Furthermore, let

wi(t,0) =Y I g<i<rrey  and
k=1

wa(t,0) = > Tiy0)<t<2(6))-
k=1
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14 Initial (01, 65 ) = (2,1) -=—
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FIGURE 9.2. Convergence of the Iterates

Note that at most one of the indicator functions in the sums above can be
positive at a given time ¢. The summation is thus well defined. Then the
integrand of the gradient estimates can be written as

91(0,6(t) = c1 L1512 (0)y +¢3 w1 (t, 0) sy 2,0)>0y — 3 w1 (E, 0) {5, (2,0) <0}

92(0, (1)) =c3 wa(t,0) I, (1.0)>0y — 3 walt, 0) I, (1.0)<0}

via perturbation analysis (see Ho and Cao [87] and Glasserman [74]).
The notation of the stopping times, suggested in Kushner and Vazquez-
Abad [143], allows us to write the gradient estimates in a compact form.
In the original paper of Yan, Yin, and Lou [220], some auxiliary processes
were used in lieu of the stopping times. The ideas are the same, however.

Figure 9.2 demonstrates the performance of the algorithm for two ma-
chine case. One may generate contour curves via simulation for each set
of threshold values, the approximation obtained in our algorithm can be
seen to belong to the region of optimality. Our numerical results demon-
strate that the initial conditions do not affect the algorithm much and the
algorithm is robust with respect to the initial data.

9.3.4 Error Bounds

This subsection continues our investigation of Algorithm (9.7). We derive
an error bound on the approximation sequence. The consideration of this
subsection falls into the category of rates of convergence.
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Theorem 9.13. Assume that the conditions of Theorem 9.8 are satisfied
and there is a twice continuously differentiable Liapunov function V (-) such
that

V(@) >0, V(0) = o0 as |0] — oo,
(Vo (0))'VJ(0) = roV (0),
for some ko > 0, and Vyg(-) is bounded, where Vy(-) and Vg(-) denote the

first and the second derivatives of V(-), respectively, and ¢’ denotes the
transpose of a vector ¢ € R™ 1. Suppose that for each 6,

< K and

> (+1)T
S EL [ (a.e0) - Vo)
=k J

o0

(G+1)T
Seng [ eo.s0) - Vi),
=k j

(9.19)
<K

for some K > 0, where E7* denotes the conditional expectation with respect
to Frr = 0{&(s),s < kT}. Assume that

l9(8, > + VI ()] < K(1+V(9)).
Then

limsup V() = O(n). (9.20)

k—o00

Remark 9.14. An alternative form of the first inequality in (9.19) is

T g (g(0,&(t)) — VJ(9)) dt‘ <K, (9.21)
kT

and similar analogue holds for the second inequality in (9.19). It is readily
seen that if £(+) is a ¢-mixing process with mixing rate p(-) such that
fooo p(t) < oo, the mixing inequality (see Kushner [139, p. 82]) implies that

/OO ET* (g(60,£(t)) — V.J(6)) dt‘ < 2/00 p(t — kT)dt < K,
kT kT

with similar estimates regarding the second inequality in (9.19).

Outline of Proof of Theorem 9.13: We use a technique known as perturbed
Liapunov function method (see Kushner and Yin [145] and the references
therein). Since the proof is similar to that of [145, Chapter 10], only an
outline of the idea is given.



338 9. Numerical Methods for Control and Optimization

By virtue of a Taylor expansion, direct calculation leads to

E7*V (0ri1) — V(1)

= —n(Vo(0r))' VI (0r) + O(n*)(1 + V (61))

77(‘/0 (6‘19))/ E]__k/(k-i-l)T
T k

(9(Or, E(t)) — V.J(0y)) dt.

:
Define
V(e — —2E0e0) i [ ety - vaton)
VIE) = V(60 + V().
It is easily seen that
VI <KL+ V(6) (9.22)

Detailed calculation leads to
EFRVI(k+1) = V(k) < —nroV (0k) + O(m*) (1 + V(0r)).
Equation (9.22) then yields that
EF*VI(k+1) < V(k) — oV (k) + O(n?) (1 + V'(k)).
By choosing 7 small enough, we obtain
BFvik+1) < (1- %) VI(k) + O(n?).

Iterating on the above inequality, taking expectation and lim sup as k — oo,
and using (9.22), the desired result follows. (]

Remark 9.15. If the Liapunov function is locally (near 6*) quadratic, it
can be shown that there is an N, such that

0, — 0* }
U, = : k>N,
{k V1 -

is tight. Define
U"(t) = Uy, for t € [(k — Ny)n, (k — Ny + 1)n).

Under further conditions, one can obtain a local results in connection with
a stochastic differential equation.
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9.4 Notes

This chapter has been devoted to the numerical solutions of the control
problems. It consists of numerical methods for solving the HJB equa-
tions and approximation for threshold control policies. The main tech-
niques used are the finite difference approximation methods (see Kushner
[138], Kushner and Dupuis [141]) and the stochastic optimization methods
(see Kushner and Yin [145]).

The computational methods for the optimal control problem presented
here are equivalent to methods of computing the optimal controls for dis-
crete Markov chain models. For a general background and discussion on
the method and many references for controlled diffusion and jump diffu-
sion processes, we refer to Kushner [138] and Kushner and Dupuis [141].
For applications of such methods in manufacturing models, we refer the
reader to Yan and Zhang [221] among others. In the implementation of the
numerical method, one may use either “value iteration” that is essentially a
fixed point iteration, or “policy iteration,” and the variation and/or modi-
fication of the aforementioned procedures, such as Jacobi iteration, Gauss-
Seidel method, and accelerated Jacobi and Gauss-Seidel methods (see [141]
for a detailed discussion on this and related matters). In practice, one of-
ten wishes to use an accelerated procedure to speed up the computation.
The recent advances on multigrid and domain decomposition methods give
new hope for solving large-dimensional systems. As its deterministic coun-
terpart, by and large, this is still a current research topic for stochastic
systems.

Converting optimal control problems into optimization problems under
threshold type of control policies is in Yin, Yan, and Lou [228], and Yan,
Yin, and Lou [220]. Early work on developing hedging policies is in Kimemia
and Gershwin [121]; related work along this direction is in Caramanis and
Liberopoulos [24]. For systems arising in production planning see [220]
where a combined approach of the infinitesimal perturbation analysis with
stochastic optimization methods is utilized. The computation presented
here was done by Houmin Yan. We are very grateful for his help. For further
approaches on using stochastic approximation based algorithms for opti-
mization with long-run average costs, see Kushner and Yin [145, Chapter
9] and the references therein. In applications, one may use a projection or
truncation algorithm. Treatments of such algorithms and a comprehensive
study on stochastic approximation algorithms can be found in [145].






10
Hybrid LQG Problems

10.1 Introduction

This chapter develops asymptotic optimal controls of a class of hybrid
linear quadratic Gaussian (LQG) systems that consist of a collection of
diffusions coupled by a finite-state Markov chain. It is well known that
LQG systems are most popular in the control systems community, espe-
cially owing to their simple structure. In addition, many nonlinear systems
can be linearized locally to simplify the analysis. Many LQG systems stem
from various applications in speech recognition, pattern recognition, signal
processing, telecommunications, and manufacturing. Owing to their im-
portance, there has been a growing interest in studying the control and
optimization of such systems.

In the traditional setting, feedback control design of linear systems is
based on a plant with fixed parameters. This, however, prevents one from
treating situations in which the actual systems differ from the assumed
nominal model. Therefore, efforts have been made to design more “robust”
controls such that certain requirements are met simultaneously for a set
of plants. Owing to the needs in various applications, one is particularly
interested in developing controls of hybrid systems.

To a large extent, a hybrid system shows both “continuous” and “dis-
crete” characteristics. These system features can be seen from the fol-
lowing two aspects. In the formulation, apart from the usual Brownian
noise, a random environment affects the dynamics through the system
coefficient matrices. In contrast to the usual continuous dynamic systems,

G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications, 341
Stochastic Modelling 37, DOI 10.1007/978-1-4614-4346-9_10,
© Springer Science+Business Media, LLC 2013
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the random environment evolves as discrete events. It is thus natural to
introduce a Markov chain model to represent the random environment.
Enlarging the “state” by considering both the continuous state variables
of the LQG problem and the Markov chain yields both continuous and
discrete characteristics.

Unlike the traditional LQG problem in which the system coefficient ma-
trices are fixed, we allow these matrices to depend on a Markov jump
process with finite-state space. Thus the system displays different configu-
ration corresponding to different states of the Markov chain. The situation
is more involved as compared to the traditional setting. The value functions
satisfy a set of Riccati equations involving the generator of the underlying
Markov chain. In many applications, the state space of the Markov chain is
often very large. It is thus difficult to obtain solutions to these Riccati equa-
tions. To overcome the difficulty, we use singular perturbation techniques
in the modeling, control design, and optimization. The resulting systems
naturally display certain two-time-scale behavior, a fast time scale and a
slowly varying one. To put this in a manageable framework, we introduce a
small parameter ¢ > 0, and model the underlying system as one involving
two-time-scale Markov chains.

We use an averaging approach to analyze the system in which the under-
lying Markov chain involves weak and strong interactions. The idea is to
aggregate the states according to their jump rates and replace the actual
system with its average. Using the optimal control of the limit or averaged
system as a guide, we then construct controls for the actual systems leading
to feasible approximation schemes. Our investigation encompasses three
cases, namely, recurrent Markov chains, inclusion of transient states, and
inclusion of absorbing states. Although they are related, each of them has
its distinct structure. We show that these approximation schemes give us
nearly optimal controls. By focusing on approximate optimality, we are
able to reduce the complexity of the underlying systems drastically. The
reduction of dimensionality is the main advantage of the averaging ap-
proach. To demonstrate how the average schemes work, we provide a
numerical example of a one-dimensional system.

The remainder of the chapter is organized as follows. In the next
section, we present the basic formulation and the motivation for the
two-time-scale problems. Section 10.3 proceeds with the study of the opti-
mal LQG problem. Using a dynamic programming approach, we give the
Hamilton-Jacobi-Bellman (HJB) equations satisfied by the value functions,
and then derive the corresponding Riccati equations. Section 10.4 treats
models involving recurrent Markov chains with fast and slow motions,
and we obtain approximation schemes. Sections 10.5 and 10.6 continue
our investigation by taking up the issues of inclusion of transient and
absorbing states, respectively. Using probabilistic arguments and analytic
techniques, the approximation schemes are shown to be nearly optimal.
To further illustrate, Section 10.7 gives an example to demonstrate the
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asymptotic properties and error bounds. The numerical results indicate
that the approximation scheme performs quite well. Finally, we conclude
the chapter with further thoughts and additional remarks in Section 10.9.

10.2 Problem Formulation

We consider a stationary finite-state Markov chain a(t) € M = {1,...,m}.
Working with a finite horizon for some finite 7" > 0, consider the linear
system

dz(t) = [A(a(t))z(t) + Bla(t))u(t)]dt + odw(t),
(10.1)

x(s) =z, for s <t <T,

where x(t) € R™ is the state, u(t) € R™ is the control, A(i) € R™*™
and B(i) € R™*"2 are well defined and have finite values for i € M, and
w(-) is a standard Brownian motion. Our objective is to find the optimal
control u(-) such that the expected quadratic cost function

T
J(s, 2, a,u(-)) _E{/S [ ()M (a(t))2(t) (10.2)

! ()N (a(t))u(t)]dt + x’(T)Dx(T)}

is minimized, where E is the expectation given a(s) = a and z(s) = =,
M(i),i=1,...,m, are symmetric nonnegative definite matrices, and N (i),
i=1,...,m, and D are symmetric positive definite matrices.

In many applications, due to various sources of uncertainty, the Markov
chain involved is often inevitably large. This brings about much of the
difficulty. Moreover, these systems may be quite sensitive to small pertur-
bations of the parameter values. Thus effort has been devoted to resolving
the problem and to rendering a reasonable solution.

The idea is to take advantage of the intrinsic structural properties and to
decompose the large-dimensional system into a number of subsystems each
of which has a simpler structure. The underlying Markov chain has two
time scales, i.e., a(t) = a®(t), where the generator of af(-) Q¢ consists of
two parts, a rapidly changing part and a slowly varying one, i.e.,

Q= %@ +Q. (10.3)

In the rest of this chapter, we consider the model (10.1) and (10.2) in which
the process «f(-) is replaced by a®(-). The resulting cost function is denoted
by J¢(s,z,a,u(-)). In addition, we assume the processes a°(-) and w(-) to
be independent.
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10.3  Optimal Controls

This section studies the optimal LQG control problem using the dynamic
programming approach, and derives the associated HJB and Riccati equa-

tions. Let
v (s, x,1) = 1r(1f) JE (s, 2,4, u(+))

be the value function. Then v° satisfies the following system of HJB equa-
tions: for 0 < s < T and i € M,

Ove (s, x,1)
s

2, ;
+x' M (i)z +u' N (i)u + ltr (00'/M) (10.4)

OvE(s,x,1)

0= ox

—l—muin{(A(i)x+B(i)u)’

2 02
+Q% v (s, , )(z)},
with the boundary condition v*(T, x,i) = 2’ Dz, where
Q°f(s,2,)(0) = > q5(f(s,2,§) — f(s,2,4)), (10.5)

JFi

for a suitable f(,-,-).

Intuitively, the solution to the system of HJB equations must be of
quadratic form. We thus propose such a form and proceed with finding
the related functions, which is to some extent like the method of undeter-
mined coefficients. To proceed, let

ve(s,x,1) = 2’ K°(s,1)x + ¢°(s,1), (10.6)

for some m xm matrix K¢ and a scalar function ¢°. Without loss of general-
ity, we may assume K¢ to be symmetric. It follows that (9/0x)v® = 2K¢x.
Substituting (10.6) into (10.4) and comparing the coefficients of 2 leads to
the following Riccati equations for K*(s,1);

Ke(s,4) = —K=(s,9)A®i) — A'(i)K*(s,i) — M(3)
(10.7)

+K(s,0) BN TY(i) B' (1) K* (s,4) — QK (s, ) (i),

with K¢(T,i) = D, where Q°K*(s,-)(¢) is as in (10.5), and the equations
for ¢° are

G (s,i) = —tr(o0’ K=(s,4)) — Q°¢°(s, ) (i), (10.8)

with ¢°(T,¢) = 0. Moreover, it can be shown (see, for example, Fleming and
Rishel [63]) that the system of equations has a unique solution. In view of



10.4 Two-Time-Scale Approximation: Recurrent States 345

the positive definite property of K¢ (see Lemma 10.2), the optimal control
u®* has the form

us*(s,,1) = —N"1(i)B' (i) K (s,1)x. (10.9)

To find the optimal control, one has to solve the Riccati equations. However,
in many problems in telecommunications and manufacturing, such solutions
are difficult to obtain due to the large dimensionality. In this case, one has
to resort to approximation schemes. We present an averaging approach in
the next three sections.

10.4 Two-Time-Scale Approximation: Recurrent
States

Here, we consider the cases that the states of the Markov chain are divis-
ible into a number of groups such that it fluctuates very rapidly among
different states within a group consisting of recurrent states, but jumps
less frequently from one group to another. This is conveniently modeled in
terms of the two-time-scale Markov chains as follows. Consider the gener-
ator of the Markov chain given by (10.3). Assume @) has a block-diagonal
form

Q = diag(Q",...,QY, (10.10)

where ka € R™e*X™Mk are weakly irreducible, for £ = 1,...,[, and
Zﬁc:l my =m. Let

Mk:{skl,...,skmk} for kZl,...,l

denote the states corresponding to @k and let M denote the state space of
the underlying chains. Then

M=MU---UM,
:{811,...,Slml,...,sll,...,slml}.

Since @k = ((jfj)mkxmk and @ = (Gij)mxm are generators, for k =1,...,1,
Z;-nz’cl (jfj =0, fori =1,...,my, and Z;.n:l(jij =0, fori=1,...,m.
Note that @ governs the rapidly changing part and @ describes the slowly
varying components. The slow and fast components are intertwined through
weak and strong interactions in the sense that the underlying Markov chain
fluctuates rapidly within a single group My and jumps less frequently
between any two groups My and M, for k # j. More precisely, if we
consider the states in My, as a single “state,” then all such “states” are
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coupled through the matrix @, and transitions from My, to M, k # j, are
possible.

By aggregating all the states in My, into a “super” state k, we obtain
an aggregated process {a°(-)} defined by @°(t) = k when a°(t) € M.
The process @°(-) is not necessarily Markovian. However, using a certain
probabilistic argument, we have shown in Chapter 5 that @°(-) converges
weakly to @(-) generated by

G = diag(l/l, ) Vl)@diag(]lmm AR ]]'ml)7
where ¥ is the stationary distribution of @k, k=1,...,1, and 1, =

(1,...,1) € R™ Moreover, for any bounded deterministic 3(-),

2

’ _ L kr —
E [I{oﬁ(t):skj} Vj I{as(t):k}]ﬂ(t)dt = O(E) (1011)

10.4.1 Limit Riccati Equations

The following theorem is concerned with the convergence of K¢ and ¢°. For
any function F' on M, we define

my
F=ZV;?F(S;€]<) for k=1,...,L

Jj=1

Similarly, for F} and F5, we define

my
Iy = Z Vi Fi(s5) Fa(sij)-
j=1
Theorem 10.1. Fork=1,...,landj=1,...,mg, K*(s,sk;) — K(s, k)
and ¢°(s, sk;) — G(s, k), uniformly on [0,T) as € — 0, where K(s,k) and
G(s, k) are the unique solutions to the following differential equations: For
k=1,...,1,

— —

K(s.k) = —K(s,k)A(k) — A (&)K (s, k) — M(k)

(10.12)
+K(s,k)BN-1B'(k)K (s, k) — Q K(s,-)(k),
with K(T,k) = D and
q(s, k) = —tr(oo’f(s,k)) —Qq(s,")(k), (10.13)

with g(T, k) = 0, respectively.
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To proceed, we first establish three lemmas concerning the positive
definiteness of K¢, the a priori estimates of K¢ and ¢°, and their Lipschitz
continuity.

Lemma 10.2. The solution K¢(s,4) to (10.7) is positive definite for i €
Mand 0 <s<T.

Proof: Let
S¢(s,i) = N~ *(s,i)B’(s,i)K°(s,i) and
Fe(s,i) = A(s,i) — B(s,1)5%(s,1).

Then the optimal control u*(s,x,%) is equal to —S%(s, %)z and the optimal
trajectory z*(t) satisfies the equation

dx*(t) = Fe(t,a°(t))z* (t)dt + odw(t).
Let
N(t) = S (t, % (t))N(a (t))S°(t, a®(t)).

Then, we have

ve(s,x,1) = J(s,x,i,u" ("))
T
= E{ / (2 (8)) [M (a5 () + S()]a™" (t)dt (10.14)

+x*”(T)Dx*(T)},

where u*(t) = u*(t, ac(t), z*(t)).
Let U(t,s) be the principal matrix solution to the ordinary differential
equation

i(t) = Fo(t,a"(8)z (1),

i.e., it satisfies the above differential equation with z(t) replaced by ¥(t, s)
and initial data ¥(s, s) = I, for each sample path a(-). Then we can show
that

0 02

—a*(t) = ¥(t,s) and @x*(t) =0.
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Recall that M (i), N(i) and D are symmetric nonnegative definite. Differ-
entiating both sides of equation (10.14) twice with respect to = and using
the quadratic form of v leads to

T
Ke(s,i) = E{ / W (t, $)[M(a* (1)) + SO (1, 5)dt
/(T $)DU(T, s)}

> E{\IJ’(T, s)DU(T, s)} >0. O

Lemma 10.3. There exist constants Cy and kg > 0 such that for all
s€[0,T] andi e M,

|Ke(s,4)| < Coe*T (T + 1),

|4° (s, 9)| < Coe™ (T + 1),

where K¢(s,i1) and ¢°(s,i) are solutions to equations (10.7) and (10.8),
respectively.

Proof: We first show that
0 < v°(s,x,i) < CoekoT(|z|? + 1)(T + 1). (10.15)

It is clear that v®(s,x,7) > 0 because J¢(s,x,i,u(-)) > 0 for all admissible
u(+). To derive the upper bound, let ug(t) = 0. Then under such a control,
we can show using It6’s formula that

t
Ele(0)? < [of? + o [ (Bl + 1
Let ¢(t) = E|z(t)|* + 1. Then we have
t
o0 < (o + 1) + o [ o)

In view of Gronwall’s inequality, we have

Elz(t))? < ¢(t) < eFoT(jz> +1). (10.16)
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The above inequality holds for all ¢ € [0, T]. Now, for 0 < s < T,
,UE(S, xz, 7’) < JE(Sv xz, 7;5 UO())
T
< E{ / o (8) M (0 (1)) (1) dt + :c’(T)D:v(T)}
° T
<ol [ Betopa+ Bl

< Coe"T (|2 +1)(T — s+ 1)
< CoePT(|z> +1)(T + 1).

Setting = 0 in (10.6) yields

v°(s,0,i) = ¢°(s,4) and
0 < ¢°(s,1) < CoerT(T + 1).

We now show that |K¢(s,i)| < CoeoT(T + 1). In view of Lemma 10.2,
the matrix K¢©(s,4) is symmetric and positive definite. It follows from the
definition of the matrix norm that

|K*(s,1)| = max{eigenvalues of K°(s,7)}.
It suffices to show that for every unit vector &,
€K (s,i)€ < CoeT (T +1). (10.17)

In fact, in view of (10.15), we have by taking = = a£ with a a scalar,

Q2 K¥(s,0)6 + ¢°(s,7) = v (s, €, 1)
< CoeMT (a® +1)(T + 1).
Dividing both the left- and right-hand sides of this inequality by a? and

sending a — oo, we obtain (10.17). O

Lemma 10.4. For i € M, the solutions to (10.7) and (10.8), namely
Ke(-,1) and ¢°(-,4), are uniformly Lipschitz continuous on [0,T].

Proof: Let us divide the proof into two steps. In the first step, we show that
the value function v (s, z, %) is uniformly Lipschitz. Then in the second step
we prove the Lipschitz property of K¢(-) and ¢°(+).
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Step 1. We show that there exists a constant C' (which may depend on T')
such that for any § > 0 and (s, z,i) € [0,T] x R™* x M,

|0 (s + 0, x,1) — v (s,2,i)| < C(|z]* 4+ 1)6. (10.18)

In fact, for a given triple (s, z,4), we write the value function v¢(s, x, 1)
as follows:

T
vi(s,@,0) = Eq [ [(@(t) M(a®(t)2"(t)
{/ (10.19)

(" (1)) N (0 (8)u (8)dt + <w*<T>>'Dw*<T>},

where u*(t) = u*(t,a°(t),2*(¢t)) is the optimal control defined in (10.9),
2*(t) is the corresponding trajectory, and E is the conditional expectation

given (27 (5), 0%(s)) = (,1).
By a change of variable ¢t — ¢t + § in (10.19), we have

T+6
v (s, 2,1) = E{/ [(2*(t — 8)) M(a(t — 8))z*(t — 0)

+6

(U (= 8)) N (s (t — 8))u’ (¢ — 8)]dt
+<x*<T>>'Dw*<T>}.

Fort € [s+ 0,1 + 0], let
T(t)=a"(t—9), at) =a®(t—190), and u(t) =u"(t —9),

Clearly,
T(s+d)=a"(s) =z, a(s+0)=a°(s) =1

and a(-) is also a Markov chain generated by Q°. Moreover,

T+6
ve(s,x, i) = E{/ (@' (t) M (a(t)z(t)

+4
+u' ()N (a(t))u(t))dt + &' (T + 6) D (T + 5)}
T
> E{ / [@ ()M (a(t))(t) + ' (t) N (a(t))u(t)]dt
s+0

+2'(T + 6)Dx(T + 6)}.
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Differentiating v° (¢, Z(t), a(t)), Dynkin’s formula leads to

T
vi(s+6,2,1) < E{/Ha[x ()M (a(t)z(t) (10.20)

+u' (t)N (a(t))u(t)]dt + f’(T)DE(T)}.
Applying 1td’s formula to () DZ(t) and using (10.16) yields
E(#(T)DHT) — & (T + ) DE(T +6) ) < C(|af* + 1)3.
It follows that
V(s + 0, 2,1) — v (s, 2,4) < C(|z|? + 1)6. (10.21)
We now derive the reverse inequality. Let & = E, ; denote the conditional
expectation given (z(s 4 0),a(s+ d)) = (x,i). That is, we suppress the x

and ¢ dependence in what follows for notational simplicity. Then we have,
under the optimal control v* and the corresponding trajectory x*,

T
V(s +0,,4) = E{ / [ (£)) M (af (£))z* (t)

+0

+(u" (1)) N (o (1))u" (1))dt + (=~ (T))’Dx*(T)}

T—6
_ {/ [ (4 6)) M (0% (t + 8))a (¢ + 0)
+(u*(t +6)) N(a®(t + 8))u*(t + d)]dt

+<x*<T>>'Dx*<T>}.
(10.22)
Let

a(t) = o (t+9), a(t) =u*(t+9), and &(t) = z*(t+9), for ¢t € [s,T—4].

Note that ¢(-) is a Markov chain generated by Q° with &(s) = a®(s+9) = 1.
We may extend the definition of &(-) for ¢ € (T — 4§, T]. If we define a(t) =0
for t € (T — 0, T], then &(t) can be defined on (T — §,T] as well by solving
the corresponding system equation (10.1). Then

T—6
(s + 6, 3,1) = E{ / [ ()M (a())i(2)

+a (t)N (&(t))a(t)|dt + & (T — 6)Dx(T — 5)}.
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Moreover, differentiating v°(¢,&(t),&(t)) and using Dynkin’s formula
results in

T
ve(s,x,1) < E{/ [ (t)M (c(t))E(t)
+a' (£)N (a(t))a(t)|dt + j’(T)DgE(T)}.

Thus, we have

v (s + 0, x,1) —v° (s, x,1)

T
>-F Ti(;[gz’(t)M(d(t);ﬁ(t) + @' (t)N (a(t)u(t)]dt

+E{:E’(T —0)Dx(T —0) — :E’(T)D:E(T)}

> —C(|z]* + 1)0.

Step 2. We claim that the functions K¢(-,7) and ¢°(-,¢) are Lipschitz. Sim-
ilarly to the proof of Lemma 10.3, taking = = 0 in (10.18) yields

g (s + 6,4) — ¢°(s,4)| < C4.
Taking x = a§ with |¢] = 1 and sending a — oo, we obtain
|KE(s+6,i) — K°(s,1)| < C6.
This completes the proof. O

Proof of Theorem 10.1: We prove only the convergence of K¢ because the
proof for that of ¢° is similar.

Let i@ = sp; € My. Then in view of Lemma 10.3 and Lemma 10.4,
{K*®(s, sk;)} is equicontinuous and uniformly bounded. It follows from the
Arzela-Ascoli theorem that, for each sequence of {¢ — 0}, there exists
a further subsequence (still indexed by €) such that K°(s, sy;) converges
uniformly on [0,7] to a continuous function, say K(s, sx;).

First, we show that K%(s, sx;) is independent of j. In fact, writing the
corresponding Riccati equation in its integral form (with time running back-
ward and the terminal condition K¢(T', si;) = D),

T
K(s,51) = D + / K (r, 515) A(s5) + A (s5) K (1 385)
+M (skj) — K°(r, skj)B(sk; )N ™" (sk5) B (s ) K (7, s5)

+Q K= (r,)(sk;)]dr,
(10.23)
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and noting that Q¢ is given by (10.3) and the uniform boundedness of K¢,
multiplying both sides of (10.23) by ¢ yields

/ QkKO )(sk;)dr = hm/ QkK‘5 )(skj)dr =0,
for s € [0,T].
Thus, in view of the continuity of K%(s, sx;), we obtain
QR K (s,-)(sk;) = 0, for s € [0,T]. (10.24)

Following the irreducibility of Q, we have KO(s, sk;) = KY(s, k) which is
independent of j.
We next show that

K*(s,s5) — K%, k) = K(s, k).

For each k =1,...,1, we multiply K*°(s, si;) by UJ’? and then sum over the
index j. Let
my
= Z UJ]-“F(T, Skj)-
j=1

The corresponding Riccati equation has the form

mMi T
S kK (s,s) =D + [ (KA k) + AR k) + T (1)

my
~KBN-IB'K=(r,k) + ) vfQ K (r,)(s1y))dr.
j=1
Sending ¢ — 0 and noting the uniform convergence of K¢(s,sy;) —
K°(s, k), we have

S G, | KOs (k) = QK (s, ) (b)
Jj=1

Since » 7™ I/J = 1, we obtain

K%s,k)=D + / T[KO(T, k)A(k) + A (k)K°(r, k) + M (k)

—K°(r,k)BN~1B'(k)K°(r,k) + QK (r,-)(k)]dr.
Thus the uniqueness of the Riccati equation implies that
K%, k) = K(s,k).
As a result, it follows that
Ke(s,815) — K(s,k).
The proof is concluded. O
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10.4.2 Nearly Optimal Controls
The convergence of K°(s,i) and ¢°(s, i) leads to that of
ve(s,x,i) = 2’ K(s, 1)z + q°(s,14),
where K¢(s,4) and ¢°(s, ) denote the solutions to the differential equations
(10.7) and (10.8), respectively. It follows that v°(s,x, sk;) — v(s,x, k), for

j=1,...,mg, as € — 0, where
v(s,z, k) = 2K (s, k)x +q(s, k)

corresponds to the value function of a limit problem. Let U denote the
control set for the limit problem

U:{U (U, U UR = (R k), b R”2}.

Define
f(s,z,k,U) = A(k)x + Z Vv B(sp;)u™
j=1

N(k,U) = % vy (ukj"N(skj)ukj).

j=1
Then it can be shown that v(s, z, k) satisfies the following HJB equations:

ov(s,z, k)
0s

0v(s,x, k)

0= ox

+ ?elzg{f(sa €T, kv U)
+a' M(k)z + N(k,U) + %tr (aa’%) (10.25)
ol 0},

with v(T, x, k) = 2/’ Dzx. The corresponding control problem is

T
Min J(s, z, k, U(-)) = E{/ [ () M (@(t))z(2)

+N(@(t),U(t)))dt + x’(T)Dx(T)}

s.t. dx(t) = f(t,x(t),a(t), U(t))dt + odw(t), z(s) = =,

where @(-) € {1,...,1} is a Markov chain generated by Q with a(s) = k.
The optimal control for this limit problem is

U*(s,z, k) = (U™ (s,2),...,U"(s,z))
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with

Ur*(s,z) = (u** (s, ), ..., u"™* (s, x)),
and _ B

ui (s, x) = _Nil(skj)B/(Skj)K(S,k)x.

Using such controls (as in Sethi and Zhang [192] for manufacturing systems)
we construct

(s,x,q) ZZI{Q Sk]}u]”* 8, ) (10.26)
k=1 j=1

for the original problem. Note that this control can also be written as if
a € My, uf(s,z,a) = —N~Y(a)B'(a)K (s, k)z. Apparently, this control
is identical to the optimal control in (10.9) except that K¢ is replaced by
K. We use u®(t) = u¢(t,a°(t), z(t)) for the original problem, which will be
shown to be nearly optimal.

If B(sy;) = B(k) and N(sy;) = N(k) are independent of j, then, in view
of (10.11), we may replace I{qe()—s,;} DY L{a= )=k} VJ’-“ and consider

l mi

w(s,2,0) =) Y ey ul¥ (s,z)
k=1 j=1 (10.27)

= —N"YE)B'(E)K (s, k)z, if a € My,

Thus, we can write u°(s, z, «) = (s, x, k). Note that the control ©° needs
only the information af(t) € Mj,. Thus, we can use the control

ut (t) =u(t, x(t), @ (t)) (10.28)
instead.
Theorem 10.5. The following assertions hold:
(1) The control u®(t) defined in (10.26) is nearly optimal, i.e.,

lim |J® (s, z, o, u(+)) — v°(s,z, )| = 0.

e—0

(2) Assume B(sy;) = B(k) and N(sij) = N(k) independent of j. Then
u°(t) defined in (10.28) is nearly optimal, i.e.,

lim |J® (s, z, 0, T (+)) — v°(s,z, )| = 0.

e—0

Proof: Recall that @°(t) = k if a®(t) € My. Then the constructed control
u® can be written as follows:

us(t) = —N"Ha (1) B' (o (1)) K (t, @ (t))2° (¢),
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where x°(t) is the corresponding trajectory governed by the differential
equation:

da(t) = (A(Of(t)) = B(a®(t))N~H(a" (1)) B (7 (1))

XKXLEEQD)x%Udt+adw@L

with 2¢(s) = z. The cost function is given by

J%awwnwfn:=E{1Tx”ax@ﬂa%w>

-~

+N@&m»ﬁ@ﬁ+ﬁ%ﬂDﬁ@ﬁ,

where Ni(t, skj) = K(t,k)B(sgj) N1 (sk;) B (sk;)K(t, k). Let z(t) denote
the optimal trajectory of the limit problem. Then

dz(t) = f(t,z(t),a(t), U (t))dt + odw(t),

with x(s) = z. Then using the weak convergence of a®(-) to @(-), the
Skorohod representation, and (10.11), we can show that

Ela(t) — 2(t)] — 0, (10.29)

which leads to
|J (s, 2z, a,u () —v(s, 2z, k)| — 0. (10.30)

This together with v — v leads to

: € €0\ _ oE _
g%U (s,z,a,u’(+)) —v°(s,z,a)| =0

as desired.
To obtain the second part of the theorem, note that under the condition
B(sy;) = B(k) and N(sy;) = N(k), we have

w(t) = —N7H@ () B' (@ () K (t,a° ()" (t).
The corresponding trajectory is given by
dze (t) = (A(e®() - B@ (0)N 1@ () B @(t))

XKXLEEQD)x%Udt+adw@L

with 2°(s) = 2. The optimal trajectory z(t) for the limit problem is
dz(t) = f(t,x(t), a(t),U*(t))dt + odw(t),
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where
ft,x, k,U*) = A(k)x(t) — B(k)N ' (k)B'(k)K (t, k)x(t),

with 2(s) = 2. In this case, we can verify (10.29) and (10.30) in a similar
way to complete the proof. (I

Remark 10.6. This theorem indicates that the constructed control is
almost as good as the optimal one if a®(-) jumps rapidly in each of its
recurrent groups. The most attractive feature of such an approximation
scheme is that it requires much less computation effort. For instance,
if the system dimension n; = 3 and the Markov chain has m = 40
states divided into 5 groups with each group consisting 8 states, then
the optimal scheme requires compute the Riccati equations of dimension
(n1(n1+1)/2) xm = 6 x40 = 240. The dimension of the limit Riccati equa-
tion is only (n1(ni +1)/2) x 5 = 30. Thus the computational complexity
can be substantially reduced.

Example 10.7. Consider a special case of the Markov chain af(t) € M =
{1,...,m} such that Q in (10.3) is weakly irreducible. Denote the station-
ary distribution of o (-) by v = (1, ...,V ). We have that K¢(s,i) — K(s)
and ¢%(s,4) — q(s), as € — 0, where the limit functions K (-) and g(-) satisfy
the following differential equations:

K(s)=-K(s)A—AK(s)— M+ K(s)BN-B' K(s) (10.31)
with K(T) = D and
a(s) = —tr(aa’F(s)), with g(T") = 0. (10.32)

The optimal control for this limit problem is

U*(s,z) = (u'*(s,2),...,u™*(s,x)) with

(10.33)
u™(s,r) = —N"Y(i)B' (K (s)x, i =1,...,m.
Using U*, we construct u® for the original problem:
u®(s,x,i) = —N"1(i)B'(i)K (s)x. (10.34)

Then our result demonstrates that the control so constructed is nearly
optimal.

Remark 10.8. In this chapter, we concentrate on the case that o in (10.1)
is a constant matrix for simplicity. Our approach can be extended to
treat o = o(a®(t)). In this case, tr(oo’ (0?/0x?)ve (s, x,4)) in (10.4) will be
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replaced by tr(o(i)o’ (i)(8%/0z%)ve (s, x,1)). Then tr(co’ (0% /0x?) v(s,z, k))
in (10.25) becomes

tr(oo’ (k) (9% /0x?)v(s, x, k))

and the term tr(co’K(s)) in (10.32) becomes tr(co’(k)K (s)). Since the
Riccati equations (10.12) and (10.31) do not involve o, they remain to
be unchanged, so are the optimal control u®*(s,x,i) and nearly optimal
control u®(s, z, «).

In this case, the proof for the convergence of K¢ and ¢° is almost identical.
The proof for the near optimality of u® needs to be modified by using

(. [ ta(aE(s))dw(sQ = (a0, | ta(a@))dm(s)) ,

in distribution, where (k) is a matrix such that (k)& (k) = oo’ (k) and
w(-) is a standard Brownian motion. The fuller account will require much
more complex notation. It appears to be more instructive to present the
main line of work without going through complex notation so we choose
the current setting. Similar extensions hold for models with inclusions of
transient and absorbing states to be discussed in the subsequent sections.

10.5  Two-Time-Scale Approximation: Inclusion of
Transient States

In this section, we consider the case in which the Markov chain has transient
states. To incorporate the transient states, we assume as in Chapter 4 that

_ (@0
Q= _ | (10.35)

QO Q*
where @, = diag(Q",...,Q"), Qo = (Q,...,QL) such that for each k =
., 1, QF is a generator with dimension my x my, Q. € R™*™+ matrix,

@’j € R"™>™k and my + --- + m; + m, = m. The state space of the
underlying Markov chain is given by

M=MiU--- UM, UM,

= {8117"'781777,17"'78117"'7Slm178*17"'78*m*}7
where M, = {41, ..., Swm, ; consists of the transient states. Suppose that
for k =1,...,1, Q" are weakly irreducible, and @, has eigenvalues with

negative real parts.
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Write
@11 @12
@21 @22
where @11 c R(mfm*)x(mfm*), @12 c R(mfm*)xm*, @\21 c ]Rm*x(mfmb*)7
and @22 € Rm=xm« We define
Q. =diag(v', ... V) @Q"M 1+ Q™ (am, .- am,)), (10.36)

withl = diag(Ln,,..-, Ln,), Lm, = (1,...,1) € R™>! and for j =
1,...,1,

Q=

am; = (@m; (1), @, (1) = —Q7 Q11 (10.37)

It can be shown as in Chapter 5 that a,,; > 0 and 22:1 am; = Lo, .
Let &; denote a random variable such that

P(&; = ila®(t) = s4j) = am, (7).
Define
k, if af(t) € My
gj, 1f as(t) = S*j.

Let @(-) € {1,...,1} be a Markov chain generated by @,. Then it can be
shown as in Chapter 5 that @°(-) — @(-) in distribution. Moreover, for
k=1,... .1,

(1) =

T 2
E(/O [I{ai(t):skj} — Uf]{as(t)_k}]ﬁ(t)dt> =0(e),

T 2
E(/O I{ai(t)—s*j}dt> = 0(52).

Theorem 10.9. Ase — 0, K°(s,sj) — K (s, k) and g% (s, skj) — q(s, k),
for k =1,....01,7 = 1,...,myu, K°(s,s:) = K.(s,7) and ¢°(s,s4j) —
G.(8,7), for j =1,...,my uniformly on [0,T], where

(10.38)

K*(Saj) = a’ml(j)?(s7 1) Tt am, (.])?(Sal)a

ﬁ*(s,]) = 0m,y (])q(sa 1) Tt am, (])q(sv l)v

and K (s, k) and G(s, k) are the unique solutions to the following equations:
fork=1,...,1,
K(s, k) = —K(s,k)A(k) — A (k)K (s, k) — M (k)
(10.39)
- Q*

+K(s,k)BN-1B'(k)K(s,k) — Q, K(s,-)(k),
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with K(T,k) = D and

q(s, k) = —tr(oo’f(s, k)) - Q.,q(s,)(k), (10.40)

with g(T, k) = 0.

Proof: For notational simplicity, we consider only the 1-dimensional case,
i.e., np = 1. In this case, K¢ is a scalar function. Following the proof of
Theorem 10.1 up to equation (10.24), we have, for s € [0, 7],

@kKO(s, V(ski) =0, for k=1,...,0,j=1,...,mg,
QL ..., QL QK (s,511), - .., KOs, $1m, ), - - - K%(s, s11),
..,Ko(s,slml),KO(s,s*l),...,Ko(s,s*m*))/ =0.

Again the irreducibility of @k implies
(K°(s,581), .., K°(5, 8km,.)) = K°(5, k)1, .
Let

Then we have
@i]lleO(Sa 1) +ot @i]lleO(S, l) =+ @*K*(S) =0.
Hence,
Kals) = ~Qu (@100 KOs, 1) - + QL KOs, 1)
= A, KO(8,1) 4+ + apm, K95, 1).

The rest of the proof follows like that of Theorem 10.1 except that Q is

replaced by Q,. O

The convergence of K¢ and ¢° leads to v(s,z,sk;) — v(s,z,k), for
E=1,...,07=1,....mg v°(s,2,8:) = vi(s,2,7), for j = 1,...,ms,
where

(8,2, J) = am, (G)v(s,2,1) + - - + am, (§)v(s, z,1).
and v(s,z,k) = 2K (s, k)x + q(s, k). The control set for the limit problem
is the same as that for the recurrent case and is given by

U:{U: UL, UY : Ur= (P .. ubme), b e R”2}.
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Then the corresponding control problem is

T
Min J(s, z, k, U(-)) = E{/ [ () M (@(t))z(2)

+N(@(t),U(t)))dt + x’(T)Dx(T)}

st dx(t) = f(t,x(t),a(t), U(t))dt + odw(t), z(s) = z,

where @(-) € {1,...,1} is a Markov chain generated by Q, with @(s) = k.
The optimal control for this limit problem is

U*(s,z, k) = (U™ (s,2),...,U"(s,z))

with
Uk (s,2) = (uf*(s,2),...,u"™*" (s, 1))

and ‘ o
ufi*(s,2) = —N"(sg;) B’ (sk;) K (5, k)z.

Similar to the recurrent case, we construct

(s,2,q) ZZI{O‘ sk}uJ*s:E)

oLt (10.41)
S DU
j=1

for the original problem, where
I (3,3) = —N"(s.5)B (5.5 K - (5, )

Assume, for k =1,...,1, that B(sy;) = B(k) and N(si;) = N (k) indepen-
dent of j. We may also consider

1 mi

(s, z, @) ZZI{QEMk}V uki* (s, )

b= (10.42)

+ Z Iaes, yu7* (s, ).
j=1

Note that the control u° needs only the information as to whether a(t) €
My for k=1,...,0 and a®(t) = s4j.

Theorem 10.10. The following assertions hold:
(1) The control u¢(t) defined in (10.41) is nearly optimal, i.e.,
lim |J® (s, z, o, u®(+)) — v°(s,z, )| = 0.

e—0
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(2) If B(skj) = B(k) and N(sg;) = N(k) are independent of j, then
u°(t) defined in (10.42) is nearly optimal, i.e.,

lim |J® (s, z, 0, @ (+)) — v°(s,z, )| = 0.
e—0

Proof: The proof is similar to that of Theorem 10.5 except for the use of
(10.38) in lieu of (10.11) in verifying the convergence of the trajectories. OJ

10.6  Two-Time-Scale Approximation: Inclusion
of Absorbing States

In this section, we consider the case in which the Markov chain has absorb-
ing states. Let a®(t) be a Markov chain generated by Q¢ defined in (10.3)
with _ _ _

Q = diag(Q", ..., Q" 0y xcm. ), (10.43)

where @k e Rm™xme for k = 1,...,1, Om,xm, 1S the mg X m, zero
matrix and my + -+ + my + mg = m. Let My = {sk1,...,8km, } for
k=1,...,1 denote the states corresponding to recurrent states, and M, =
{Sa1s- -+, Sam, } denote the set of absorbing states. Then the state space
can be decomposed as

M=M;U---UM UM,

:{511;-"aslmla'";Slla-";Slmlasalv-"vsama}-

Define 1, = diag(Lyny, - .-, Ly, I, ), where I, is the m, X m, identity
matrix. Define also

Q, = diag(v', ...}, In,)Q1,, (10.44)
where ¥ is the stationary distribution ofgk, k=1,...,1
As in the previous sections, we assume QF, for k = 1,...,1, to be weakly

irreducible. Then, the aggregation leads to the definition of the following
process:

J+l ifaf() = sa; € Mo (10.45)

For all k = 1,...,l and j = 1,...,m; corresponding to the recurrent
states, it can be shown as in Chapter 2 that

aa(t)_{k’ if a®(t) € My,

t 2
E </0 (I{oﬁ(s):skj} - VJI'CI{EE(S):IC}) dS) = O(E), (1046)

uniformly in ¢ € [0,7]. Moreover, @°(-) converges weakly to @(:) that is
generated by @,.
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Theorem 10.11. Ase — 0, K(s, s;) — K (s, k) and ¢°(s, sk;) — q(s, k)

fork =1,....0,5 = 1,...,mg; K°(s,845) = K(s,l +j) and ¢°(s, sa;) —
q(s,l+7), for j =1,...,mq uniformly on [0,T], where K(s,k) and g(s, k)
are the unique solutions to the following equations:

K(s,k) = —K(s,k)A(k) — A (k)K (s, k) — M(k)
+K(s,k)BN-IB'(k)K (s, k) — Q, K(s,-)(k),
fork=1,...1,
K(s,k) = —K (5, k) Alsax 1)) — A' (50061 K (5, k)
+K (5, k) B(sa(e—1)) N~ (Sa(ie—1)) B (Sa(e—1) K (5, k)

_M(Sa(k:—l)) _aa ?(Sv )(k)v fOT k=1+ L.. 7l+ Mg,

o (10.47)
with K(T,k) =D, and for k=1,..., 1,1+ 1,..., 14+ mg,

(s, k) = —tx (00 K (5,k) ) = Qa(s, ) (k). (10.48)

with g(T, k) = 0.

Proof: The proof is similar to that of Theorem 10.1. We only note the
following differences. B

(i) The irreducibility of Q* implies K¢ (s, sy;) — K°(s, k) fork = 1,...,1,
and K¢(s, sq5) — K%(s,j+1) for j=1,...,m,.

(i) Let K2(s) = (K%(s,l+1),...,K%(s,l +m,)). Then we have

diag (ul, .. .,ul,Ima) (%@ + @)

x (KOs, 1)1/

mio

KOs, )1

my?

KJ(s))
=Q,(K%s,1),...,K%s,0), K2(s)). O

The convergence of K¢(s,i) and ¢°(s, ) leads to

V(s m, 85) = v(s, k), for k=1,...,0,5=1,...,my,

vE(s,,845) = v(s,x,l+j), for j=1,...,myg,
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where, for k=1,...,[,1+1,...,l +mg,
v(s, 2, k) = 2K (s, k)x +q(s, k).
The control set for the limit problem is given by
M:{U:GﬂV”JﬂU”H”WW“%ﬁ,

where

UF = (WM, ufme) ki e R k=1,...,1,j=1,...

Uk — ua(kfl) c ]Rfm7

k=1+1,...,01+m,.

Define
A(k)z + Y vEB(sij)ut?, ifk=1,...,1,
j=1
al$, T, ku U)= alk—
Jal ) A(Sa(—1))2 + B(Sage—r))u"*,
ifk=14+1,...,1+mg,
mg
B S vEM(siy), ifk=1,...,1,
My(k) =< =1
M (Sa(k_1))s fk=1+1,...,1+ma,
and
mi ) )
I/Jk (ukj”N(skj)ukJ), ifk=1,...,1,
Jj=1
Na(k,U) =

Ua(k_l)’/N(Sa(k,l))’U/a(k_l),

ifh=1+1,...,0+ma.
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The corresponding control problem is

T
Min J(s,z, k, U(-) = E{ / o (3 (@) (t)

+ N (@(t), U(t))]dt + :c’(T)D:E(T)}

s.t. dx(t) = fo(t,a(t), z(t),U(t))dt + odw(t), z(s) ==z,

where @(-) € {1,...,,1+1,...,1 + my} is a Markov chain generated by

Q,, with a(s) = k.
The optimal control for this limit problem is

U*(s,2,k) = (U (s,2),...,U"(s,2),

U (s, ), ..., UM (5 1))

where
Uk*(s,x) = (uF*(s,2),...,uf™*(s,2)) for k =1,...,]1,
Uk*(s,z) = uF=0*(s,2) for k =14+ 1,...,1+myg,
with
uki* (s,2) = —N"(s1;)B' (1) K (s,k)x, for k=1,...,1,
w0 (s, 1) = =N (sq—1)) B (Sa(e—1)) K (s, k)2,
fork=104+1,...,01+mg.
Construct

l

us(s,z,a) = ZZI{O‘ sy U ki* (s, x) ZI{O‘ saj}u‘”*(s x)

k=1 j=1 Jj=1

—N"Y(a)B'(a)K (s, k)x it o e M, (10.49)

~N"Ya)B'(a)K(s,l+j)r ifa€ M,

for the original problem.
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Moreover, if we assume B(sy;) = B(k) and N(sg;) = N(k) to be inde-
pendent of j, for kK =1,...,l, we may also consider

~N"YHE)B' (k)K (s, k)z if o € My,
(s, 2,0) =4 —N-Ya)B'(a)K(s,] + j)x (10.50)

ifOt:SajGMa

Such a control u® depends only on the information regarding whether
af(t) € My or af(t) = s45 € M,.

Theorem 10.12. The following assertions hold:
(1) The control u®(t) defined in (10.49) is nearly optimal, i.e.,

lim |J® (s, z, o, u(+)) — v°(s,z, )| = 0.
e—0

(2) If B(skj) = B(k) and N(sg;) = N(k) are independent of j, then
u®(t) defined in (10.50) is nearly optimal, i.e.,

lim |J® (s, , 0, T (+)) — v°(s,z, )| = 0.
e—0

Proof: Using (10.46) and the convergence of a®(-) — @(-), the proof of these
results is similar to that of Theorem 10.5. O

10.7 A Numerical Example

For the purpose of demonstration, this section deals with a numerical ex-
ample with af(t) € M = {1,2}, ¢ > 0, a Markov chain generated by

Q=

M | =

Consider the one-dimensional dynamic system model
dzs (1) = (A(of ()z°(t) + B(of(t))u(t))dt + odw(t), (10.51)

with the following specifications: x¢(0) = 0, A(1) = 0.5, A(2) = —0.1,
B(l)=1,B(2)=2,0=1, M(1)=M((2)=N(1)=N(2)=D = 1.

We discretize the equations with step size h. The time horizon in the
continuous-time model is T' = 5, and that in the corresponding discrete-
time setting is Tp, = 5/h with h = 0.01. The results below are based on
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computations using 100 sample paths. Take s = 0, «(0) = 1, and z(0) =
x = 0. Let v =v(0,0,1), J° = J¢(0,0,1,u(+)), and v = v(0,0). Define

K5 =R = = > 1K<k, 1) = K (n)|

j=1

HE(jh,2) = () ).

where z¢(+) is the optimal trajectory and z°(-) is the near-optimal trajec-
tory under u®. Then for various € we have the error bounds given in Table

10.1. Taking e = 0.1, the sample paths of K°(-,1), K¢(-,2), K (), and the

5 |Ke— K| | |25 7| | [v° —v| | |J® —v®]
0.1 2.17¢ 0.10e 4.23¢ 2.21\/e
0.01 2.47e 0.19¢ 5.01e 0.364/¢

0.001 2.50e 0.13¢ 5.09¢ 0.46./c
0.0001 2.50e 0.12¢ 5.10e 417,/

TABLE 10.1. Error bounds

difference |K* — K| are given in Figure 10.1. The sample paths of the tra-
jectories of a®(+), z¢(+), T°(-) and the difference |z°(¢t) — Z(¢)| are depicted
in Figure 10.2.

Next, we decrease the value of ¢ by letting ¢ = 0.01. Then the fast
variation of the Markov chain is much more pronounced. The corresponding
sample paths of K¢(¢,i) and K (t,i), as well as the errors are plotted in
Figure 10.3.

The sample paths of a°(-), z°(-), Z(-), and the difference |z°(t) — Z(¢)|
are plotted in Figure 10.4.

It can be seen from these graphs that the smaller the size of €, the
more frequently of(-) jumps, and the better the approximations are. To
summarize, the numerical simulations indicate that our algorithm gives a
very good approximation to exact optimal solutions with only half of the
computational effort.
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FIGURE 10.1. Riccati solutions with € = 0.1

10.8 Remarks on Indefinite Control Weights

We have demonstrated how to construct nearly optimal controls for LQG
problems. So far in our setup, the matrices associated with the control
(often referred to as control weights), namely N(«) for o € M are assumed
to be positive definite. For deterministic systems, if the control weights
are not positive definite, the problem is not well posed. Nevertheless, for
stochastic systems with the noise being Brownian motions, it has been
shown recently that LQG with indefinite control weights could make sense
if a certain balance were reached; see Chen, Li, and Zhou [26] and Yong and
Zhou [246]. The control weights can be indefinite or even negative definite
as long as they are not “too negative.” The stochastic influence, to some
extent, compensates the negative control weights to make the problem well
posed. In this section, we briefly remark on treating near-optimal controls
of switching diffusion systems with indefinite controls. For brevity, we will
only formulate the problem and state the main results. For the interested
reader, we refer to the paper by Liu, Yin, and Zhou [148] for the details.
Suppose that the switching process a(-) is as given in Section 10.4. That
is, its generator is given by (10.3) with Q specified in (10.10). Consider a
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FIGURE 10.2. Various sample paths with € = 0.1

switching diffusion system given by

da(t) = [A(a”(t))x(t) + B (t))u(t)]dt
(10.52)

LC(af () u(t)dw(t), for s<t<T,

with 2(s) = x and a(s) = a. Our objective is to find the control u(-) to
minimize

T
F(s.r.0.u()) = B / (&' ()M (0" () ()

' ()N (o ())u(t)]dt + 2/ (T)D(a (T))a(T)|.
(10.53)

Note that in (10.52), the variance of the diffusion part is controlled. This in
fact, is the main difference between the system given above and that con-
sidered in the previous sections. Consequently, one needs to use backward
stochastic differential equation (SDE) techniques to treat the underlying
system. For more details on backward SDEs, we refer the reader to Pardoux
and Peng [171] and Yong and Zhou [246] for further reading.

With the help of the backward SDEs, we then proceed as in the previous
sections. We can derive the limit system of Riccati equations and show that
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FIGURE 10.3. Riccati solutions with € = 0.01

fork=1,....landj=1,...,mg, K°(s,s5;) — K (s, k) uniformly on [0, T
as € — 0, where K (s, k) is the unique solution to

K(s, k) = —K(s,k)A(k) — A (k)K (s, k) — M (k)

K(s,k)B(k)(N(k) + C'(k)K (s, k)C (k) B/ (k)  (10.54)

with

K(T,k) def Z VD (k).

We can then find the optimal control of the limit problem using backward
SDE techniques. Denote such optimal controls by

U*(s,z,k) = (U (s,z),...,U"(s,x)),

UM (s, ) = (uF1* (s, 2),..., """ (s, 1)),

uki*(s,2) = —® 7 (s1;) B (s15) K (s, k),
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FIGURE 10.4. Various sample paths with € = 0.01

where
O (k) = D (s,5m5) = (N(snj) + C'(s1) K (s, 51)C (s15)) -
We then construct controls
I myg _
us(s, €T, Oé) = Z Z I{a:skj}u*’kj (S, $)
k=1j=1

for the original problem. We can show that the u®(¢) given above is nearly
optimal in that

[JE (s, 2, ,u(+)) — v°(s,x, )] = 0 as € — 0.

10.9 Notes

LQ problems have a long and illustrious history. Nowadays, LQ control
methodology is included in almost every standard textbook in control the-
ory and is a “must” in undergraduate and graduate curricula. This chapter
is based on Zhang and Yin [254]. A classical treatment of LQG control
problems can be found in Fleming and Rishel [63], whereas much recent
research effort has been devoted to the study of hybrid LQG systems for
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over a decade; see, for example, Blair and Sworder [15], Caines and Chen
[21], Mariton [154], Rishel [181], Ji and Chizeck [97, 98], Zhang [250], and
the references therein. Related work on additive control of stochastic linear
systems can also be found in Chow, Menaldi, and Robin [29].

The two-time-scale method and singular perturbation method for sys-
tems and controls can be traced back to the works of Delebecque [43],
Delebecque and Quadrat [44], Phillips and Kokotovic [175], and Pan and
Basar [164, 167], among others. Until very recently, the main focus for
LQG problems has been on the case in which the control weight (the ma-
trix associated with the control action) is positive definite. Recent advances
in backward SDEs (see Pardoux and Peng [171] and also Yong and Zhou
[246]) make it possible to treat problems with indefinite controls. There
are ample applications of such control actions; see for example, Markowitz’s
mean-variance portfolio selection with regime switching considered in Zhou
and Yin [259], Yin and Zhou [243], and many references therein.



Appendix A
Background Materials

This appendix collects a number of results used in the book. These results
include generators of Markov chains, weak convergence methods, relaxed
control representation, viscosity solutions of HJB equations, optimal con-
trols, and a number of miscellaneous lemmas and theorems.

A.1 Properties of Generators

This section presents several properties of a generator @ (or Q(t),t > 0) of a
continuous-time Markov chain. The first lemma can be found in Wilkinson
[219].

Lemma A.1 (Gerschgorin’s Theorem). Let A be an eigenvalue of an mxm
matriz Q = (qij). Then there exists an index k such that

A= qirl < lawal.
ik

Proof: Use & = (£1,...,&m)" € R™ ! to denote a right-eigenvector of Q
corresponding to the eigenvalue A and use k to denote the index such that
|€k| = max; |&;|. Then Q¢ = A¢ and, in particular,

Z qri&i = Ak
i=1

G.G. Yin and Q. Zhang, Continuous-Time Markov Chains and Applications, 373
Stochastic Modelling 37, DOI 10.1007/978-1-4614-4346-9,
© Springer Science+Business Media, LLC 2013



374 Appendix A. Background Materials

Note, by the choice of k, that |&;|/|€k| < 1. Consequently,
&
IA = ark| < Z |Qki|H < Z lgril. O
itk kL ik
Lemma A.2. Let Q be a weakly irreducible generator. Then

(a) zero is an eigenvalue with multiplicity one, and all other eigenvalues
{M,. ., Am—1} have negative real parts;

(b) there exists a constant KX >0 such that

’ exp(Qs) — F’ < K exp(—Rs),

where )
R=—3 (1<£‘2%1Re()\i)> > 0,
P =1(vy, - ,vm) € R™™ and (v1, ..., V) is the stationary dis-

tribution of the Markov process with generator Q.

Proof: Clearly, zero is an eigenvalue of () with the corresponding eigenvector
1. Let P(s) = exp(Qs). Then P(s) is the transition probability matrix of
the Markov chain generated by @ satisfying the differential equation

dP(s)
ds

= P(5)Q, P(0) =1I.

By virtue of Theorem I1.10.1 of Chung [31], lim,,~ P(s) exists and is equal
to a constant matrix P. This in turn yields that

lim exp(Qs) = lim P(s) =P = (Dij)- (A1)

S5—00 S5—00

Owing to the corollary of Theorem 11.12.8 of [31],
lim - (exp(@s)) = 0
Sl)oo dS Xp 5 o ’

In view of the differential equation given above,

0= lim ‘“;(S> ~ lim P(s)Q = PQ. (A.2)

S—00 S §—00

For each i = 1,...,m, denote the ith row of P by P;. The weak irreducibil-
ity of @ then implies that the system of equations

PiQ=0, Pil=1

has a unique solution. Since P is the limit of the transition matrix, P; > 0.
As a result, P; is the quasi-stationary distribution v and P has identical
rows with P = 1(v1,...,vpm).
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Using the Jordan canonical form, there is a nonsingular matrix U such
that

exp(Qs) = U diag (exp(Jos), exp(J18),. .. ,eXp(Jqs)) U1,

where Jy, Ji, ..., J, are the Jordan blocks satisfying that .Jy is a diagonal
matrix having appropriate dimension (if A; is a simple eigenvalue of @,
it appears in the block Jy), and that J, € R™>™k | = 1 ... ¢. Since
lim,_, o exp(Qs) exists, all the nonzero eigenvalues A;, for 1 < i <m — 1,
must have negative real parts. Moreover, in view of the weak irreducibility
of @, the eigenvalue zero is a simple eigenvalue (having multiplicity 1).
Then it is easily seen that

exp(Qs) — P| < K exp(—Fs),

where k = (—1/2) maxj<i<m-—1 Re(/\l) O

Remark A.3. The preceding lemma displays the spectrum property of a
weakly irreducible generator. Such properties have been well studied in
the literature; see Cox and Miller [36] and Tosifescu [95] (also the classical
work of Doob [49]). The paper of Karlin and McGregor [104] gives criteria
for classifying generalized birth and death processes. The treatment using
Green’s function approach is in Keilson [107]. Related issues on singularly
perturbed autonomous systems can be found in Campbell [22], and Camp-
bell and Rose [23]. The authors derived a necessary and sufficient condition
for the convergence of exp(A + B/e)t (for t > 0 as € — 0); they showed
that the limit exists if and only if B is semistable.

Next we further our understanding of the properties of irreducible gen-
erators. The lemmas below exploit the nonnegativity and the connection
of weak irreducibility and the rank of a generator, its eigenvalues, and
quasi-stationary distributions.

Lemma A.4. Given a generator QQ, assume the system of equations

v@Q =0,
(A.3)

vl=1.

has a unique solution. Then the solution is nonnegative.

Proof: Let P(t) := exp(Qt). Then P(t) is the transition matrix of a Markov
chain generated by @, since P(t) is the unique solution to the forward
equation (2.5). It follows that P(¢) > 0. Consequently, as in the proof of
Lemma A.2,

0 < lim P(t) =P = 1v.

t—o00
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Thus, P has identical rows v and v > 0. Repeating the proof of Lemma A.2,
similar to (A.2), PQ = 0. As a result vQ = 0 and v1 = 1. Thus v is a
solution to (A.3). However, (A.3) has a unique solution. Therefore, v is its
only solution and it is nonnegative. O

Lemma A.5. Let QQ be an m X m generator. If the rank of Q is equal to
m — 1, then Q is weakly irreducible.

Proof: In view of (A.1) and (A.2) in the proof of Lemma A.2, there exists
a row vector a = (a1, ...,a;) such that

a@ =0and al = 1.
Note that the null space N(Q') = span{a} because
rank(Q’) = rank(Q) = m — 1.

Then a = (v1,...,Vy) is the unique nonnegative solution to a@) = 0 and
al = 1. Thus @ is weakly irreducible. O

Lemma A.6. For each 0 < t < T, let Q(t) be a generator with Q(t) €
R™*™ - Assume Q(t) is weakly irreducible and continuous on [0,T]. Then

there exists a constant k > 0 such that for any nonzero eigenvalue \¢ of
Q(t), Re(\) < =K uniformly in t € [0,T].

Proof: For each ¢t € [0,T], let h(\,t) = det(A — Q(¢)). Since Q(t) has a
zero eigenvalue with multiplicity 1, there exists a polynomial (in terms of
the variable \) ho(A, t) such that its coefficients are continuous in ¢ € [0, T,
h(A\,t) = Aho(\, ), and ho(0,t) # 0. If the lemma did not hold, then there
would exist a sequence {¢,} with ¢, € [0,7] and nonzero eigenvalues A,
such that ho(A,,t,) = 0 and Re(\,,) — 0.

In view of Gerschgorin’s theorem (Lemma A.1) and the continuity of Q(t)
on the bounded interval [0, T], the eigenvalues of Q(t) lie in a compact set
uniformly in ¢ € [0, T]. We may assume ¢, — ¢ and A\, — \ as n — oo. It
follows that Re(\) = 0 and ho(), %) = 0. Thus X is a nonzero eigenvalue of
Q(t) with zero real part, which contradicts (a) in Lemma A.2. O

A.2 Weak Convergence

The concept of weak convergence is a substantial generalization of conver-
gence in distribution in elementary probability theory. This section gathers
a number of definitions and results regarding weak convergence including
tightness, martingale problem, Skorohod representation, Prohorov’s theo-
rem, and tightness criteria, etc.
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Definition A.7 (Weak Convergence). Let P and P,, n =1,2,..., denote
probability measures defined on a metric space F. The sequence {P,} con-

verges weakly to P if
/ fdpP, — / fdpP

for every bounded and continuous function f on F. Suppose that {X,}
and X are random variables associated with P, and P, respectively. The
sequence X, converges to X weakly if for any bounded and continuous
function f on F, Ef(X,) — Ef(X) as n — oo.

Use D([0,00); R") to denote the space of R"-valued functions on [0, c0)
that are right-continuous and that have left-hand limits. Let I denote a
set of strictly increasing Lipschitz continuous functions ¢ : [0, 00) — [0, 00)
such that the mapping is surjective with ¢(0) = 0, lim;—,~ ¢(t) = oo, and

log (Mﬂ <.

Y(¢) := sup o

0<t<s

Definition A.8 (Skorohod Topology). For £, € D([0,00);R"), the Sko-
rohod topology d(-,-) on D([0,00); R") is defined as

o0

en=int {0V [ esup(Lnlelen o)~ (o0 n o) o}

t>0

We can define Skorohod topology analogously for either D([0, T];R") or
D([0,1];R"). For related references, see Ethier and Kurtz [59] and Billings-
ley [13]. In our study, we often work with D([0,T]; R"). The results to
follow are often stated with respect to the space D([0,00);R"), since this
will allow us to apply them to the cases t € [0, T] for any T > 0.

Definition A.9 (Tightness). A family of probability measures 7 defined
on a metric space I is tight if for each § > 0, there exists a compact set
K5 C F such that

inf P(Ks)>1-4.

PeT

The notion of tightness is closely related to compactness. The following
theorem, known as Prohorov’s theorem, accounts for such an implication.
A complete proof can be found in Ethier and Kurtz [59].

Theorem A.10 (Prohorov’s Theorem). If T is tight, then T is relatively
compact, i.e., every sequence of elements in T contains a weakly convergent
subsequence. If the underlying metric space is complete and separable, the
tightness is equivalent to relative compactness.

Weak convergence techniques usually allow the use of much weaker con-
ditions and results in more general setup. For purely analytic reasons, how-
ever, it is often more convenient to work with probability one convergence.



378 Appendix A. Background Materials

A device, known as Skorohod representation, provides us with such oppor-
tunities.

Theorem A.11 (The Skorohod Representation (Ethier and Kurtz [59])).
Let P, and P denote probability measures on D(]0,00);R") such that P,
converges weakly to P. Then there exists a probability space (ﬁ,]?, ﬁ) on
which are defined D([0,00); R")-valued random variables )Zn, n=12 ...,
and X such that for any Borel set B and alln < oo, P(X, € B) = P,(B),
and P(X € B) = P(B) such that

lim X, = X w.p.1.

n—oo
Let C([0,00);R") be the space of R"-valued continuous functions equipped
with the sup-norm topology, Cy be the set of real-valued continuous func-

tions on R” with compact support. Let CF be the subset of Cy functions
that have continuous partial derivatives up to the order k.

Definition A.12. Let F denote a metric space and let A denote a linear
operator on B(F), the set of all Borel measurable functions defined on F.
Let X (1) = {X(t) : t > 0} denote a right-continuous process with values
in F such that

X)) / AF(X(s))ds,

for each f in the domain of A, is a martingale with respect to the filtration
o{X(s) : s <t}. Then X(-) is called a solution of the martingale problem
for A.

Theorem A.13 (Ethier and Kurtz [59, p. 174]). A right-continuous pro-
cess X(t), t > 0, is a solution of the martingale problem for the operator
A if and only if
tit1 i
p{{reecn-roee- [ asexnas) [ mcxan) -0
ti le

whenever 0 <ty <to < -+ <tiy1, f € D(A), and hq,...,h; € B(F), where
D(A) denotes the domain of A and B(F) denotes the Borel field of F.

Theorem A.14 (Uniqueness of Martingale Problems). Let X (-) and Y (+)
denote two stochastic processes with paths in D([0, T];R"™). Let A denote
an infinitesimal generator. If for any function f in the domain of A,

FOX0) = FXO) = [ AFX(9)ds, ¢ 0. and

FY () — £V (0)) - / AF(Y(s))ds, t > 0,
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are martingales and X (t) and Y (t) have the same distribution for each
t >0, X(-) and Y(-) have the same distribution on D([0,00);R").

Proof: The proof can be found in Ethier and Kurtz [59, p. 184], O
Theorem A.15. Let 2°(-) be a solution of the differential equation

dx= (t)
——= = F(t
r (1),
and for each T < oo, {F*(t) : 0 <t < T} be uniformly integrable. If the

set of initial values {x°(0)} is tight, then {x°(-)} is tight in C([0,00);R") .

Proof: The proof is essentially in Billingsley [13, Theorem 8.2] (see also
Kushner [139, p. 51, Lemma 7]). O

Define the notion of “p-lim” and an operator A° as in Ethier and Kurtz
[59]. Suppose that z(-) are defined on the same probability space. Let Ff
be the minimal o-algebra over which {z°(s),£%(s) : s < t} is measurable
and let I denote the conditional expectation given F;. Denote

M = { f+ f is real valued with bounded support and is

progressively measurable w.r.t. {F;}, sup E|f(t)| < oo}.
t

Let g(-), f(-), f2() € M", Foreach A >0 and t < T < oo, f = p-lima f2
if

sup E|f2(t)] < oo,

tA

then
lim E|f(t) — f2(t)| = 0 for each t.
A—0

The function f(-) is said to be in the domain of A%, that is, f(-) € D(A%),
and A°f = g, if

(R0 ) o

If f(-) € D(A®), then Ethier and Kurtz [59] or Kushner [139, p. 39] implies
that

— 1
P A%

t
f) - / A® f(u)du is a martingale,
0

and
t+s

E;f(t+s)— f(t)= E; A® f(u)du  w.p.l.
t
In applications, ¢-mixing processes frequently arise, see [59] and [139]. The
assertion below presents a couple of inequalities for uniform mixing pro-
cesses. Further results on various mixing processes are in [59].
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Lemma A.16 (Kushner [139, Lemma 4.4]). Let £(-) be a ¢-mizing process
with mizing rate ¢(-) and let h(-) be a function of & that is bounded and
measurable on F°. Then

’E(h(t + )| FY) — Bh(t + 5)

< 2¢(s).

Ift <u <w, and Eh(s) =0 for all s, then

[N

|E(h()h(v)| F8) — ER(u)h(v)

< 4(o(v —we(u—1))",
where FL = a{&(s): T <s <t}

A crucial step in analyzing many limit problems is to obtain tightness
of the sequences of interest. A sufficient condition known as the Kurtz’
criterion appears to be rather handy to utilize.

Lemma A.17 (Kushner [139, Theorem 3, p. 47]). Suppose that {Y=(-)} is
a process with paths in D([0,00); R"™), and suppose that

lim {hmsupP < sup |Y°(t)| > Kl)} =0 for each T < 0, (A.4)
Ki—oo | =0 0<t<T

and for all 0 < s < A, t<T,
B min (1,[Y5(t +5) = YE(O2) < Efve(A),

iu;no{hm sup EWE(A)} =0.

e—0

Then {Y<(-)} is tight in D([0,00);R").

Remark A.18. In lieu of (A.4), one may verify the following condition
(see Kurtz [136, Theorem 2.7, p. 10]). Suppose that for each n > 0 and
rational ¢ > 0 there is a compact set I'; ;, C R" such that

inf P(Y(t) € Typy) > 1—. (A.6)

The perturbed test function method is a useful technique in dealing with
singularly perturbed stochastic systems. The next lemma, due to Kushner,
gives a criterion for tightness of singularly perturbed systems via perturbed
test function methods.

Lemma A.19 (Kushner [139, Theorem 3.4]). Let z°(-) € D([0,00); R"),
z¢(0) = zp, and

lim {limsupP (sup [25(t)| > I€1>} =0 (A7)
r1=00 [ 20 t<Ty
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for each Ty < co. For each f(-) € C2 and Ty < oo, let there be a sequence
{f(-)} such that fe(-) € D(A®) and that {A°f¢(t) : € > 0,t < T1} is

uniformly integrable and

lim P (sup () — FE(0)] nz) —0

e—0 t<T
for each Ty < oo and each kg > 0. Then {z°()} is tight in D([0,00);R").

The functions f¢(-) above are the perturbed test functions. They are so
constructed that they will be close to f(z°(+)), and will result in desired
cancelation in the averaging.

To apply Lemma A.19 for proving tightness, one needs to verify (A.7).
Such verifications are usually nontrivial and involve complicated calcula-
tions. To overcome the difficulty, we utilize the device of N-truncation,
defined as follows: For each N > 0, let Sy = {2z : |z2] < N} be the ball
with radius N, let 25 (0) = 25(0), 2V (t) = 2°(¢) up until the first exit
from Sy, and

lim {limsupP (sup |25 N (1) > m)} =0 (A.B)

K1—00 e—0 t<Ty

for each T < co. Then 25V (¢) is said to be the N-truncation of 2°(-).
Using the perturbed test function techniques, the lemma to follow pro-

vides sufficient conditions for weak convergence. Its proof is in Kushner
[139].

Lemma A.20. Suppose that {z°(-)} is defined on [0,00). Let {z°(-)} be
tight on D([0,00); R"). Suppose that for each f(-) € C3, and each Ty < oo,
there exist f€(-) € D(A®) such that

p—lim (F50) ~ f(=%()) = 0 (A9)
and
p— lim (A°f%() — Af(="())) = 0. (A.10)

Then z°(-) = z(+).

The theorem below is useful in characterizing limit processes in weak
convergence analysis. Its proof is in Kushner and Yin [145, Theorem 4.1.1].

Theorem A.21. Let M(t) be a continuous-time martingale whose paths
are Lipschitz continuous with probability one on each bounded time interval.
Then M (t) is a constant with probability one.
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A.3 Relaxed Control

Let I" be a compact set in some Euclidean space, which denotes the control
space. Assume that G; is any given filtration (for instance, G; = o{a(s) :
0 < s < t}, where «(-) is a finite-state Markov chain). Denote the o-algebra
of Borel subsets of any set S by B(S). Let

M = {ﬁz() : m(-) is a measure on B(T" x [0, 0))
satisfying m(I" x [0,¢]) =t for all ¢ > O}.

A random M-valued measure m(-) is an admissible relaxed control if for
each B € B(T'), the function defined by m(B,t) = m(B x [0,t]) is G-
progressively measurable. An equivalent formulation reads that m(-) is a
relaxed control if

/0 h(s, 0)m(ds x dp)

is progressively measurable with respect to {G;} for each bounded and
continuous function h(-).

If m(-) is an admissible relaxed control, there is a measure-valued func-
tion my(-) (the “derivative”) such that m:(do)dt = m(dt x dp) and for
smooth function h(-),

/h(s,g)m(ds x do) = /ds/h(s,g)ms(dg). (A.11)

To proceed, topologize M as follows. Let {f,,,(-) : i < oo} be a countable
dense (under the sup-norm topology) set of continuous functions on T' x
[0, n] for each n. Let

(. 1) = [ s, 0ptds x o) (A12)
and define N

d(ffy, i) = nz::l %dn(ﬁu, ),
where

&1 | — e, fay)]
dn(ml,mz)—z—i(1+|(m1—ﬁm,fm)|>'

My () = m(-) for a sequence of measures means the weak convergence in
M.

An ordinary admissible control u(-) is a feedback control for the system
of interest if there is a I'-valued Borel measurable function ug(-) such that
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u(t) = uo(x(t)) for almost all w, t. For each x, let m(x,-) be a probability
measure on (I, B(T")) and suppose that for each B € B( ), m(-, B) is Borel
measurable as a function of z. If for almost all w and ¢, the derivative m.(-)
of a relaxed control m(-) can be written as mq(-) = m(x(¢),-), then m(-) is
said to be a relaxed feedback control.

Relaxed control formulation provide a convenient device with primary
mathematical use; they can be approximated by ordinary controls through
the following “chattering theorem.” Its proof can be found in Kushner [140,
Theorem 2.2, p. 50]. There is also a version of the chattering theorem for
controlled diffusions. The interested reader is referred to [140, Chapter 3];
see also the related references cited there.

Theorem A.22. Consider the differential equation

/ F((t), @)iu(de), 2(0) =z,

/ / o)ms(do)ds.

Suppose the differential equation has a unique solution for each initial con-
dition x(0) = x and each relaxed control m(-). Then, for a given v > 0,
there is a finite set {o7,..., QZW} =17 CT and a § > 0 such that for any
admissible relaxed control m(-), there is a I'V-valued ordinary admissible
control u™(+) (depending on m(-)) being constant on each interval [id,i0+0),
forio + 6 <T such that

and the cost functional

sup (E(f,ﬁ’L)—.’IJ(t,u’y)‘ S’% ‘J(,’E,ﬁl)—J({L’,’uﬂ) S’%
t<T

where x(t,m) and x(t,u”) are the corresponding trajectories under m(-)
and u?, respectively.

A.4  Viscosity Solutions of HJB Equations

In control theory, typically the dynamic programming argument leads to an
equation known as the Hamilton-Jacobi-Bellman (HJB) equation that the
value function of the problem must satisfy. The equation formally involves
partial derivatives of the value function, even though such a derivative may
not exist at certain points. In these cases, a useful concept is the notion
of viscosity solutions, which was introduced by Crandall and Lions [39]. In
what follows, we briefly describe the ideas and some of the related results.
For more information and discussion on viscosity solutions, the reader is
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referred to the user’s guide by Crandall, Ishii, and Lions [38] and the book
of Fleming and Soner [64].

Let M = {1,...,m} and v : R"™ x M — R! be a given function. Let
H(-) denote a real-valued function on

Qg =R" x M x R™ x R"™.

Consider the following equation

o(z,a) — H (w o, o(z, ), 2 a)) ~0. (A.13)

ox

Definition A.23 (Viscosity Solution). v(z,«) is a wiscosity solution of
Equation (A.13) if the following hold:

(a) v(z, ) is continuous in  and |v(z, a)| < K (1 + |z|") for some x > 0;

(b) for any ap € M,

X

’U(JIQ,CYQ) -H (,To,Oéo,U((EO, ')7 d¢(§$0)) < 07

whenever ¢(z) € C! (i.e., continuously differentiable) and v(z, ) —
¢(z) has a local maximum at z = zo; and

(c) for any ag € M,

v(x()vao) - H (I05a07v(I05 ')a dwd(;:O)) > 07

whenever ¢(z) € C! and v(z,ap) — 1 (z) has a local minimum at
xr = Xo.

If (a) and (b) (resp. (a) and (c)) hold, we say that v is a viscosity subsolution
(resp. viscosity supersolution).

In this book, we mainly consider the HJB equation of the following form

ov(z, @)
Ox

uel

pv(z, @) = min {b(x, a,u) + G(z, a,u) + Qu(z, )(a)} , (A.14)

where as indicated in Remark 8.4, b(9/dx)v is understood to be the inner
product of b and (9/9z)v, i.e., (b, (0/0x)v).

Theorem A.24 (Uniqueness Theorem). Assume b(z, o, u) satisfies condi-
tions in (A8.1) in Chapter 8 and for some positive constants K and k,

|G(z, 0, u)| < K (14 |x|) and

|G($1,0[,’LL) - G(I25a5U)| < K(l + |I1|K + |I2|K)|I1 — T2,
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for all o € M, x, x1, and x2 € R", and u in a compact and convex set
T'. Let Q be a generator to a Markov chain on M. Then the HJB equation
(A.14) has a unique viscosity solution.

Proof: The proof below is based on the argument of Ishii [96] and Soner
[201]. Let v1(x, ) and va(x, ) be two viscosity solutions to the HIB equa-
tion (A.14), and

p

n(2) = exp(a(l +[2f*)?), where a =~ P

For any 0 < § < 1 and 0 < v < 1, consider a function defined on R™ x
R™ x M,

1
®(21,22, @) = vi(a1, @) — va(22,0) = Sl — w2* =~y (n(z1) + n(x2)).
In view of the polynomial growth condition of v; and v given in Defini-
tion A.23, it is easy to see that ®(x1,x2,«) has a global maximum at a

point (29,29, ap), since @ is continuous and

i D(x1,29,00) = —00
|z1]+|z2| =00

for each a € M. In particular,
Oz, 20, ap) + B2, 23, ap) < 2@ (2, 29, avg).
Using the definition of ®, we have
2 0 0|2 0 0 0 0
slen —a2l” < (vi(a7, a0) — vilz2, a0)) + (v2(27, a0) — v2(22, a0)).

Again, the polynomial growth of v; and vy yields

09 — 23] < K (1 + |29 + [29]"). (A.15)

Moreover, the choice of (29, 29, ap) implies ®(0,0, ap) < ®(29, 29, ap). This
yields

1
Y(n(x9) +1(29)) < v1(27, ag) — va(29, ag) — g|w? — 25> — #(0,0, )

IN

K1+ [af]" + [a5]").

Therefore, there exists a constant K, (independent of §) such that

a8+ [23] < K. (A.16)
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Note that z — ®(z, 29, ap) takes its maximum at z = 2. According to the
definition of viscosity solutions (Definition A.23),

2 dn(z°
pu1(af, o) < mi?{b(x?7ao7u) (5(36(1)_363”7 nchl))
- v (A.17)

G, a0,0) + Qui (o), -><ao>}.

Similarly, note that @ — —® (29,2, ap) takes its minimum at z = z9. We
can obtain the reverse inequality

0
pua(a, o) > min{b(z%,ao’u) (%(m? — a9 - 7dﬂ§$2))
“ * (A.18)
+ G(29, ap, u) + Qua (9, .)(ao)},
Combining the two inequalities (A.17) and (A.18) yields
p(vl (I?a QO) — U2 (ZE8, OZ()))
. 2 d77 20
<anip{ (a2, 0, (308 )+ 2L )
+G(21, a0, u) + Qui(aF, -)(ao)}
. 2 dn 20
—ﬁgﬁ{bw&aw) (g@? —al) =4 ;xﬂ)
+6(u8, 0,10 + Qualat (e | (A.19)

<supf (4, a0.0) = b a0, (5 - 49))

uel

n(x?)
(b0t a0, ™7 4 008, 0, 22 )

+G(:c(1), g, u) — G(ajg, Qp, )

+Qui (27, -) () — Qua(a3, ')(GO)}-

In view of (A.15) and (A.16), there exists a subsequence of § — 0 (still
denoted by &) and zq such that 29 — x¢ and 29 — z¢. Using this fact and
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letting 6 — 0 in (A.19), we have

p(v1(zo, a0) — va(wo, o))

< Sup{b(;vo, ap, u) (27M> (A.20)

uel dx

+ Qui(zo, -)(apn) — Qua(o, ')(GO)}-

On the other hand, ®(z1, 2, ap) reaches a maximum at (29,29, ag); it
follows that for all  and all & € M,

v1(z, ) — va(z, ) — 29yn(x) = ®(x,2,0) < P(2), 29, ap)
<12, a0) — va(29, a0) — y(n(a]) + n(29)).

Again, letting § — 0 in the inequality above, and recalling that 29 —
and 29 — o,

vi(x, @) — va(x, ) — 29n(x)

(A.21)
< v1(zo, ) — v2(z0, o) — 2yn(x0).
In particular, taking = ¢ in (A.21) leads to
v1 (20, @) — v2(xo, ) < v1(xp, o) — v2(x0, ).
Thus,
Qui(zo, -)(an) — Qua(o, -)(ao)
=" Gaoa(W)[v1 (z0, @) —v1 (z0, ) (A.22)

aFap
—va(xo, &) +v2(z0, )] <0

Combining (A.20), (A.21), and (A.22) yields

vi(x, ) —va(x, ) — 29n(x)

lsup{b(:co, o, u) (27%» — 2yn(0)

P uel

IN

< 29n(xo) — 2yn(w0) = 0.
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The second inequality above follows from the fact (d/dx)n(z) < an(z).
Therefore,

vy (z, ) — ve(x, ) < 29n(x).

Letting v — 0, we arrive at
vi(x, o) — v2(x,a) < 0.
Using a similar argument, we can show
vi(x, o) — v2(x,a) > 0.
Thus v1 (2, @) = va(z, @). This concludes the proof. O

The following lemma is used in the proof of Theorem 8.8. For a proof,
see Crandall, Evans, and Lions [37, Lemma 1.1].

Lemma A.25. Let O C R™ be an open set and n € C(O;R) be differen-
tiable at zo € O. Then there exist ¢ € C1(O;R) and ¢ € C1(O;R) such

that
0¢ (o) _ d¢_(xo)  On(wo)

oz oz ozx ’

and n— ¢4 (resp. n — ¢—) has a strictly local mazimum (resp. minimum)
value of zero at xg.

A.5 Value Functions and Optimal Controls

In this section we present a number of elementary properties of value func-
tions and optimal feedback controls by considering a simple but representa-
tive model. Multidimensional analogues and models having more complex
structures can be treated similarly.

Let (92, F,P) be a probability space. Let a(t) € M = {1,...,m},
for t > 0, denote a Markov chain with generator (. Consider the one-
dimensional optimal control problem given below. Let b(x, o, u) be a func-
tion satisfying Condition (A8.1) in Chapter 8. The system equation and
the control constraints are

dx(t)
dt

=b(z(t), a(t), u(t)), (0) =z and u(t) € T,

where I' is a convex and compact subset of R™.

Definition A.26. A control u(-) = {u(t) € R™ : ¢ > 0} is called admissi-
ble with respect to the initial capacity « if

(a) u(-) is progressively measurable with respect to the filtration {F;},
where F; = o{a(s) : 0 < s <t} and
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(b) u(t) €T forall t > 0.
Let A denote the set of all admissible controls.
Definition A.27. A function u(z, a) is called an admissible feedback con-
trol, or simply feedback control, if

(a) for any given initial data x, the equation

has a unique solution;
(b) () = {u(t) = u(x(t), a(t), t = 0} € A.

The problem of interest is to choose an admissible control u(-) so as to
minimize the objective function

J(x,o,u(-)) = E/OOO e PG (2(t), alt), u(t))dt,

where z and « are the initial values of x(t) and «(t), respectively, and
G(z,a,u) is a function of  and u. Let v(z, a) denote the value function of
the problem
ya) = inf J(z,a,u(-)).
owa) = inf T(ea,u()

We would like to remind the reader that in what follows, K is a generic
positive constant. In what follows, for simplicity, we work on u(t) being real
valued. The main techniques can be adopted to multidimensional cases with
u(t) € R™.

Lemma A.28. The following assertions hold:
(a) If G(x, o, u) is locally Lipschitz in that
G (21, u) = Gz, 0, u)| < K (L4 [21]" + |2|7)[21 — a2

for some constants K and k, then v(x, ) is also locally Lipschitz in
that

[v(z1, @) = v(@2, )| < K(L+ [21]" + |22|")[21 — 22.

(b) If G(z, a,u) is jointly convex and b(x, o, u) is independent of x, then
v(z, @) is convex in x for each o € M.
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Proof: To verify (a), let u(-) denote an admissible control and let ! (-) and
22(-) denote the state trajectories under u(-) with initial values z1(0) = a1
and x2(0) = 9, respectively. Then there exists a constant K7 such that

}xl(t) —;CQ(t)’ < |z — z2], ’,Tl(t)’ < Ki(1+ |z1]), and

[02(t)] < Ky (1 + o).
In view of the local Lipschitz assumption on G(-), we can show that there
exists a constant K» independent of u(-), x1, and x5 such that
(@1, a,u()) = I (2, ayu()] < Ka(l+ [a1]" + foa|) |2y — aal.
It follows that

|U(‘T17a) - ’U(.’L‘g,a” < sup |J(x1,a,u(-)) - J(‘T%O‘vu('))l
u(-)eA

IN

Ko(1+ 1] + [w2]%) |21 — 22].

We now prove (b). It suffices to show that J(-, o, ) is jointly convex. For any
21 and x5 and any admissible controls u'(-) and u?(-), let ' (¢) and z%(t),
t > 0, denote the trajectories corresponding to (x1,u'(-)) and (wq,u?(-)).
Then for any 7 € [0, 1],

vJ(z1, 0, ul () + (1= ) J (22, @, u2())
B E/ooo e PG (1), at) u (1) + (1 = )G (1), alt), w (1)t

> E/ e PP G(x(t), alt), u(t))dt,
0
where u(t) := yu'(t) + (1 — y)u?(t) and z(t), t > 0, denotes the trajectory

with initial value y21 + (1 — y)a2 and control u(-). Thus,

’Y‘](Ilv «, ul()) + (1 - FY)J(‘T% a, u2())

> J(’YZUI + (1 - 7)5527 a,yul(-) + (1 - 7)”2())
This means that J(-, a, -) is jointly convex. Therefore, v(z, «) is convex. [

The next lemma presents the dynamic programming principle (DPP).
Such results are considered to be well known. However, it is not easy to find
a convenient reference that is applicable to the class of stochastic control
problems considered in this book. For completeness we provide a proof of
the DPP.
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Lemma A.29. Let 7 be an {F;}-stopping time. Then
v(z,a) = (ir)lfAE{/ e PP G(z(t), aft), u(t))dt + ePTU(:C(T),a(T))}.
u(-)e 0
Proof: We divide the proof into two steps.

Step 1. Consider the case when 7 takes at most countably many values

{t1,t2,...} with ¢;11 > t; and t; — oo as j — o0. Let u(-) be an admissible

control. On the set {7 = ¢;}, let u;(t) = u(t + t;) for ¢ > 0. Then for any

fixed {a(s) : s <t;}, u;(-) is admissible with respect to o{a(t) : t > ¢;}.
Note that

E/ e PPG(z(t), alt), u(t))dt
= Z E(I{T_t].} / e P G((t), alt), u(t))dt) .
j=1 ti
Changing of variable t — t + ¢; leads to

E<I{T_tj} /Ooe*PtG(x(t), a(t),u(t))dt)

J

(A.23)
=F (I{T_t].}e_ptf/ e PG (a(t + b)), alt +t;), u(t + tj))dt> :
0

Moreover, taking conditional expectation and using the Markov property
yield

E(A PGt + 1)), alt + ), u(t + £;))dt

a(s),a(s) 1 s < tj)

_E<A PGt + 1), alt + ), ult + £;))dt

s(ty)alty) )

= J(x(t;), alty), ui(-)).

Combining this equality with (A.23) and noting that Iy, y is F¢; mea-
surable, we obtain

E /OO e PP G(z(t), alt), u(t))dt

M

E (Igr—iyye " T (x(t), alt), uy (1))

<.
Il
-

(A.24)

E (Igr—i,ye " 0(a(ty), oft))))

<.
Il
—

I
=

e "To(z(7), a(7))) -
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Since v(x, ) = inf J(z, a, u(-)) taken over all admissible u(-),
v(z, ) > (ir)lfAE{/ e PLG((t), alt), u(t))dt + epTv(a:(T),a(T))}.
u(-)€e 0

We next derive the reverse inequality. Given an initial 2(0) = z, the bound-
edness of b(-) implies that |x(¢)| < |z| + Kt. Note that

|G ((t), alt), u())] < K(1L+1%)

and

/ e P"K(1+t%)dt — 0
N

as N — co. Moreover, on the set {7 > N},
e PTo(x(r),a(r) <e PTK(14+7%) <e PNK(14+ N*) =0,

as N — oo. Without loss of generality, assume 7 < N for N large enough.
For t; < N, |z(t;)| < |z| + KN < rq, for some r1. Given ¢ > 0, partition
{]z| <71} into intervals I, I, ..., I;, of length < ¢ and choose x}, € I} for
k=1,2,...,lp. For any n > 0 choose admissible u;x(-) such that

J(@g, i, wik(+)) < v(zk, i) + 1. (A.25)

Given an admissible u(-), define @(-) by

u(t), ifo<t<r,

t) = (A.26)
Z Tiret; a(t)=ia(ty)en Wikt —t5), ift >
1,7,k

Then @(-) is admissible. It follows immediately that

E / =P G2 (1), alt), u(t))dt = E /0 " PG (t), alt), T(1))dt.

Let E;jr, = {17 =t;,a(t;) =14,2(t;) € I;}. Then as in the proof of (A.24),

E/OO e PPG(z(t), alt), u(t))dt
~EY In, / PG (t), alt), T(E))dt

1,5,k t

:EZIEWe*P%/O e PPG(x(t + t), a(t + t;), uix(t))dt

0,4,k

= F Z Tp, e " T (2(t;), i, win(-).

.5,k
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In view of the definition of u(+), we have

E Z IEijke_pth(:E(tj)7 i, ulk())

.5,k

<EY Inye™u(alty),i) + F(6.n)

i,k
= Ee_pTU(,T(T),CY(T)) + F(67 77)7

where
Fo.n)=n+EY Ip e " (J(a(t;)i,win(-)) = J(@h, i, uir(-)
i,5,k
—EZIEWe P (o((ty), i) — vk, ).
i,5,k

Using the Lipschitz property of G(-) and wv(-), it is easy to verify that
F(6,m) — 0 uniformly in u(-) € A as d, — 0. Therefore, for all u(-) € A,
we may define u(-) as in (A.26) such that

v(@,a) < J(z, 0,7())
: E{/OT e G(x(t), alt), u(t))dt + e~ Tv(a(T), a(T))} + F(0,n)
— E{/OT e P G(x(t), ault), u(t))dt + e PTo(x(r), a(T))}_

Since u(-) € A is arbitrary, it follows that

o(z,0) < inf E{ /O " PG a(t), o), u(t))dt + epTv(x(T),a(T))}.

u(-)eA

Step 2. In this step, consider a general stopping time 7. For any r = 1,2, .. .,
let

o0

J
= Z orliG-v/2r<r<iery-
J=1

Then 7, is also an {F; }-stopping time because
{m <t} = T<j—0 € Fj,jor C F
T = - = 9r Jo/2" ts
where jo = sup{j : j/2" <t}. Moreover, for each r,

1
< < —
T<T7 T+ o
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For any u(-) € A, let

&(r) = /OT e PP G (z(t), alt), u(t))dt + e PTv(x(T), afT)).
Then it is easy to show that

inf E&(r)— inf FE&(r)

u(-)eA u()eA < sup |E§(T) - Eg(Tr” . (A.27)

u(-)EA

It suffices to show that the right-hand side of (A.27) goes to 0 as r — cc.
In view of |z(t)] < |z| + Kt and the polynomial growth rate of G, there
exists a constant K such that for all u(-) € A,

E

[ retew.e.uo- [T G am.uw
0 0

<

/ Ke (1 + t“)dt’ -0,

uniformly in u(-) € A as r — oo.
Next examine

™" u(a(rr), o)) — e To(a(r), a(n))] - (A.28)

Note that as N — oo,
Irsny {e™To(a(r),a(r)} < Ipsnye PNK(1+ N¥)

<e PNK(1+N") = 0.

Similarly, as N — oo,
Itz >Ny {e_p”v(x(n), a(TT))} <e "NK(1+ N7 —o0.

In view of the triangle inequality, given {7 < N} to estimate (A.28), it
suffices to examine the following three terms

[v(@(r),a(r)) = v(a(r), alm))],

v(z(7), a(r)) — v(x(r), oz(n))‘, and
\(e*fm — e Yo(z(r), a(n))‘.

Note that on the set {r < N},

N—-1<71.<N.
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In addition, |z(7)| < |z| + KN and |z(7)| < |z| + KN. These imply
|v(x(7-), a(-))] < K and

Ir<ny |(e777 —e P o(a(r), a(r))| < K e —e 7| = 0,

as r — oo. Moreover,

Finally, on the set {7 < N}, |z(7)| < 72 for some 75 > 0. As in Step 1, we
may partition the set {|z| < ro} with intervals I, I, ..., I;, of length <.
Then for xy € Iy, k=1,...,11,

Iy [o(a(r), a(7) = v(a(r),a(m)

5
= Ipemy Y Ly [r@(n) a(r) = v(a(r),a(r))|
k=1

5

< Ir<ny Z Iip(ryef,y SUP ‘v(xk, a(1)) = v(zk, a(r),)
1 u(-)eA

+ F1(9),

where

5
F0) = Ipeny 3 Tiaioreiny ( o(@(7). () — v(a,o(r))
k=1

—l—‘v(x(T),a(TT)) - U(:vk,a(TT))D.

The Lipschitz property of v implies that Fy(6) — 0 uniformly with respect
to u(-) € A as § — 0. Moreover, the right-continuity of «(-), together with
the Lebesgue dominated convergence theorem yields that, for k =1,...,11,

E{ sup ‘v(mk,a(T)) —U(mk,a(n))‘} 0.

u(-)eA
Hence, (A.27) holds. This completes the proof. O

Theorem A.30. The value function v(x, ) is the unique viscosity solution
to the HJB equation

ov(z, @)

pu(z, @) = min {b(aj, a,u) - + G(z, a, u)} + Qu(z, ) (). (A.29)

uel
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Proof: We need only show that v is a viscosity solution to (A.29) because
Theorem A.24 implies the uniqueness of v(x, «). In view of Definition A.23,
it suffices to show that v is both a viscosity subsolution and a viscosity
supersolution.

For any fixed g € M and xg € R", let ¢(-) € C*(R™ : R) be such that
v(x, ap) — ¢(x) attains its maximum at x = zg in a neighborhood N ().
Let 7 denote the first jump time of «(-). Consider the control u(t) = u for
0 <t <7, where u € T" being a constant. Moreover, let 6 € (0, 7] be such
that x(t) starts at o and stays in N(x¢) for 0 < ¢ < 6. Define

o(x) + v(xo, 0) — @(xg), if @ = ap,
1/)(1%04) =

v(x, ), if a # ap.

Using Dynkin’s formula and the fact that «(f) = ag, for 0 < t < 6, we
have

Ee %) (x(0),a(0)) — v(xg, ap)

(%
=F ; e Pt {—m/}(x(t),ao) + b(x(t),ao,u(t))w (A.30)

+ Qip(x(t), -)(ao) | di.

Moreover, z(t) € N(xzg) for 0 < ¢ < 6. Thus, by the definition of ¢(-),
¢(z(t)) = v(x(t), a0) — (v(wo, ag) — ¢(x0)), for 0 <t < 0. (A31)
Replacing ¥ (z, ap) in (A.30) by the right-hand side of (A.31) and noting
that v(zg, ap) — ¢(x0) is a constant, we have
Ee "v(x(0), ag) — v(zo, o)

0
< E/o e Pt (—pv(:b(t),ao)—l—b(x(t),ao,u(t))%x(t)) (A.32)

+Qula(t))(an) ).

Furthermore, by the dynamic programming principle in Lemma A.29,

o
v(xo,ap) < E(/o e P'G(x(t), a(t), u(t))dt A3

+e=Pu(z(0), a(@))) .
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Combining (A.32) and (A.33),

o
0< E/o e Pt [G(x(t),a(t),u(t)) — po(z(t), ap)

+wb@(t>, a0, u(t)) + Qu(x(t), -) (o) | dt.

Letting 6§ — 0 allows us to conclude

do(zo)
dx

min [b(x, 00, 1) + G20, a0, 1) | + Qu(z, )(a0) — pv(xo, ap) > 0.

uel
Thus, v is a viscosity subsolution.

Next we show that v is a viscosity supersolution. If it were not, then
there would exist g, zg, and g > 0 such that for all u € T,

b(w, g, u) dq;f:) + G(z, ap,u) + Qu(z, -)(ag) — pv(z,c0) > dp  (A.34)

in a neighborhood N (), where ¢(-) € C*(R™;R) is such that v(z,ap) —
¢(z) attains its minimum at zo in the neighborhood N(zg). Then for all
x € N(zo),

v(@,a0) = d(x) + (v(x0, a0) — P(x0))- (A.35)
Given u € T, let 0y denote a number so small that starting at « = o, z(t)
stays in N(zg) for 0 < ¢ < y. Note that 6, depends on the control u(-).
However, since b(z(t), a(t), u(t)) is always bounded, there exists a constant
f1 > 0 such that §y > 6; > 0. Let 7 denote the first jump time of the
process a(+). Then for 0 < 6 < min{fy, 7},

T(xo, a0, u(-))
> E{ / PG (t), alt), u(t))dt + ep%@c(e),a(o))}
> E{/Oe e "3 — b(x(t),a(t),u(t))@
+pv(x(t), ap) — Qu(z(t),-)(ap)]dt + e *Pv(x(6), a(e))}_

The differentiability of ¢ together with (A.35) leads to

6
vtenan) < Bf [ e pta(0,00) 1000, a(0),u(ey 220

— Qu(x(t), -)(ao)} dt + e u(z(9), a(@)}.
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It follows that
(4
J (o, g, u(-)) > v(z0, 0) + 50E/ e Pt > (o, ag) + 1,
0

where n = 6o F felm e~ Ptdt > 0. This means that

0
’U((E0,0{O) 2 U(‘T07a0) + m,

which is a contradiction. Therefore, v(x, ) is a viscosity supersolution.
Consequently v(z) is a viscosity solution of Equation (A.29). O

Theorem A.31 (Verification Theorem). Let w(z,a) € CHR™;R) such
that Jw(z, )| < K(1+ |z|") and
ow(x, o)

p + G(z,a,u) +Qw(m,-)(a)}.

pw(z,a) = %?{b(x, a,u)

Then the following assertions hold:
(a) w(z,a) < J(x,a,u(-)) for any u(t) € T.
(b) Suppose that there are u*(t) and x*(t) satisfying
da(t) . . ;
W0 — b (1), a(0), w* 1)
with *(0) = z, r*(t) = (0/0z)v(x*(t), a(t)), and
min {b(ac7 a,u)r* (t) + G(z*(t), o, u) + Qu(z™ (), )(a(t))}

uel

= b(z™(t), alt), u™(8))r (t) + G(z* (1), alt), u™(t))

+Qu(z" (1), ) ((t))
almost everywhere in t with probability one. Then
U)(CC, a) = U(Ia Oé) = J(CC, Q, U*())

Proof: Only a sketch of the proof is given. Further details can be found in
Fleming and Rishel [63].

For T' < 0o, the usual dynamic programming principle in Lemma A.29
yields that

T
v(z,a) < E{/ e PP G((t), alt), u(t))dt
0 (A.36)
+Toa(T), () .

Note that |z(¢)] = O(t). Taking limit as T — oo yields (a). Using the
polynomial growth condition, inequality (A.36) becomes an equality. O
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Lemma A.32. Let c(u) be twice differentiable such that (d?/du®)c(u) > 0,
and let V(z) be locally Lipschitz, i.e.,

[V(21) = V(w2)] < K(1+ [21]" + |22]") |21 — 22].

Let u*(z) be the minimum of F(x,u) := uV (x)+c(u). Then u*(x) is locally
Lipschitz in that
[u™ (1) = (22)] < K(1+[21]" + [a2|") w1 — 2al.

Proof: It is easy to see that F(z,u) satisfies the conditions of Lemma 6.3
in Fleming and Rishel [63], which implies that «*(z) is locally Lipschitz. O

A.6  Miscellany

This section consists of a number of miscellaneous results needed in this
book. They include the notion of convex functions, Arzela-Ascoli theorem,
Fredholm alternative, and the proof of Theorem 4.41, among others.

Definition A.33 (Convex Sets and Convex Functions). A set S C R" is
convex if for any x and y € S, vz + (1 — )y € S forany 0 < v < 1. A
real-valued function f on S is convez if for any 1,22 € S and v € [0, 1],

flyer + (1= 7y)z) <yf(er) + (1= 7)f(22).

If the inequality above is a strict inequality whenever x1 # x5 and 0 < v <
1, then f is strictly convexz.

The definition above can be found in, for example, Fleming [61]. The
lemma that follows establishes the connection of convex function with Lip-
schitz continuity and differentiability.

Lemma A.34 (Clarke [32, Theorem 2.5.1]). Let f be a convex function on
R". Then

(a) f is locally Lipschitz and therefore continuous, and

(b) f is differentiable a.e.

Theorem A.35 (Arzela-Ascoli Theorem). Let Sy = {x € R": |z| < N}.

Let f,(x) denote a sequence of continuous functions defined on Sy . If

sup sup |fn(z)] < o0

n xeESN

and

sup |fn(z) — fr(2')] = 0 asd — 0,

n>1,|lz—x’|<d
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then there exists a continuous function f(z) defined on Sy and a subse-
quence {n} such that

sup | fn, () — f(z)| = 0 as | — oo.
reESN

Proof: See Yosida [245] for a proof. O

Lemma A.36 (Yosida [245, p. 126]). Let {u*} denote a sequence of ele-
ments in a Hilbert space H. If uF is bounded in norm, then there exists
a subsequence of {u¥} that converges to an element of H under the weak

topology.

The following Fredholm alternative, which provides a powerful method
for establishing existence and uniqueness of solutions for various systems
of equations, can be found in, for example, Hutson and Pym [90, p. 184].

Lemma A.37 (Fredholm Alternative). Let B be a Banach space and A :
B — B be a linear compact operator. Let I : B — B be the identity operator.
Assume v # 0. Then one of the two following alternatives holds.

(a) The homogeneous equation (vI — A)f =0 has only the zero solution,
in which case vy € p(A)-the resolvent set of A, (I —A)™1 is bounded,
and the inhomogeneous equation (vI — A)f = g has also one solution
f=(HI—-A)"1g, for each g € B.

(b) The homogeneous equation (yI — A)f =0 has a nonzero solution, in
which case the inhomogeneous equation (vI — A)f = g has a solution
iff (g, f*) = 0 for every solution f* of the adjoint equation ~vf* =
A*f*.

This lemma is in a rather general form. When it is specialized to linear
systems of algebraic equations, it can be written in the simple form below.
Let B denote an m X m matrix. For any v # 0, define an operator A :
RIXm N RIXm as

Ay =y(vI - B).
Note that in this case, I is just the m x m identity matrix I. Then the
adjoint operator A* : R™*1 — R™x! ig

A*x = (yI — B)x.
We have the following corollary.

Corollary A.38. Suppose that b, y € R**™ and B € R™*™. Consider the
system yB = b. If the adjoint system Bx = 0 where x € R™*! has only
the zero solution, then yB = b has a unique solution given by y = bB~L. If
Bz =0 has a nonzero solution x, then yB = b has a solution iff (b,x) = 0.
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Lemma A.39. If a generator Q = (¢ij)mxm 1 irreducible and

OES SRR IO} (A.37)

J#i
where vi; = qi; /(—qii), then
f(1)=f(2)="---= f(m). (A.38)

Proof: Let

-1 v2 - Yim

Yo1r —1 o yoy

Q1= . .
Ym1l Ym2 e -1

Then (A.37) can be written in terms of Q; as

O1f >0, where f = (f(1),..., f(m)). (A.39)

Clearly, the irreducibility of @ implies that @ is also irreducible. The
irreducibility of Q1 implies that the null space N(Q1) is a one-dimensional
space spanned by 1 = (1,...,1)". Therefore, if (A.39) holds with an equality
in place of the inequality, then (A.38) holds.

We show that the equality in (A.39) holds. Without loss of generality,
assume

f) = f(2)=-- > f(m). (A.40)
Let
. -1 m2mm
Q1= :
Om—1 Q2
where 0,,—1 = (0,...,0)" is the (m — 1)-dimensional zero vector and
o | B
2= . . .
2 2
Tm2 Ymz T e

with 712_] = (")/ZJ + ")/11")/1])/(1 - ’}/11’}/11) It is easy to see that Zj#i 712_] =1.
Moreover, (); can be obtained from @ by the following procedure: (1)
multiplying the first row of Q1 by ;1 and adding to the ith row; (2) nor-
malizing the resulting matrix by dividing the ith row by 1 — v;1v1;. Note
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that the irreducibility of @)1 implies that 1 — v;17y1; > 0 and Q2 is also
irreducible.

Use the notation Q1f = 0 to represent Q1f > 0 and Q1f # 0. Let
2= (f(2),...,f(m))". Then by (A.40), Q1 f = 0 implies Q22 = 0. Take
2 as @1 and repeat the above procedure. After (m — 1) steps, we have
Qnm = {0} and f™ = (f(m)) such that Q., f™ > 0, which is a contradiction.
Thus the lemma follows. O

Lemma A.40. Let 3(-) be a Borel measurable function. For each n(-) €
D([0,T);R) define

o0 = [ Alans)ds.
Then ¢(n) is continuous on D([0,T];R).

Proof: Tt suffices to show &(n,)(-) — 0 as n,(-) — 0 under the Skoro-
hod topology. In fact, 7,,(-) — 0 implies that n,(t) — 0 for all ¢t € [0, T
(see Billingsley [13]). Hence, the Lebesgue dominated convergence theorem
implies that ¢(n,)(-) — 0. O

Lemma A.41. Let n,(-) and n(-) denote uniformly bounded functions in
D([0,T);R). Assume that n(-) has at most countably many of discontinuity
points and 1, (-) — n(-) under the Skorohod topology. Then for allt € [0,T],

/0 a(s)ds / (s)ds.

Proof: In view of Billingsley [13, p. 112], 0, (t) — n(t) for all ¢ at which
n(-) is continuous. Since the Lebesgue measure of a countable set is 0, we
have n,(-) — n(-) a.e. The result follows from the Lebesgue dominated
convergence theorem. O

Lemma A.42. Let £ and n denote two random variables on a probability
space (2, F, P). Assume n to be a discrete random variable taking values
in {1,...,m}. Then

Elgln) =) Eléln = il (A.41)
i=1
and for any event A € F,
P(Aln) = 3" P(Aly = )Ty (A.42)

i=1

Proof: We only verify (A.41) because (A.42) can be obtained by taking
€= I, in (A.41).
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Let E denote a class of F measurable random variables such that (A.41)
holds, i.e.,

m

== {X : E[X|n) =Y _E[X|n= i]I{n_i}}.

=1

Then it can be shown that = is a monotone system and contains all indicator
functions of a set in F. Following from Chow and Teicher [30, Theorem
1.4.3], the set = contains all 7 measurable random variables. O

Proof of Theorem 4.41

For the purpose of preparation, we establish a lemma first. It may be re-
garded as a comparison theorem, which compares two linear differential
equations, one with constant coefficients (a constant matrix A) and the
other being time-varying in nature. The rationale is that if the coefficient
matrices are “close,” then their solutions will be close as well.

Lemma A.43. Let A®(t) = (aj;(t)) denote a matriz with

a5;(t) > 0 fori # j and a5 (t) < = a5 (1),
i
Assume

‘As(t) - A‘ < Ke(t+1), (A.43)

for some stable matriz A with
‘ exp(At)‘ < K exp(—kot), for some ko > 0.

Let Y (t, s) denote a fundamental matriz solution to

% =Y (t,s)A%(t), Y(s,s) =1, 0< s <t

Then for 0 < s <t,

‘Y(t, s) —exp(A(t — s))‘ < Keexp(—kro(t —$))
(A.44)

X ((t +1)2 4 e(t+ 1) exp (Ke(t +1)2) )

Proof: As hinted in the remark preceding the lemma, consider an auxiliary
problem

dY(t, ) =Y(t,5)A, Y(s,5)=1,0<s<t.
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The solution is Y (¢, s) = exp(A(t — s)). Denote Y (t,s) = Y (t,s) — Y (t, ).

Then
dY (t, s)

with Y (s, s) = 0. It follows that

=Y (t,)A+ Y (t,s)(A°(t) — A) + Y (L, 8)(A°(t) — A),

Pt s) = / V(. 5)(A5(r) — A) exp(A(t — 7))dr

+/ Y (1,5)(A°(T) — A) exp(A(t — 7))dr.

Recall (A.43) and the fact that |Y(¢,s)| < K exp(—ro(t — s)). We obtain

’}A/(t, s)’ < /St Ke(r + 1)’?(7’,5)

exp(—ko(t — 7))dr

+/ Ke(r 4 1) exp(—kro(t — 8))dr.

Applying Gronwall’s inequality to exp(rko(t—s))|Y (£, s)| yields (A.44). This

concludes the proof.

Proof of Theorem 4.41: First, write

where for all ¢, =1,...

O
Qult) Qu.(t)
I (A.45)
Qu(t) Qu(t)
Qu(t) Qu.(t)

ala Q\ij(t)v Q\z* (t)v Q\*j(t)v and @*(t)a are m; X my,

m; X My, My X my, and m, X m, matrices, respectively.
In view of the differential equation governing p°(-), namely (4.40), and

QF(t)1,, =0, we have for k =1,...,1,

19 _ B N
ps’k((s)]lmk — pO,k]lmk + g/ p&*(s)Qf(s)ds]lmk +/ ps(S)Qk(s)dsﬂmk,
0 0

where Q% (t) denotes the kth column of Q(t) given in (A.45), that is,

Q)= .-

c Rm)(mk
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Since p°(-) and Q*(-) are bounded,

b
hm{hmsup/ pa(S)‘Qk(S)‘dS]lmk} =0,
0—0 e—0

} 0.
It suffices to show

5 _ 00 _ -
! / p° () Q¥ (s)ds — p** / exp(Q.(0)5)0"(0)ds.  (A.46)

e

and hence

5
lim {hm sup / p°(s)Q% (s)ds1,,,
0

6—0 e—0

By changing of variable s — s/e, we have

5 _ é/e
! / o ()04 (s)ds = / P ()G (e5)ds.

g
Let y(t) = p=*(et) and A%(t) = Q. (ct) + Q. (et). Then

dy(t)

P = y(HA%(0) + 20" (), y(0) = P,

where ¢°(t) = 22:1 PR (et) Qe (t). Tt is easy to see that ¢°(£) is bounded
and all of its components are nonnegative.
Let Y (¢, s) denote a fundamental matrix solution to

dY(t,s) vit

G = Y(69)A%(t) with Y (s, ) = 1.

Then .
=T (et) = y(t) =p0’*Y(t,0)+/ eg®(r)Y (t,r)dr.
0

Moreover, by Lemma A.43,
PPV (£,0) = p* exp(Q.(0)t) + O(A®(£,0)), and

t
P (et) = p*" exp(Q+(0)t) + O(A®(£,0)) + / eg*(r)Y (t,r)dr,
0
where ]
AS(t,0) = cexp(—rot)((t + 1) + &t + 1) =0T,
Note that

d/e - 5/e ~ ~
[ rrEs@iesds = [ 5 exn(@. 0093k Es)is
0 e 0

" é/e
[ 0 (s,0)0" (es)ds + / g5 (s)ds,
0 0

(A.47)
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where

506 = ([ ey s.nyar) @)

The stability of @*(O) and Lipschitz property of @f(t) imply that the first
term on the right-hand side of (A.47) converges to

|9 (@93 0)ds:
0
To estimate the second term, note that for ¢t < §/e,
exp(—rot) exp(Ke(t +1)?) < exp(— (ko — K(6 +¢))t).
For € and 0 small enough so that ko — K (e +0) > 0, in view of the bound-
edness of Q¥(.),
d/e _
O(A%(5,0))Q%(es)ds < £O(1) — 0.
0
Finally, we show that
d/e
lim{lim sup/ gi(s)ds} = 0. (A.48)
=0 e—0 Jo

In view of the probabilistic interpretation and the structure of the matrix
Q%(et), all components of ¢5(t) are nonnegative. It in turn implies that

f06/€ gi(s)dsl,,, > 0. This together with

l

l
L= () L + 97" ()1, = Y9V (0)
k=1 k=1

then yields (A.48). The proof of the theorem is thus completed. O
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uniqueness, 385

Weak and strong interaction, 173
Weak convergence, 376
aggregated process, 178, 219
nearly optimal control, 306
scaled occupation measure,
210
Weak irreducibility, 23, 62, 63,
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Wide-band noise, 51
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